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PREFACE 


dhe the student of building construction, the most fascinating 
pages in the history of industrial and scientific development 
are those which tell of the growth of the science of Mechanics, of 
the invention and the production on a large scale of mild steel and 
of Portland cement, and of the extended use of this knowledge and 
of these materials in the design and erection of modern buildings 
in steel and in reinforced concrete.* 

It is a remarkable fact, however, that the knowledge and 
experience so gained has not as yet had any substantial effect 
upon the older methods of building construction, which are still to 
a large extent conditioned by traditional usage, rather than by 
conformity to the more scientific methods adopted in some of the 
newer forms of construction. In addition, as recent experience has 
shown, the introduction of new building materials and of new 
methods of construction have not always brought those immediate 
benefits which might have been expected. This has no doubt in 
part been due to the fact that, while it has been relatively easy 
to oust the older, traditional and less well-advertised methods of 
building construction, it has proved to be much more difficult to 
establish—even in these times of rapid change and re-adjustment— 
a common tradition of design and technique in the new materials, 
and to replace the large bodies of technical and craft skill which 
have thus been rendered ineffective. It is largely because of this 
fact that, in spite of the progress which has been made, the 
difficulties and responsibilities of the architect, the builder and 
the structural specialist are probably greater to-day than they 
have ever been in modern times. 

The results of such an experience suggest that the most solid 
and lasting achievements in the development of building practice 
will not be found in the exclusive use of any one material—a 
method which usually results in a wasteful technique, when the 
new material is used in details for which it is not suited—but in 
the skilful use of all those materials which, either by the test of 

* For a more detailed statement see J. Leask Manson, “Factors in the Develop- 


ment of Structural Practice,’’ The Structural Engineer, March, 1926. 
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time or by the more rapid scientific tests of the laboratory, have 
proved themselves to be worthy of adoption and retention. Such 
a solution, however, will hardly be possible until there is a more 
widespread acquaintance with the chief properties of each material 
and with the general principles upon which their use in construction 
is based. 

Apart from problems concerning the architectural form and 
style of buildings and the decorative use of materials—problems 
which would obviously be out of place in any volume included in 
this series—the design and construction of any building should, if 
it be carried out on rational lines, be the outcome of a knowledge 
of the external forces to be resisted, of the internal stresses resulting 
therefrom, and of the mechanical properties and the permanence 
of the materials to be employed. In the main, any consideration 
of the lasting powers or permanence of building materials must 
depend upon the application of the principles of Physics and 
Chemistry. The structural use and the strength of building 
materials can, however, be largely determined by the application 
of the principles of Mechanics, and it has therefore appeared to 
the authors that, under the general title of Experimental Building 
Science, and following the first volume (which dealt with the ap- 
plication of general elementary science to building work), a volume 
might well be devoted to the development of the more elementary 
and relevant sections of Mechanics, including Elasticity and the 
Strength of Materials, and to the application of this knowledge to 
well-known forms of building construction, the manner of treat- 
ment being such as to make it of value not only to the young 
student of both general and specialised construction, but also 
to the more mature reader who, for practical purposes, desires 
a straightforward and not too academic treatment of these 
topics. 

The volume has been divided into three main sections. While 
the contents of each section are described in the opening paragraph 
in each case, reference may be made here to the general plan which 
has been adopted and to certain features which the authors hope 
will prove to be of special interest to the readers. 

Section I deals with the general principles governing the equili- 
brium of systems of forces and with the applications of these 
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principles to the analysis of the forces acting in framed structures. 
When using some of the more recently introduced types of hoisting 
and erecting plant, the modern builder is faced with some interesting 
problems in stability, and the opportunity has been taken to 
utilise these problems to form an interesting and elementary 
introduction to the consideration of systems of forces which act in 
more than one plane. In this particular form the latter portion 
of this work is believed to be new; the authors hope that it will 
prove to be instructive and of practical value. 

Section II is mainly devoted to the development of the ordinary 
theory of bending. In building up this important subject very 
careful attention has been given to the order in which the theory 
is developed. Thus the forces acting in a loaded beam are first 
considered as separate forces, apart from the strains and stresses 
set up in the material of the beam; fundamental relations are thus 
established in a simple manner before the full theory is introduced. 
Similarly the somewhat complex relations between shear stress and 
bending stress in beams are dealt with immediately after an ele- 
mentary consideration of complementary shear stresses. This order 
of treatment, which is reasonably logical, should somewhat reduce 
the difficulties sometimes experienced by the student in dealing 
with this subject for the first time. 

In Section III the principles developed in the two preceding 
sections are applied to modern forms of building construction. 
While no attempt has been made to give exhaustive details of 
construction or to elaborate the technique of testing, the informa- 
tion included should be sufficient to render the treatment complete 
and effective, and many references have been included to more 
advanced text-books for those who desire to pursue their studies 
further and in greater detail. The principles of construction in 
steel and in reinforced concrete, and especially the theory of 
column design, have thus only been developed far enough to be of 
service to the young student and to the general reader, but the 
treatment is such as to prepare the way for a more specialised 
study in any particular direction at a later stage should it be 
desired. In order to show how the older methods of construction 
may be modified to conform to more scientific methods of design, 
the subjects of Masonry and of Timber Construction have been 
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dealt with in greater detail than is usual except in works specially 
devoted to these methods of construction. 

This volume assumes that the reader possesses a knowledge of 
the elementary principles of Mechanics (such, e.g., as are outlined 
in Chaps. vr and vit in Vol. 1). 

While there has been no intention of shirking the difficulties 
proper to the development of the subject, difficulties of a purely 
mathematical nature have been omitted where they add little to 
the elucidation of the subject. In cases where the more advanced 
methods of mathematical reasoning may be used with advantage 
by readers who are familiar with them, they have been included as 
alternative methods. 

While graphical methods have been freely used throughout the 
volume, the authors lean to the view that arithmetical and algebraic 
methods of solution should be utilised in the first attempts since, 
as experience shows, a sounder knowledge of the principles involved 
can be obtained in this way. For this reason many worked Examples 
have been included. 

Allimportant statements of principles and all important formulae 
and expressions are, for ease of reference, numbered consecutively 
through each chapter (the former in large and the latter in small 
Roman numerals). The authors are of the opinion, however, that 
the memorising of these expressions and formulae will usually be 
of much less value than the possession of a clear conception of the 
arguments which lead up to the final results embodied in these 
expressions. 

While the volume can be read and understood by a reader who 
is unable to conduct the experiments which are described in the 
text, the greatest profit will be derived if, as has been suggested 
herein by the authors, all important statements are either intro- 
duced or checked by experiment. In order to facilitate such 
treatment special experiments have been devised so that the total 
number of essential experiments may be kept as small as possible. 

Except for the experienced practitioner and the advanced 
student, experimental work will be the main channel by which the 
student gains a practical and organised body of knowledge and 
experience of the nature of the various materials, and also of the 
departures which in practical construction are made from the ideal 
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conditions assumed in developing the subject-matter of this volume. 
Similarly it is important that, as with the growth of his industrial 
experience he is able gradually to reduce his dependence upon the 
conduct of laboratory experiments, the student should come to look 
upon full-sized constructional work as an extension of the simpler 
methods of the laboratory, and seek to analyse along similar lines 
the knowledge and experience so gained. 

In the absence of a generally accepted standard notation the 
authors have adopted a scheme (see Appendix 11) which is simple 
and reasonably in accordance with good practice at the present 
time. 

The authors desire to express their thanks to the Governors of 
the Manchester Municipal College of Technology for facilities which 
have enabled them to carry out experimental work and for the 
use of the testing laboratories; their thanks are also due to the 
iollowing firms for permission to use certain blocks and photo- 
graphs: Messrs G. Cussons, Ltd., Manchester; Mr A. Macklow 
Smith, Westminster; and to the British Engineering Standards 
Association for permission to publish the tables printed in 
Appendix I. 

Jala 
Ene. De 
July 1929 
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SECTION I 


THE CONDITIONS OF STATICAL EQUILIBRIUM, 
WITH APPLICATIONS TO BUILDING STRUCTURES 


CHAPTER I 


INTRODUCTION. THE CONDITIONS OF EQUILIBRIUM FOR 
SYSTEMS OF CONCURRENT COPLANAR FORCES 


1. Introduction to Section I. Mechanics is one of the oldest of 
the sciences. Its origins are of peculiar interest to students of 
Building, since they are to be found in man’s early attempts to 
devise contrivances for the raising and moving ot heavy weights, 
tasks which had to be faced, for example, when he undertook to 
erect the monumental buildings of early historical times. The term 
Mechanics (or Applied Mechanics) is now generally applied to the 
more practical aspects of the subject of Dynamics, the mathematical 
science which treats of the motvon and equilibroum of material 
bodies under the action of forces. 


The subject of Mechanics is usually divided into two main sections: 


(1) Kinetics (sometimes also called Dynamics), which deals with 
systems of forces which produce motion; and 


(2) Statics, which deals with systems of forces which produce 
_ equilibrium, or a state of rest. 


In this volume we propose to investigate all the more important 
principles of Statics, since in the design and erection of buildings 
we are almost exclusively concerned with bodies which are at rest, 
under the action of systems of forces arising from the weights of 
structures and from the external loads which they have to carry. 

The work will be divided into three sections, as follows: 


Section I will treat almost exclusively of the equilibrium of 
structures and of parts of structures under the action of systems 
of external forces. 


Section II will deal with the effects of these external forces upon 
the materials of which the structures are composed, giving par- 
ticular attention to the important case of loaded beams. In this 
section are introduced the subjects of Elasticity, which deals with 
the equilibrium of strained bodies, and the Strength of Materials, 
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which treats of the power of structural materials to support the 
forces applied to them and to maintain the equilibrium of the 
structure as a whole. 

Section III will carry the whole of the previous work a stage 
further by considering the application of statical knowledge to the 
main types of building construction. 


2. Units for the measurement of statical forces. In the more 
general treatment given in Dynamics, Force is defined as that which 
tends to change the state of rest or of uniform motion of a material 
body, a definition which is derived from Newton’s First Law ot 
Motion. As explained in Vol. 1, Chap. v1, however, it is possible 
to derive a satisfactory unit for the measurement of statical forces, 
which only involves the idea of motion by implication, from the 
definition of Equal Forces. Two forces are said to be equal if, when 
applied to the same small body or particle but 1m exactly opposite 
directions, the particle remains at rest. 

Thus the force which will just support vertically the weight of 
one pound may be said to be “‘a force equal to one pound weight’’, 
or, more simply, “‘a force of one pound”. Since the forces which 
occur most frequently in Statics are those due to weight, we shall 
adopt the force of one pound as our statical unit of force. (Any other 
weight or “gravitational” unit, such as the ton, the gram or the 
kilogram, may of course be used if more convenient.) 


3. The Resolution of Forces. On the assumption that the reader 
is already acquainted with the elementary work in Statics which 
was included in Vol. 1, it will be unnecessary to repeat that work 
in detail. As a convenient first step in our wider and more general 
consideration of the laws of statical equilibrium we may, however, 
reconsider the question of the resolution of forces, indicating at the 
same time the way in which the graphical methods described in 
Vol. 1 may be usefully supplemented by arithmetical and trigo- 
nometrical methods. 


Definitions. In this chapter we will limit our treatment to systems 
of concurrent forces. Forces are Concurrent when their directions meet 
at a point, and Non-concurrent when they do not meet. 

We have already seen (Vol. 1, Chap. vr) that, where two (or more) forces 
are applied to the same particle—or have the same point of application—it. 
is possibie to optain a single force, or Resultant, which would have the 
same effect upon the particle as the forces which it replaces. 

Conversely, given a single force it is possible to “‘resolve”’ that force into 
two (or more) component forces, or Components, acting along any two 
(or more) lines drawn through the point of application of the single force. 

If in the first case a force is applied to the particle which is equal in 
magnitude but acts in the opposite direction to the resultant, then this 
force is known as the Equilibrant. When acting with the origina! forces 
the equilibrant produces a state of rest or equilibrium of the particle. 
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I, The Parallelogram of Forces. If two forces having the same point 
of application be represented in magnitude and direction by the adjacent 
sides of a parallelogram drawn from (or to) their point of application, 
then their resultant shall be represented by the diagonal of the parallelo- 
gram drawn from (or to) that point. 

When the lines along which the components of a given force act are 
at right angles to each other, then the components are known as the 
Rectangular Components of the force; see Fig. 1. This is an important 
case and of frequent occurrence; the following examples deal with 
rectangular components. 


Example 1. A force of 10 lbs. acts at O along the line OM and away 
from O, as shown in Fig. 1. It is required to find its components along the 
lines ON and OP, which are at right angles to each other. 

(a) Graphical solution. Mark off OM to a suitable scale to represent 
10 lbs. Draw MN parallel to OP and MP parallel to NO. Then by the 
converse of the Parallelogram of Forces the components of the force 
OM are the force ON, acting vertically along the line ON, and the force 
OP, acting horizontally along the line OP. The magnitude of each of 
these forces is obtained by measuring the lengths of the lines ON and 
OP respectively on the force scale used in marking off the force OM. 


By actual measurement we get: 
Component force OP = 8 lbs. 
Component force ON = 6 lbs. 


Fig. 1. 


(b) Trigonometrical solution. See Fig. 1. Since the triangle MOP is 
a right-angled triangle, we have that 
OR OM <*cosime 3i1- 

= 10 x 0-7986 
7-986 lbs. 
Similarly ON = PM = OM x sine 37° 
= 10 x 0-6018 
6-018 lbs. 


(c) Arithmetical solution, See Fig. 2. As will be found at a later 
stage, this is a rapid and powerful method for dealing with framed struc- 
tures having rectangular outlines, the relations between the forces acting 
in the various members being obtained from a consideration of their 
relative lengths, For the sake of simplicity the ratios of the sides of the 
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small triangle mop, which gives the inclination of the force OM, have, 
in the present example, been expressed in whole figures which give an 
inclination only approximately equal to 37°. 

Since the figure OPMN is a rectangle, MP = ON. 

Also, since triangles MOP and mop are similar triangles, evidently 


OFT Op ae 
OM om 5 
Now OM represents 10 lbs., therefore 
4xOM _ 40 
OP =- 5 5 8 lbs. 
Similarly ON = MP= “oe 
om 5 


Example 2. 7 find a force from its rectangular components. In Fig. 2 
let ON and OP be the known rectangular components of the force OM, of 
which we know only the direction and require to know the magnitude. 


Since the figure OPMN is a rectangle, MP =ON. Also ON is the 
vertical component of the force OM. 
Since the triangle MOP is a right-angled triangle, we know that 
OM? = OP? + PM? 
= (OI? 25 QINes 
hence we have that: 
(force OM)? = (component OP)? + (component ON)?, 
or ForceeOM=VOP2=ON% °°  saneue (i) 
Example 3. Rectangular component of a force along a line at right angles 
to its own length. 


Let the force OM in Fig. 3 act at O in the eek 
line OP, OM being at right angles to OP. 

Using Fig. 1, the vertical component ON in 
this case coincides with and is equal to the force 
OM, hence the horizontal component along OP 
must be equal to zero, or, the rectangular com- O P 
ponent of a force along a line at right angles to 
its own direction is zero. Fig. 3. 


4, The rectangular components of two forces and their resultant. 
See Fig. 4 (A). Let F, and F, be any two forces and R be their 
resultant, obtained from the parallelogram ONMP, and let OX 
and OY be any two axes at right angles to each other. 

Draw Nn, Pp and Mm at right angles to OX, and draw Pp’ at 
right angles to OY. Then On, Op and Om are the rectangular 
components of F,, F, and R along the axis OX. 

Now since in the triangles ONn and PM’ the sides ON and PM 
are equal and the corresponding sides of each triangle are parallel, 
therefore the triangles are equal and On = Pp’ = pm. Therefore 


Om, the rectangular component of R, = Op + pm = Op + On, or 
= the sum of the rectangular components of F, and Fy. ...(a) 
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In the case illustrated in Fig. 4 (B), where OY falls within the 
angle made by the two forces F, and F,, if components acting 
towards the left be called negative, we have, since On = P p’ = pm, 

Om=Op—pm=Op—On;  ...... (b) 
or, the rectangular component of F is equal to the algebraic sum of 
the rectangular components of the forces F, and F,. 

Again, the above relation must hold even when there are more 
than two concurrent forces, since in such a case we may first find 
the resultant of one pair of forces and then add this resultant to 


the next force, and so on until we are finally left with two forces 
and their resultant. Hence we may make the following general 
statement: 


II. The algebraic sum of the rectangular components of two (or 
more) concurrent forces in any direction is equal to the rectangular 
component of their resultant in the same direction. 


5. The rectangular components of a system of forces in equi- 
librium. In the case of a system of forces which is in equilibrium, 
since the resultant is zero the algebraic sum of the rectangular 
components in any direction must of necessity be also zero. We 
may, however, consider the simple case shown in Fig. 4 (A), when 
we replace R by the equilibrant EZ; then, since £ is equal and 
opposite to R, Om’, the rectangular component of £, must he 
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equal and opposite to Om, that is to (Op + On), see (a) in para. 4. 
Hence in this case the algebraic sum of the rectangular components 
is zero. The same may be similarly shown to hold for larger systems. 
Hence: 


III. If a system of concurrent forces be in equilibrium, the 
algebraic sum of the rectangular components of the forces in any 
direction is zero. 


Example 1. See Fig 5. Let the three forces MO, NO and PO acting at 
O be in equilibrium. If MO be a force of 1000 lbs. of the given inclination 
and the directions of NO and PO are as indicated, find the magnitude of 
the force NO and of the force PO. 


Produce PO and NO to X and Y respectively. 

Mark off 17O to represent, force ZO to some suitable scale. 

Draw MWR and MS parallel to OX 
and OY respectively. 

By the methods previously 
adopted it is easy to show that RO, 
which is the vertical component of 
MO, equals 600 Ibs. 

Similarly SO, which is the hori- 
zontal component of MO, equals 
800 lbs. 

Then, for equilibrium along the 
vertical line NOY, force NO must 
be equal to force RO (600 lbs.) and 
act upwards. 

Similarly, for equilibrium along lite. & 
the horizontal axis XOP, force PO = 
must be equal to force SO (800 lbs.) and act towards the right. 


Example 2. See Fig. 6 (A). Let the three forces OM, NO and OP acting 
at the point O be in equilibrium. The magnitude of the force OM being 
given, find the magnitudes of the other two forces. 


Fig. 6. 


It will be evident from an inspection of the diagram that the vertical 
components of the inclined forces NO and OP acting along the line MO Y 
must together balance the vertical force OM, but since it is impossible at 
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this stage to say what proportion of the total force would be contributed 
by VO and what by OP we must proceed differently. Instead of using 
vertical and horizontal axes we may use one of the inclined forces (NO) 
as the OY axis and draw the OX axis at right angles to it; see Fig. 6 (B). 

If OM and OP represent these two forces to some scale and OM’ 
and OP’ are their components along the OX axis, then it is clear that, 
for equilibrium along this axis, these two components must be equal. 

Mark off OJ to some suitable scale to represent foree OM. 

Draw MM’ parallel to YOY. 

By construction angle JOM’ is an angle of 45°, therefore 


OM’ = OM x cosine 45° = 10 x 0-707 
SS Oellaces alll ee a 1 Be eee (a) 


Hence OP’ must also represent a force of 7-07 Ibs. 


By construction angle POP’ is an angle of 75°, therefore 
iP OPS <x tangent 15> 
= 7:07 x 3-732 


1 26-AalS. ee etree (b) 
_ The magnitude of foree OP can now be obtained from (a) and (b); 
since (OP)? = (OP’) + (P’P)?, 
therefore OP = 707 + 264 
= 27-3 lbs. 
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Consider next the components of the forces which act along the line 
NOY; there are evidently three such components, viz. NO acting 
towards O, a force equal to P’P and representing the component of OP 
acting away from O, and also a force equal to M’M and representing 
the component of OM acting in the same direction as P’P. 

Since the force NO acts in the opposite direction to the components 
P’P and M’M, NO will be equal in magnitude to the sum of P’P and M’M. 


Therefore NO = 26-4 + 7-07 = 33-47 lbs. 


§. The general conditions of equilibrium for systems of con- 
current forces. In the two examples which were worked out in 
the preceding paragraph we saw that, if the algebraic sum of the 
components of three forces in equilibrium were taken along two 
axes at right angles to each other, then the sum in each of these 
directions was zero. This is an important result and one of quite 
general application. Before summarising it, however, in a more 
precise form, we will consider the case from another aspect. 


Case I. A system of three concurrent forces in equilibrium. 


IV. The following statement of the Triangle of Forces is taken from 
Wool at 

If three forces having the same point of application are in equilibrium, 
then any triangle whose sides are parallel to the directions of the forces 
will have the lengths of those sides proportional to the magnitudes of the 
forces. 

The Converse of the Triangle of Forces is equally true. 
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In Fig. 7 let the three forces OM, ON and OP be in equilibrium. 
The forces being fully defined, let a force triangle abe be drawn in 
the usual way, the sense or direction of each force being indicated 
thereon.* Enclose the force tri- 
angle in any rectangle a’bb’c’ as 
shown. 

Then the horizontal component 
of force ab is represented by 
a’b and acts towards the right. 
Similarly the horizontal com- 
ponents of forces be and ca are 
b’c and cc’ respectively and act 
towards the left. Fi 

Since a’bb’c’ is a rectangle, the 
lengths b’c and cc’ are together equal to a’b; hence the algebraic 
sum of the “horizontal” components of the three forces is zero. 

Similarly c/a and aa’, the components acting upwards, are 
together equal to bb’, the component acting downwards; hence the 
algebraic sum of the ‘vertical’? components is also zero. 


Case II. A system having more than three forces. 


V. The following statement of the Polygon of Forces is taken from 
Vol. I. 


If any number of forces having the same point of application are in 
equilibrium, then a closed polygon may be drawn whose sides shall 
represent these forces in magnitude and direction. 


The Converse of the Polygon of Forces, though important, cannot be 
expressed in the same general terms, since the polygon cannot be drawn 
if the magnitudes of more than two of the forces are unknown, but we 
can say that, for equilibrium, the Force Polygon must be a “closed” figure. 

Let the five forces given in Fig. 8 be in equilibrium and let 
a corresponding force polygon 
abcde be drawn to a suitable eee Oe oe 
scale, the sense or direction of a 
each of the forces being indicated A} D7 
as before. cae 

Enclose this figure in any rect- 
angle a’’c'd’e’ and draw the lines a y 
ba’ and bb’ parallel to the sides 
of the rectangle. 

Then, as before, the ‘“hori- 
zontal’? components of the forces 
ab, be and cd are a'’b’, b’c and cc’ and act towards the right. 

Similarly the ““horizontai” components of the remaining forces 
de and ea are d’e and ee’ and act towards the left. 


* For the lettering of the forces and force triangle see Bow’s Notation in Vol. 1, 
Chap. vr. See also para, 17. 


Fig. 8. 
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Since the figure a’’c'd’e’ is a rectangle, it is evident that a’'c’ (that 
is, the sum of the “horizontal’’ components acting to the right) 
is equal to d’e’ (that is, the sum of the components acting to the 
left), from which it follows that the algebraic sum of the “hori- 
zontal” components must be zero. 

In a similar manner, if we consider the “vertical” components 
acting upwards and those acting downwards, we may show that 
the algebraic sum of the * “vertical” components is likewise zero. 

The above proof is quite general, since it may be shown to be 
unaffected by the shape of the polygon or the direction of the 
sides of the enclosing rectangle. 

Hence it would appear that what we may call the arithmetical 
or mathematical method of checking the equilibrium of a system 
of concurrent forces, by equating the rectangular components to 
zero, 18 equivalent to the graphical method, which requires that 
the force polygon must be “closed” to ensure that the system is 
in equilibrium. 

In practice either method may be used which is most convenient, 
or one may be used as check upon the other. 

The same results would of course be obtained if the two axes 
selected formed any other angle than a right angle, provided always 
that the rectangular components are taken in the two directions 
selected (see para. 5, III), and that the axes do not coincide. It is, 
however, usually more convenient to use two axes at right angles. 
In all cases we shall continue to refer to the “vertical” and 
“horizontal” components. No confusion need arise if these terms 
are taken to include the case of rectangular components in two 
directions not at right angles to each other. 


VI. Conditions of equilibrium for systems of concurrent coplanar 
forces. 

In order that a particle, acted on by a system of concurrent 
coplanar forces, may be in equilibrium it is necessary and sufficient 
that the sum of the components of these forces in each of two 
directions shall be separately zero. 

Or, alternatively, the Force Polygon must close. 

More briefly, 

If V and # stand for the “vertical” and “horizontal”? com- 
ponents of these forces respectively, and the sign X& stands 
for “the algebraic sum of all such quantities as...” 

then, for equilibrium: 

The sum of the “‘‘vertical’’ components must be equal to zero, 
OL uVe= Os 

Similarly the sum of the ‘‘horizontal’’ components must also 
be equal to zero, or LH = o. 
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The principles enunciated above may be applied in the solution 
of the following problems, the sum of the components in each of 
two directions being equated to zero. 


Problems I 


(Note. As each of the following problems contains a special difficulty 
which may be met with in practice, they should be worked in the order 
given.) 

1. Fig. A represents the three forces acting at the foot of a roof truss. 
The magnitude and sense of the force RO is given and the sense of the 
force SO is known. Find the magnitude of the force SO and the mag- 
nitude and sense of the force acting along the line TO. 

2..Fig. B gives the sense and direction of the forces acting at the 
head of a jib crane. The magnitude of the load being supported by the 
eget is 10 tons. Find the magnitudes of the forces acting in the jib and 
the tie. 


Pe) O 
ee ia x 
Joep IS 
s5000lO5 (50° |S 
R 
Fig. A. Fig. B. 


3. Fig. C represents a load supported by two chains equally incli 
Vv y inclined 
to the horizontal. Find the forces acting in the two ans 


4, Fig. D represents the forces acting at a joint O in a roof truss. 
The sense and magnitude of each of two forces are given and the 


directions of the two remaining forces. Find the magni sens 
of the forces in NO and PO. 8 gnitude and sense 


5. Fig. # represents a similar case to that shown in Fi 1 

; ‘ig cas hat s ig. D with the 
exception that the member OP is not at right angles to is line RON 
Find the magnitude and sense of the force in NO and in Pd. 


CHAPTER II 


SYSTEMS OF NON-CONCURRENT FORCES. CONDITIONS OF 
EQUILIBRIUM FOR ALL SYSTEMS OF COPLANAR FORCES 


7. Non-concurrent forces. In the consideration of the equilibrium 
of systems of concurrent forces, since the position of each of the 
forces is determined by the fact that each has the same point of 
application, it is only necessary to deal with the remaining qualities 
of each force, viz. its magnitude and its direction. In such cases if 
the forces are not in equilibrium then the particle to which they 
are applied will tend to move in one direction or another, i.e. the 
movement would be one of translation. 

When we come to consider the application of systems of forces 
to extended bodies, such as levers, beams and trusses of various 
shapes, in which the forces do not all act at the same point, i.e. 
they are non-concurrent forces, then it is apparent that, in addition 
to the magnitude and the direction of each of the applied forces, 
we must also consider the effect of the position of each of the 
forces. 


8. The Principle of Moments. In the preliminary consideration 
of this type of problem in Vol. 1, it was shown that this new 
condition—that of the position of a non-concurrent force—led to the 
introduction of a new magnitude, termed the moment of a force. 

Definition. The moment of a force / about any point P, see Fig. 9, 
is equal to I” x d, where d is the perpendicular 
distance of P from the line of action of the Ee 
force . The moment of a force may be clockwise 77 ~~~ 
or anti-clockwise, according as it tends to turn ( Fa 
the body to which it is applied in one direction ate ee’ 
or the other. The moment of a force will be 
measured in units of “‘pound-inches” (Ib. ins.) 
and ‘‘ton-feet”’ (ton ft.), according to the units 
used for weight and length. 


It was further shown that, for-a body to be in equilibrium 
under the action of a number of non-concurrent coplanar forces, 
the moments of these forces must be balanced among them- 
selves, otherwise there would be a movement of rotation which 
would be inconsistent with the condition of equilibrium. All this 
is contained in the statement of the Principle of Moments which, 
because of its importance, may be re-stated here. 


Tio. ¢ 
Fig. 9. 


I. The Principle of Moments. If a body be in equilibrium under 
the action of a number of coplanar forces, then the algebraic sum of 
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the moments of the forces about any point in the plane of the forces 
will be zero. 
Or, more briefly, 


If M stands for the moment of each of the forces, then XM =o. 


9. Experiment. To find the conditions of equilibrium for a body under 
the action of a number of non-concurrent forces (a) when the forces are inclined 
to each other, and (b) when the forces are parallel forces. 


(a) The equilibrium of inclined non-concurrent forces. Take a stout 
ecard or thin board of irregular shape and, by means of cords, pulleys and 
weights, arrange to support it in a vertical 
position as shown in Fig. 10. If the body be 
not light the effect of its weight should be 
included, otherwise the accuracy of the ex- 
periment will be affected. One method of 
overcoming this difficulty is to find the centre 
of gravity (c.a.) of the body and take its 
weight as acting vertically at that point. In 
practice it is better to attach a weight at 
o.G. and to take the total weight (W) at that 
point to be equal to the weight of the body 
(which is not usually considerable) plus that 
of the attached weight; the inclination of the 
other forces can then be conveniently re- 
ferred to this vertical line. An alternative Fie. 10 
plan is to support the body horizontally on ee 
steel balls as described in Vol. 1, Chap. vir, when the weight of the body 
need not be considered. 

By means of a sheet of paper placed behind the body and cords, 
obtain the direction and position of each of the forces and note the 
magnitudes as given by the weights. 

Remove the paper and carry out the following investigations: 

(1) Marking on the paper a vertical and a horizontal axis (or any 
other two convenient axes at right angles to each other), find whether 
the sum of the “vertical”? components and the sum of the “‘ horizontal ’’ 
components are respectively zero, that is, find whether 

IY = 0, nays! Sel =). 

Or, alternatively, ascertain whether a closed force polygon can be 
drawn for the system of forces (see para. 6). If either of these conditions 
are satisfied, we know that there can be no movement of translation. 

(ii) Select any point on the paper and measure the perpendicular 
distance between that point and each of the forces acting on the body. 
Tabulate the results as follows and obtain the value of the moment 


for each of the forces, noting whether the moments are clockwise or 
anti-clockwise. 


Force x distance (Ib. ins.) 
Force (lbs.) Distance (ins.) 


Clockwise Anti-clockwise 


Totals 
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The algebraic sum of the values in the last two columns should 
show that 3M = 0, thus indicating that there can be no rotational 
movement. 


(6) The equilibrium of parallel forces. Let a beam be supported and 
loaded as shown in Fig. 11 so that the supporting forces S and T can be 
measured. Tabulate the forces as before and note their positions. 
(Allow for the weight of the beam by taking the initial readings of the 
balances as ‘“‘zero’”’ when the beam is unloaded.) 


(i) Find whether 3V =0 and 3H =0. 


As suggested in (a) a force polygon may be drawn in order to test 
whether the vertical and horizontal 
components are in equilibrium. When 
this polygon is completed, the lines 
representing the forces will be found 
to le ona vertical line. This obviously 
must be so, since all the forces are 
vertical forces; for the same reason 
there cannot be any horizontal com- 
ponents and =H must therefore be 
equal to zero. 


(ii) Taking any point in the beam, 
or outside of it, measure and tabulate 
the forces and their distances from the selected point. 


The calculated values for the moments should be tabulated as before 
and the result should show that the algebraic sum of the moments is 
zero, or 3M =0. 


10. General statement of the conditions of equilibrium for any 
system of coplanar forces. From the experiments just completed 
we find that, in dealing with systems of non-concurrent forces, 
the additional factor to be considered is due to the moments of 
the forces. It is thus seen that in order to ensure the equilibrium 
of any system of coplanar forces—concurrent as well as non- 
concurrent—it is necessary that there should be no tendency 
either to translational or to rotational movement. (The second 
condition is of course always satisfied in the case of systems of 
concurrent forces which are in equilibrium, since the lines of 
action of the forces pass through one and the same point and XM 
must of necessity be zero.) We may thus put our statement of 
the necessary conditions of equilibrium into quite general terms 
as follows: 


II. In order that a body acted upon by any system of coplanar 
forces may be in equilibrium it is necessary and sufficient that the 
sum of the rectangular components of these forces in each of two 
directions shall be separately zero, and also that the algebraic sum 
of the moments of the forces about any point in the plane of the 
forces shall be likewise zero. 


\ 
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Or, more briefly, 
For equilibriuin: 
The sum of the “‘vertical’’ components must be equal to zero, 
or 2V = 0; 
Similarly the sum of the “horizontal” components must be 
equal to zero, or UH = 0; 
And likewise the sum of the moments of all the forces about 
any point in the plane must be equal to zero, or 2M = o. 
Systems of coplanar forces may be classified thus: 
I. Systems of concurrent forces. 
II. Systems of non-concurrent forces, which may be further sub- 
divided into 
(a) Systems of parallel forces; 
(6) Systems of non-parallel or inclined forces. 


The solution of problems. When dealing with problems concerning 
systems of coplanar forces in equilibrium, three separate equations 
can be set down, based upon the three conditions stated above, 
from which not more than three unknown quantities can be found 
if all the other details of the system are given. In the following 
worked example, which revises the work of this and the preceding 
chapter, these three equations have been indicated; it will be seen 
that they are fundamental to the solution of the problem. 


Example. In Pig. 12 1s given the outline of the two masts and swpporting 
cable of a simple type of conecrete-placing plant. The cable is secured at 
each end to a mast—held in position by inclined stays—and from the cable 
hangs a series of jointed chutes or troughs (not shown). The concrete is 
poured into the upper end of the troughs and finds its way down by gravity 
to a placing-nozzle at the lower end. 

From the dimensions and weights indicated, determine : 

(a) The vertical thrusts (Vx, and Vz) on the masts at A and B; 

(b) The force (F'4) in the cable at A, the inclination being given; 

(c) The horizontal components (AH, and Hy) of the pulls in the cables 
at A and B respectively ; 

(d) The magnitude and inclination of the force Fx. 


(a) Considering only the vertical forces and components, it will be seen 
from Fig. 12 (B) that we have a system of parallel forces in equilibrium. 
Taking moments about A we have, from &M = 0 (Equation 1), 


Vz x 120 = 800 x 60 + 400 x 75 + 400 x 90 + 400 x 105, 
from which Vz = 1300 lbs. 
From =V = 0 (Equation 2), we have 
V4 = (800 + 400 + 400 + 400) — 1300 = 700 lbs. 
(6) By the methods of Chap. 1, using the small force triangle at 4, 


Va ee ° 
Fa = Bia BO, 
or Total force at A = Fy = ae oe 1400 Ibs. 


sin 30° 0-5 
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(c) Since Hy and Hz are clearly the resultants of all the intermediate 
horizontal components of the forces in the cable and there are no other 
horizontal forces, also SH = 0 (Equation 3), it follows that H, and Hz, 
must be equal in magnitude. Then, by the methods of Chap. 1, 


Hi x ‘cos! 30? 
= 1400 x 0:866 = 1212 lbs. = Hg. 


Fig. 12. Supporting forces in a concrete-placing plant. 


(d) Since we have found both Vz and Hg, then from expression (i), 
para. 3, we have 
Fy = V V5 + He 
= V 13002 + 1212? = 1780 lbs. (approx.). 
The inclination of /’, can be obtained from the shape of the force 
triangle at B, evidently 


Vz 1300 2 
tan @ A. = 12 1:072, 
whence G) se AU. 


Problems II 


1. For the loads and distances shown in Fig, A, Problems Iv, find 
the supporting forces acting at A and B to produce equilibrium, 


2. Find the supporting forces at A and B in the roof truss shown in 
Fig. B, Problems tv (No. 2). 

3. In Fig. A is shown a ladder carrying a ladder-scaffold in the 
position shown. If it be assumed that the reaction at A is at right 
angles to the wall surface, find its value. What are the vertical and 
horizontal components of the reaction at B? 
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4. Fig. B shows a simple type of wall-scaffold, supported from a 
holder ased into a joint at A. If the reaction at C be assumed to be 


Ka 
Jeaffotal. 
4 Bracke 


Brackel 


Fig. A. Ladder-scaffold. 


30 fe 


Fig. C. Lift for material. 


at right angles to the surface of the wall, find its magnitude. Find also 
the vertical and horizontal components of the supporting force at A. 
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5. In Fig. 94 is shown the elevation of a derrick crane, when the jib 
and tie le in the same plane as the side frame PBC. If the load W, of 
5 tons, acts at 50 ft. horizontally from OC, find the magnitude of the 
vertical supporting forces at B and C, if BC is 30 ft. 


6. A lift for hoisting material is to be erected against the wall of an 
existing building (or alternatively against a scaffolding), as shown in 
Fig. C. The lift consists of a vertical frame made from two I-section 
steel girders. This rests on a foundation at B and is held from the wall 
at the top by the horizontal piece at A. The motor and winch are 
secured to the back of the upright girder as shown, the rope passing 
over a pulley at A and so down to the platform. The platform is carried 
by rollers resting on the vertical girder. From the dimensions given, find 
the horizontal force (R4) at A, and the vertical and horizontal com- 
ponents of the supporting force (Rg) at B, when the load W on the 
platform is 2000 lbs. What is the inclination of the force Rp? 


M&DII 


CHAPTER III 


PROBLEMS IN PARALLEL FORCES. CENTRES 
OF GRAVITY AND CENTROIDS 


11. To find the resultant of two like parallel forces. 


Experiment. Suspend the beam AB by two spring balances as shown 
in Fig. 13. Take the initial readings of the balances as zero, 

From A and B suspend two weights S and 7. Note the increases in 
the readings of the spring balances; obviously they will be equal to the 
magnitudes of S and 7 respectively. 

Since S and 7 act vertically downwards and have no horizontal 
components, the magnitude of the resultant of these two forces must 
evidently act vertically and be equal 
to their sum. Remove the weights 
Sand T and suspend from the beam 
a single weight R, equal in magni- 
tude to (S+7’). Move the new weight 
along the beam until, if possible, a 
point C is found such that, when R 
is Suspended at that point, the read- 
ings of the spring balances are the 
same as when the separate weights 
S and 7’ were suspended at A and B 
respectively. Rie 13 

Measure the distances AB, AC Sanece 
and CB, and tabulate these together with the magnitudes of the weights 
and supporting forces as shown below. 

Repeat the experiment several times with new weights and distances, 
recording the results thus: 


AC | T 


Distance AC | Distance CB | Force S | Force T op | 8 SxAC|T x BC 


The results should show (a) that the force R acting at C is nearer 
the larger force; (b) that C divides AB into two parts which are 
inversely proportional to the weights S and 7; and (c) that the 
two forces have equal moments about C. 

That the last two statements are alternate ways of stating the 
same fact may be readily shown as follows: 

Assume that & is replaced by an equal and opposite force E; 
see Fig. 13. The three forces 8, 7 and E would be in equilibrium 
and 3M=0. Take moments about C. Since the moment of 2 
about C is zero, we have S x AC = T x OB, or 

S CB 


TAGs 
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Graphical construction to find C. Taking values obtained in the 
experiment just completed, set out the positions to scale as shown in 
Fig. 14. Draw at any convenient 


position a line ab (which need 4 a 5 

not be horizontal). Set wp on the ae Sie te 

line of action of force S a distance ~ 

aa’ which represents to scale the Se | 

opposite force T. Similarly setdown @|___ Oe b 

from 6 a distance bb’ to represent ered 

to scale the opposite force 8. | ~NO' 

Join a’b’ cutting ab in c. Then 

c is on the line of action of the > feats ue 

1g. 5 


resultant R and the point C may 
be obtained by drawing cC parallel to Bb to cut AB in C. 

Check the position of C found in this way by the measurements 
obtained experimentally. 

It is easy to show geometrically that the construction we have 
used above will divide 4B at C in such a way that the lengths 
AC and CB are in inverse proportion to the weights acting re- 
spectively at each end of the line. 

Since aca’ and bcb’ are similar triangles, we have that 


ac be ac a T 
aa’ BB? be Be S 


12. To find the resultant of two unlike parallel forces. 

Experiment. Arrange the support of a long beam in the manner shown 
in Fig. 15 (A). The length of the beam should be so disposed that, with- 
out any other load, both balances show a reading. These two readings 
should be taken as the “‘zero” readings for the supporting forces. 


Fig. 15. 


Add forces S and 7 acting in opposite directions at A and B re- 
spectively as shown in Fig. 15 (B). The downward acting force should 
be the greater of the two. Take the readings of the two balances. There 
are no horizontal components of the forces acting on the beam and it 
should be fairly obvious that the resultant R& will therefore be equal to 
(7 — S) and act in the direction of the larger force. 


2-2 
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Remove forces S and 7 and endeavour to apply a force equal to R 
at some point C so that the readings of the two balances are as before. 
When such a point has been found, measure the distances AC and CB 
and tabulate the results as explained in the last experiment. Repeat 
the experiment with other weights and distances. 

The results should show: (a) that R acts outside the larger force; 
(b) that R is equal in magnitude to the difference between the two 
forces; (c) that C is so placed that the distances to A and B are 
inversely proportional to the weights acting at those points; and 
(d) that the forces S and T have equal moments about the point C. 


Graphical construction to find C. Set down the lines of action of 
S and TZ as before; see Fig. 16. Draw the line ab anywhere (ab need 
not be horizontal) and set wp the distance aa’ to represent the 
opposite force 7, also set wp the dis- 
tance bb’ to represent the opposite 
force S. (Compare this procedure 
with that previously adopted when 
dealing with two like forces.) 

Joina’ and b’ and produce to meet 
ab produced in c. Then ¢ is a point 
on the line of action of the result- 
ant R. Check the result obtained in this way against that obtained 
experimentally. 

The geometrical proof that ac and cb are related to each other 
in the way we require is similar to that already given for like forces 
and is left as an exercise for the reader; see Problems ITI, 1. 


Fig. 16. 


Note. This construction is very inconvenient when S and T are 
nearly equal in magnitude; it fails altogether when the forces are 
equal, for reasons which will be discussed later. 


13. To find the resultant of three or more like parallel forces. 
Betore proceeding to the discussion of a more powerful graphical 
method for the solution of this type 
of problem, it will be useful to apply |4 i ig 2 
the simple methods already dealt with 
to the solution of a number of prac- 
tical problems, A’ 
(a) Graphical method. To obtain |[M--- 
the resultant of a number of parallel 
forces by this method it is con- ee 
venient to deal with the forces in a yy aan 
pairs, to obtain their resultants, and 
to combine these resultants until 


finally a single resultant is obtained. The diagram in Fig. 17 will 
make this clear. 
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Four parallel forces A, B, C and D are given; it is required to 
find their resultant. 

Forces A and B are first combined and give the resultant R’. 

Similarly forces C and D give the resultant R’. 

FR’ and R” are then combined to give the final resultant R. 

Provided that the work is set out clearly, no difficulty need be 
experienced in applying this method, but it is sometimes an 
advantage to employ an enlarged horizontal scale. 

The treatment of unlike forces is left as an exercise for the 
reader. 


(6) Arithmetical method. A little consideration will show that, 
if a system of parallel forces is to be replaced by one force, viz. 
the resultant, then, if the “turning , 
effect’’ is to be the same,the moment |.__._Y 
of the resultant must be equal to the 


Ly 
IP 
algebraic sum of the moments of all fo LI 2 
| | 
Vay \c E D 
! 


the other forces, which the resultant 
replaces, about any point which may 
be selected in the plane of the forces. 
Thus in Fig. 18, in symbols, if Y be yeas 
the perpendicular distance of the resultant (R) from some con- 
venient point P, while y stands for each similar distance measured 
from P to each of the other forces (Ff), then Rx Y = XF x y. 
From which we have 
“ry 
Vo ae 


or, in words, 


The distance from P to the resultant 


This expression can be applied to all systems of parallel forces— 
like and unlike—and enables us to find a point in the line of action 
of the resultant. The point P can often be conveniently taken in 
the line of action of one of the forces. 


14. Centres of Gravity, Centres of Area, and Centroids. In some 
statical problems it is necessary to find the Centre of Area or 
Centroid of the cross section of a member, such as a beam or 
wall. If we think of the section as a thin slab of uniform thickness 
and density, then the centre of area or centroid corresponds 
in position to the centre of gravity of the slab. The position of 
this point may be found either by the use of the method of sus- 
pension described in Vol. 1, Chap. vu, by drawing, by calculation, 
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or by a combination of the last two methods. The following facts 
were noted in Vol. 1 and may be repeated here: 


(a) If any figure has an axis of symmetry, then the centre of area or 
centroid will lie on that axis; j = 

(b) If it possesses two axes of symmetry, then the centroid will lie at 
the intersection of these two axes; 

(c) The centroid of a triangular C (A) C G@ 
figure lies at the intersection of two 
of the medians of the triangle; see 
point G, Fig. 19 (A). (A median is a 
line drawn from one corner of a tri- 
angle to the centre of the opposite 
side.) 

It may be shown that the point G A G a ORE. B 
divides the median into two parts Ki 
such that OG is twice the length of Gc, ig. 19. 
or in other words Ge is one-third the length of Ce. ; 

The case of the right-angled triangle is important. In Fig. 19 (B) 
draw Gg perpendicular to the side AB. 

Then since triangles ACc and g@’c are similar, evidently 


cg cG 1 

ea Oem 
but GA = O1FS= wal leic 
therefore cg = 4AB, and Ag must = 4AB, 


which gives the position of G as measured horizontally from A. 


15. The first moment of an area. Definition. The first moment of 
an area about any axis is obtained by multiplying the area of the 
jigure by the perpendicular distance from the selected axis to the 
centroid of the figure. Or, if A be the area of the figure and Y the 
distance from the centroid to the selected axis, then 


First moment of the area=Al YY. (11) 


Thus in the case of the rectangle shown in Fig. 20 (A), we may 
think of it rotating about an axis S—S along one edge, and, 
since the centroid G@ is d/2 from S—S and the area of the figure is 
(b wah the first moment of the rectangle about S—S is (d/2 x bd), 
or bd?/2. 

Similarly if we have a figure, such as that shown in Fig. 20 (B), 
which is made up of a number of separate figures or shapes, then 
the total first moment of the whole figure about S-S will be equal to 
the sum of the first moments of each portion. Or, if a stands for the 


area of each portion, and y for the distance from S—S to the 
centroid of each portion, then 


The total first moment =X (ax y). ~  ..... (iii) 


If in Fig. 20 (B) the axis X-X passes through the centroid G 
for the whole figure, and Y is the distance between S—S and 
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X-X, then, combining expressions (ii) ee cn) we have: First 
moment of whole figure = A x Y= X(a~x y), 0 
x Y) 


2 
or, in words, A 


The distance to the centroid from S—S 


__ sum of the firstmoments of the separate figures about S— Ss 
area of the whole figure (ty) 


) 


As the Example given below will show, we can use this expression 
to find the position of the centroid. 


Fig. 20. The centroid of an area. 


If we wish to find the first moment of any figure about an axis 
X-X which passes through the centroid, then, since in this case 
the distance Y becomes zero, we have, from (11), 


The first moment of an area about an axis 
through its centroid is zero. ...... (v) 


The truth of this statement may be demonstrated experimentally 
by balancing a cardboard figure of any shape upon a knife edge 
passing through the point corresponding to the centroid. State- 
ment (v) is most important, but we shall not make use of it until 
we reach Chap. xml. 


ee To find the position of the centroid of the figure shown in 
Fig. 20 (B), which represents the section of @ cast iron beam. 

Taking moments of each portion of the section about S—S, we have for 

Area (a): Area = 2x 14 =3 sq. ins. Distance of centroid from 
S-S = 93 ins, First moment about S—S = 3 x 9} = 29} inch units. 
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Area (b): Area = 7x 1=7 sq. ins. Distance to centroid = 5} ins. 
First moment = 7 x 54 = 38} inch units. 

Area (c): Area = 7 x 2= 14 sq. ins. Distance to centroid = 1 in. 
First moment = 14 x 1 = 14 inch units. 

Total first moment of figure about S—S = 29} + 38} + 14 = 81? inch 
units. 

Total area of figure = 3 + 7 + 14 = 24 sq. ins. 

Then if Y be the distance from S—S to axis X—X through the 
centroid G, we have 


_ first moment of whole figure about S—S _ 81} _ Spiny 


ie — ~ 
total area of figure 24 


Since the figure is symmetrical about the vertical axis, the centroid 
will lie on this axis. (If the figure had not been symmetrical about a 
vertical axis, a second operation of the same kind would have been 
required to find the position of a vertical axis passing through the 
centroid. The intersection of the two axes would decide the position of 
the centroid.) 

Problems III 


1. Using the diagram given in Fig. 16, show that, if aa’ represents 
force 7 to any scale and bb’ represents force S to the same scale, then 
(a) ac/bc = T/S, and (b) S x ac= 1 x be. 


2. Fig. A represents a buttress which is 3 ft. thick throughout. The 


material of which it is constructed weighs 140 Ibs. per cu. ft. Find the 
total weight of the buttress and the position of the vertical line in which 
the total weight may be considered to be acting. (In other words, find 
the vertical line which passes through the c.c. of the buttress.) 
(Note. If vertical lines are drawn from A and B, the buttress will be 
divided up into three blocks the c.a. of each of which ean be readily found. 
The problem then resolves itself into finding the resultant of three 


Fig. D. 


vertical forces representing the weights of these blocks. Another method 
is to draw horizontal lines to A and B which again divide the buttress 
into three parts. The former method is, however, to be preferred, as in 
that case the lines of action of the vertical forces are farther apart, 
and the geometrical work can be more readily carried out. The problem 
should be solved both geometrically and arithmetically.) 


3. Fig. B represents the section of a retaining wall. The weight of 
the material is 135 Ibs. per cu. ft. Assume that a 1 ft. length of the wall 
is taken. Find the c.a. of this portion. 

(Note. Draw the vertical line AB, and then find the positions of the 
c.G. of the rectangle and of the triangle into which the section is thus 
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divided. Then find the position of the resultant of the two forces due 
to the weights.) 


4. Fig. C represents a retaining wall in which both faces are inclined 
to the vertical. The weight of the material is 135 lbs. per cu. ft. Find 
the vertical line in which the c.c. is situated. 

(Both the graphical and arithmetical methods should be used.) 


5. Fig. D represents the section of a steel tee bar (the rounded corners 
being neglected). Find the centroid of the section. 


(Note. The figure divides easily into two rectangles. The dotted 
line is an axis of symmetry of the figure and it is only necessary 
to find the line at right angles to this line in which the centroid is 
situated. ) 


Fig. Z. Fig. F. Fig. G. 


6. Fig. # represents the section of a cast iron beam. Find the centre 
of area of the section. 


7. Fig. & represents the section of an unequal-sided angle bar, Find 
the centroid. 

(Note. Since this section does not possess an axis of symmetry, it will 
be necessary to find two lines at right angles to each other which both 
pass through the required point. The intersection of the two lines will 
obviously give the centroid, which in this case is outside the figure.) 


8. Fig. G gives the shape of a certain type of retaining wall. Find 
the vertical line in which the centre of area is situated. 


CHAPTER IV 


THE GRAPHICAL TREATMENT OF SYSTEMS OF NON- 
CONCURRENT FORCES. THE LINK POLYGON AND 
POLAR DIAGRAM. REACTIONS OF TRUSSES 


16. The mathematical and graphical treatment of systems of 
non-concurrent forces. In dealing with systems of concurrent forces 
in Chap. 1we found that the graphical check upon equilibrium, which 
was given by the “closing” of the force polygon, was equivalent 
to the mathematical check obtained from the summation of the 
rectangular components of the forces in two directions; see para. 6. 
Having developed a similar mathematical check for systems of 
non-concurrent forces in Chap. I, it now remains for us to lay down 
a corresponding graphical method for dealing with such systems. 
This method is based upon the use of the Link Polygon. 

As the succeeding chapters will indicate, the link polygon forms 
the basis of some very important sections of the graphical treatment 
of statical problems; it has therefore been thought worth while to 
devote a whole chapter to this method and in it to emphasise 
particularly the experimental aspect of the link polygon which, 
in spite of its proved usefulness in elucidating the meaning of the 
many applications of the link polygon, does not appear to have 
received the same attention as have the mathematical and 
geometrical aspects. 


17. To find the resultant of a number of parallel forces by means 
of a link polygon. Four like parallel forces are shown in Fig. 21 (1), 
of which we require to find the magnitude and position of the 
resultant. Set out the positions of the forces on a “‘space diagram””’. 
Letter the spaces between the forces in accordance with Bow’s 
Notation (see Vol. 1, Chap. v1), placing and reading the letters in 
a clockwise direction around the lower part of the diagram; see 
Fig. 21 (I). Each force is then named by the letters on each side 
of the force, reading these letters in clockwise order. 

Draw any line 1-2 between the forces BC and CD. Letter the 
space above 1-2 as P. Let us now assume that the line 1-2 repre- 
sents a Link of any suitable material, in which there are two 
equal and opposite forces acting inwards at each end as shown by 
the arrow heads. Since these two forces are equal and opposite 
and act in the same straight line, their resultant must be zero; 


hence their introduction cannot affect the net result of the original 
pair of forces BC and CD. 
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Now consider the forces acting at point 2. These are force BO 
acting downwards, and force CP acting inwards, in the link. Set 
down on a separate diagram, see Fig. 21 (II), the vertical line bc 
to represent the force BC to some convenient scale. Next draw 
¢p parallel to the link 2-1 and mark off the distance cp to represent 
the force CP assumed to be acting at the right-hand end of the 
Ink. (In practice the length cp should be selected so that angles 
between the lines radiating from p are all as large as practicable.) 
Join the points p and 6, thus com- 
pleting the force triangle pbc. Then p ypsie 
evidently the line pb will represent 
the equilibrant of the forces repre- = 
sented by be and cp and if, calling 
this new force H,, we apply-it at 
point 2, as shown in Fig. 21 (III), 
then the three forces now shown 


to be acting at 2 evidently form a a 
system in equilibrium. aid at 
_ Similarly since pe (note the order _-| - f =F A 
in which this is read “‘p to c’’) re- D Se Vex! 


presents the force PC acting at 1, (ZZ) 

which is at the other end of the Fic. 21 

link 1-2, we may set down cd on _— 

the diagram, Fig. 21 (II), to represent the force CD and join dp. 
Then evidently, as before, the line dp will represent the equilibrant 
of the forces represented by pe and cd and, if a force £,, equal to 
this force, be applied at 1, as shown in the diagram, Fig. 21 (III), 
then the three forces acting at 1 will be a system in equilibrium. 

Then evidently the two forces H, and F, are together sufficient 
to balance the two vertical forces BC and CD together with the 
two forces acting in the link 1-2 and which are represented by 
pe and cp. 

There are still two forces AB and DE to be considered. For the 
sake of clearness an additional diagram has been given. On the 
new diagram, Fig. 22 (1), the lines of action of the forces #, and £, 
have been produced to meet the lines of action of the two outside 
forces DE and AB respectively in the points 3 and 4. 

The lines 3-1 and 2-4 may be taken to represent two new links, 
in which the additional forces are those necessary to balance the 
forces already acting along these lines—that is H, and #, in 
Fig. 21 (III). In the diagram, Fig. 22 (II), these new forces are 
represented by pd and bp respectively. 

Produce the line deb and mark off ab to represent the force AB, 
and de to represent the force DH. Now consider the forces acting 
at 4. The force AB is represented by ab, while bp represents the 
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force acting in the link 4-2 away from 4. Then, joining p and @, 
the line pa evidently represents the equilibrant of these two forces. 
The line E, has been drawn to represent this force. The three 
forces acting at 4 are evidently in equilibrium. 

Similarly ep will represent the equilibrant of the two forces 
acting at 3, since these forces are represented by the lines pd and 
de in the diagram, Fig. 22 (II), 
and we can draw the line E; to Space DiacRara 
represent this force in the dia- 
gram, Fig. 22 (1). 

We have shown that the 
added link forces do not affect 
the net result of the original 
forces; hence, ignoring the links 
3-1, 1-2 and 2-4, we arrive at the 


condition shown in Fig. 22 (III), ie & 
in which the system of four fe SG SET | 
parallel forces together with the SS 


two inclined forces #, and #, form 4% 
a system of forces in equilibrium. 


P 
To find the position of the re- Xe ole 


sultant. If the lines of action of wa 
the two inclined forces be pro- mY 

duced to meet in some point O, N 

then, if we apply at this point 


O 
some force R of the correct mag- VRP 
nitude and direction, it would be | { 
possible to form a system of three tee 
forces in equilibrium, FR being the ee 


equilibrant of #; and #,. But the four parallel forces are, as we 
have seen, capable of producing, together with H, and H,, a system 
in equilibrium; hence R must evidently be equivalent to the four 
parallel forces, in other words R is the resultant of the four parallel 
forces and acts through the point O obtained by the intersection of the 
lines E, and Ey. 

Since the four original forces are parallel, the line abcde, on which 
the magnitudes of these forces are set off, is a straight line, and the 
length ae gives the magnitude of the resultant R. Further, in the 
force triangle pae we have represented the three forces shown in 
Fig. 22 (I]), viz. HL; by ep, E, by pa and R by ae. 


_ 18. The Link Polygon and the Polar Diagram. The figure 3124 
in Fig. 22 (I), which is made up of links, is known as a Link Polygon. 
It is also sometimes called a “funicular polygon” or “cord poly- 
gon” from the idea that the links may be formed of “funicles” or 
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cords. In some cases, as we shall see presently, the link polygon 
forms a closed figure or polygon, but the word “ polygon” is usually 
applied indiscriminately to both “open” and ‘“‘closed” link 
polygons. 

The purpose of a Link is to provide for the application of two 
equal and opposite forces between two given forces or between two 
points at which a number of forces may be acting. A link need 
not, however, be looked upon merely as a geometrical device. 
As we shall see, when dealing with framed structures having 
pinned connections, every member in such a structure may be 
conceived as a “link”, since in each of them two equal and opposite 
forces act when the members are stressed by loads coming upon 
the structure; see para. 27. 

The line abcde in Fig. 22 ts known as a Load Line. When the 
parallel forces represented thereon are in equilibrium, then the load 
line becomes a closed force polygon, though still represented by 
a single straight line. 

The point p in the diagram, Fig. 22 (II), is known as the Pole. 
The lines radiating from p to the load line or load polygon form 
the Polar Diagram. 

It should be noted that the load line or load polygon is derived 
from the external forces acting in the original system, while the 
polar diagram is derived solely from the link polygon and repre- 
sents the forces acting in the links. 


Problems. In using this method for the solution of problems, the order 
of procedure is different from that set out in the above explanation. 
The work should be done in the following manner: 

(a) Set down the forces on the load line. 

(b) Select any convenient pole p and draw radiating lines to each 
point on the load line. 

(c) Starting at any convenient point on one of the forces represented 
in the space diagram, draw the links in order, each link being drawn 
parallel to the corresponding line in the polar diagram. 

(d) Draw the lines representing the two outer inclined forces and 
produce them to intersect at the point O, giving a point on the line of 
action of R, the resultant. 

(e) The magnitude of the resultant # is then obtained from the load 
line. 


Note. The reader should verify by actual trial that, no matter where 
p is chosen or where the link polygon is started, the result is the same, 
the point O found in this way always lying on the line of action of R. 


19. Experiment. Zo find the resultant of four parallel forces and to 
demonstrate the relations existing between the link polygon and the polar 
diagram. 

Using a vertical board, suspend from two pegs at M and N a number 
of links, as shown in Fig. 23. A spring balance should be inserted in each 
of the links and the links connected by small wire rings. (The weight 
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of the apparatus should be allowed for by taking the readings of the 
spring balances, when no loads are attached, as the “‘zero” readings. ) 
From the rings at F, G, H and K suspend four suitable loads. 
Mark the exact position taken up by the links and loads by pricking 
through upon a piece of paper placed behind. Tabulate the magnitudes 
of the loads and the forces acting in the Np 


links. Produce the lines NF and Mk. 
to meet in the point O. 
Now insert pegsin the ringsat Pand 7 PO nfs ots 
Va 
Fasten a weight & (equal to the sum it jz 
of the four vertical forces) to a ring and NN ZAI 


K and remove the four loads from /, 
attach also two cords. Pass these cords  £- N 
D 


G, H and K. 
through the rings at # and K and adjust 


the lengths of these cords until the ring F bs 
is over the point O marked on the paper EEF | a 
beneath. eae Pa 
On removing the pegs from the rings nS § 
at F and K there should be no movement \ o 
in the cords, showing that the vertical R \ A 
foree R balances the forces acting FALAR \: 
through kK and / along the lines KM DIAGRAM 
and FN respectively. 
Remove the sheet of paper from the Xb 


board and to a suitable scale set down 
the load line abcde. Starting at point a, 
draw ap parallel to the line N#’. Similarly draw bp parallel to the link 
FG, cp parallel to GH and so on until all the radiating lines are drawn. 
If the experiment has been carefully carried out, the radiating lines 
will intersect in the point p, and the lengths of the radiating lines will 
represent to scale the magnitudes of the forces acting in the links. 


Figo 


me 


23. 


Note. Each line radiating from p, with the exception of lines pa and 
pe, represents the two forces acting in one of the links; thus pb (‘‘p to b”’) 
represents the force acting at point G in the link GF, while bp (‘‘b to p’’) 
represents the force acting in the opposite direction in the same link but 
at the point F (see small arrows on the polar diagram, Fig. 23). 


20. Experiment. To find whether the methods applied to parallel forces 
also apply to inclined non-concurrent forces. 


Arrange a piece of apparatus similar to that used in the experiment 
described in para. 19, but with the applied forces AB, BC, CD and DE 
acting in various directions inclined to one another; see Fig. 24. 

When the forces and links have taken up definite positions, mark 
these positions on a sheet of paper placed behind the links; tabulate 
the magnitudes of the applied forces and also the forces acting in the 
links. Produce the lines of action of the two extreme forces MF and NK 
until they meet in some point O. 

Having lettered the spaces between the forces, draw the incomplete 
force polygon abcde, which in this case is not a straight line. This will 
represent to scale the four known forces acting at ’, G, H and K. If 
we now join the points a@ and e, then ae will evidently represent the 
resultant (#) of the four forces. From the similarity of the construction 
to that adopted in para. 17, evidently O is a point on the line of action 
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of R; hence a line can be drawn through O parallel to ae to represent 
this force. 

If we now draw the polar diagram, an additional check will be provided. 
Consider the equilibrium of the 
point K. Draw bp and pa parallel 
to KH and IN respectively and so 
‘ determine point p, the pole of the 
polar diagram. Complete the polar 
diagram by drawing radiating lines 
from p to each of the points c, d 
and e. Compare the magnitudes 
thus obtained with the forces ob- 
tained experimentally in the three 
links PG, GH and HK, and also the 
single forces acting beyond the 
points / and Kk. 

The results should indicate that 
the position and magnitude of the 
resultant of a number of inclined 
non-concurrent forces may be ob- 
tained by this method. 


Problems. Inapplying the method 
to the solution of problems thesame 
procedure should be followed as 
was outlined in para. 18, except 
that for “‘load line” we read “‘load 
polygon”. 

The following example will ex- 
plain the above points and illus- 
trate an interesting application of the link polygon. 


Example. [Forces in a loaded cable. Using the particulars given in 
Pig. 12, find (a) the resultant (R) of the four forces suspended from the 
cable ; (b) the horizontal pull in the cable at points A and B; (c) the shape 
which the cable will take wp when fully loaded, if the inclination of the cable 
at A is 30° as before ; and (d) the forces acting in each portion of the loaded 
cable. 

(a) Set out the space diagram as shown in Fig. 25 (A). By means of 
the load line Imnst and any pole p,, draw the polar diagram and the 
link polygon AcdekB. Produce the lines Ac and Bk to meetin O. Then O 
lies on the line of action of &. The magnitude of F is given by /t and 
equals 2000 lbs. The line of action of # is thus shown to be 78 ft. from 
the vertical through A. 

(b) Set out the space diagram once more as at Fig. 25 (B). Draw the 
line A,O, at 30° to the horizontal to meet the line of action of R in O,. 
Draw A,B, horizontally, then the line B,O, must be the line of action of 
the cable at B. (The inclination is 47° as in the example in para. 10.) 
Draw tp, and Ip, parallel to A,O, and O,B, respectively. Then lp,t is 
the force triangle for the forces acting at O,, and the horizontal line 
p 2x will give the horizontal component of the pull at each end of the 
cable; the result is 1212 lbs. as before. 

(c) Using p, as the pole, draw another polar diagram and from it set 
out the link polygon 4,c’d’e’k’B,. This gives the shape which the cable 
will take up when fully loaded. (It also gives to scale the length of the 
cable and the points at which the loads should be attached. ) 
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(d) The forces acting in each portion of the cable—each of which 
forms a ‘“‘link’”—can be obtained by measuring on the force scale the 
lengths of the corresponding lines radiating from 7p,. 


21. The Closed Link Polygon. If we consider once more the 
conditions set out in Fig. 22, it will be found that, while the line 
ep in the polar diagram represents the force #,, there is no corre- 


A 
(A) Opacté DIAGRAI 


Fig. 25. Forces in and shape of the loaded cable of a concrete-placing plant. 


sponding force acting in the opposite direction—as in a link—and 
represented by pe; this is also the case with force H, represented 
by pa. From this it should be obvious that the sloping lines EF, 
and H, do not represent links but merely single forces, these forces 
being necessary to balance the original system of four parallel 
forces—which was not in equilibriwum—together with the system of 
three links which was added thereto. 
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If the system of parallel forces had itself been in a state of 
equilibrium, then such additional single forces as EZ, and E, should 
have been unnecessary provided that the combined system of links 
and forces was also in a state of equilibrium. Let us consider such 
a case. 

In Fig. 26 we have six parallel forces, AB, BC, CD, DE, EF 
and FA. The first four forces act downwards and the last two 
upwards. These six forces are known 
to form a system in equilibrium. 
If, now, in the manner already de- 
scribed, we impose upon this system 
an unclosed link polygon NGHKLM, 
it should be obvious from an inspec- 
tion of the figure that, while each 
pair of forces acting in the links may 
be balanced, the complete system so 
produced is not in equilibrium, for 
clearly the “frame” made up of the 
links NG, GH, HK, KL and LM 
would collapse under the conditions 
indicated. Some additional factor is necessary. This is still more 
obvious if we consider the forces acting at N (or M), where we 
have only the two forces, #A and AP, acting at this end of the 
link; since these two forces are neither equal nor opposite, they 
could not alone produce equilibrium. 

By adding an additional link (the “closing link” or “closing 
line”) MN, as shown by the dotted line, our link polygon becomes 
a “closed” figure. From an inspection of the figure or frame so 
produced, it will be clear that it would be able to resist the action 
of the six parallel forces without collapsing, in other words the 
system of links is now in equilibrium. In addition, its introduction 
has not affected the equilibrium of the system of six parallel forces 
to which it has been added. 

These conditions are made clearer by an examination of the link 
polygon and polar diagram; see Fig. 26. First add to the polar 
diagram the line pf, drawn parallel to the closing link MN; then 
consider the forces acting at the point N (or M), and represented 
by the sides of the force triangle pfa. The two forces acting in 
the link NG are evidently tensile forces so that the force acting in 
this link at N will act away from N; this force is therefore repre- 
sented on the polar diagram by ap. To prevent collapse of the link 
polygon the link JZN must evidently be in compression, so that 
the force acting in this link at N must be acting outwards; this 
force is therefore represented by pf. The remaining force F'A acts 
upwards and clearly must be represented by fa. A similar examina- 


Fig. 26. The closed link polygon. 


M&DII 3 


\ 
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tion will show that, at each point in the link polygon through which 
one of the vertical forces passes, the forces are in equilibrium. 
It follows from this that a closed link polygon may be added to 
a system of parallel forces which is in equilibrium without affecting 
this condition. (By similar reasoning the same may be shown to 
be true in the case of systems of non-parallel forces.) 


22. Conditions of equilibrium. If, in the case illustrated in 
Fig. 24, we replace R by an opposite and equal force F, the force 
polygon abcde becomes a closed figure and we know that XV = 0 
and XH = 0. 

Since, however, we are dealing with a system of non-concurrent 
forces, we cannot be sure that the system is in equilibrium unless 
the condition XM = 0 is also satisfied; see para. 10. 

Let us suppose in this case that the system is not in equilibrium 
and that 2M is equal to a moment of say + m.* Then, having 
added a system of links, the equilibrium of the combined system ot 
links and forces will only be assured, if two such forces as #3 and 
H, act in addition, so as to produce an opposing moment of mag- 
nitude — m, that is in such a case the link polygon cannot be a closed 
figure. Evidently then the closing of the link polygon is equivalent 
to the condition UM = 0, and we may make the following general 
statement: 


I. In order that a body acted on by a system of coplanar forces 
may be in equilibrium: 
(A) The force polygon must close; 
(B) The link polygon must close. 


(Compare this statement with that given in para. 10, to which 
it 1s equivalent.) 

Let us now consider this case experimentally and show, at the 
same time, how this method may be applied to find the reactions 
at each end of a structure subjected to a system of parallel forces. 


23. Experiment. Let it be assumed that the magnitudes of the two forces 
acting at the points M and N in Fig. 27 are unknown. To find these 
magnitudes both graphically and experimentally. 


Arrange a system of four parallel forces, supported as in the last 
experiment by a system of links, but having in addition another link MN 
to form a closed figure; see Fig. 27. (While tension balances will serve to 
measure the forces in the first set of links, the link MN must contain 
a compression balance to measure the compressive forces acting in that 
link, For simplicity the tension balances may be omitted altogether in 
this and later experiments. ) 


* In such a case it may be shown that the moment m is produced by a couple, 
which consists of two parallel forces acting in opposite directions and neither in 
equilibrium nor reducible to a single resultant; see para. 72. 
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The whole system of forces and links is then suspended from two 
tension balances at M and N. 

Place a sheet of paper behind the cords and weights and mark off 
the positions of the links and forces, noting the magnitudes of such 
forces as are measured experimentally. 


Graphical analysis. Having removed the paper, letter the spaces 
between the various forces. Set off the known vertical forces on a load 
line ae. Draw the polar diagram and unclosed link polygon as already 
described. 

Since the two supporting forces balance the four downward acting 
forces and all are vertical, it is clear that the two former must be equal 
in magnitude to the four latter forces, though they are opposite in 
direction. The problem therefore resolves itself into dividing ae into 
two parts which will represent the two upward acting forces. 


Fig. 27. Fig. 28. Reactions of a beam. 


If ZN be drawn to represent the closing link and the line pf be drawn 
parallel to this, it follows from a consideration of the equilibrium of the 
forces acting at N (or at M), as given in the preceding paragraph, that 
the point f divides the line ae into two portions ef and fa which represent 
the two forces acting upwards at M and WN respectively. 

If the link MN be looked upon as a beam—which may be either 
horizontal or inclined—then the two supporting forces at MZ and N are 
the reactions. Haperimentally the work of finding the magnitudes of 
these two forces is simplified by attaching the loads to a solid beam as 
shown in Fig. 28; see Problems IV, 1. 


Experiment. If in the Example given in para. 20, see Fig. 25 (B), the 
line A,B, is drawn, this is evidently the ‘“‘closing link” of the link 
polygon A,c’d’e’k’B,. Drawing p,% on the polar diagram parallel to 
A,B,, then the point x should divide the line Ut into two parts, so that 
tx represents the supporting force at A and al the supporting force at B. 
By measurement tx gives 700 Ibs. and al gives 1300 lbs, (These values 
are the same as those obtained in para. 10 by calculation.) 


24, The reactions of structures acted upon by inclined forces. 


Let four inclined non-concurrent forces be supported by a closed system 
of links as shown in Fig. 29 ; we require to know what are the reactions 
or supporting forces acting at the points M and N, the directions and 
magnitudes being at present unknown. 


3-2 
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Draw the partial force polygon abcde. Then ae represents the 
resultant of the four inclined forces in magnitude and direction. 
Complete the polar diagram, as already explained, with the ex- 
ception of the line parallel to the closing link MN. 

In para. 23 we were able to draw a line pf from 7p parallel to the 
closing line of the link polygon 
and so obtain the reactions at M 
and N, because we knew that 
these reactions were both vertical 
and parallel to the resultant; in 
the present case, however, we do 
not as yet know in what directions 
the reactions may act and it is not 
possible to proceed further without 
additional particulars. 

There are two possible cases into 
which problems of this type may be 
divided, the classification depend- 
ing upon the manner in which the 
ends M and N are supported. The 
two cases are: 

(A) The reactions are parallel to 
each other; 

(B) The reactions are not par- 
allel but the direction of one of them is known. 


Fig. 29. 


Case A. Reactions parallel. If we refer to Vig. 29, we see that 
the line ae must represent the resultant of the inclined forces. 
Obviously if the lines MX and NY along which the supporting 
forces act are to be parallel to each other they will also be parallel 
to this line ae. 

To find the magnitudes of these supporting forces we proceed 
as in para. 23. Draw the line pf through p parallel to the link MN 
to cut the line ae in f. Then, by considering the equilibrium of 
points M and N as before, we see that ef gives the magnitude of 
the reaction at M and fa gives the magnitude of the reaction at NV. 


Case B. Direction of one of the reactions 1s known. A new diagram 
has been drawn; see Fig. 30. The work can proceed as before up 
to the point at which we wish to know the directions of the reactions. 
In this case let us assume that we know that the reaction at N 
acts at right angles to NM. Draw YN to show the line of action 
of this supporting force. There are two methods of completing 
the problem. 

(a) Consider the forces which are keeping the point N in equili- 
brium. We have the force in the link NK, which is represented 
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on the polar diagram by ap. There are also the forces acting in 
the vertical line NY and in the closing link NM. Through a draw 
af parallel to NY, and through p draw pf parallel to the link MN. 
These intersect at f. 

Then evidently pf represents the force acting in the link MN at 
N and fa represents the supporting force acting in the line NY, 
ie. the reaction at NV. 

Consider next the equilibrium of the point WM. 

From what we have already done we know that,fp must represent 
the force acting in the lnk MN at M; and we also know that pe 
represents the force acting in the 
link ML. Hence, since there are 
only three forces acting at the point 
M, the third force must be repre- 
sented by ef, the third side of the 
force triangle pef. 

Therefore the supporting force or 
reaction at M isrepresented in mag- 
nitude and direction by the line ef. 

(b) The reaction at M may also 
be found as follows. The line ae 
represents the resultant (R) of the 
four inclined forces, and together 
with the two supporting forces ef 
and fa (which are not yet fully 
defined) must form the closed force 
triangle aef. But we know (see 
Vol. 1, Chap. vit) that if a body is 
kept in equilabrium by the action of 
three forces then these forces are con- 
current forces and the lines of action 
of these forces will, if produced, all pass through one point. Find, 
in the manner already explained, the point O through which the 
resultant of the four inclined forces acts, draw the line of action 
of Rand produce it to meet the line of action of the supporting 
force at N in some point W. Join MW. Then the line MW will 
give the line of action of the supporting force at M. If ef be then 
drawn through e parallel to MW, its intersection with af at f will 
complete the force triangle aef and fully define the two reactions 
at M and N. 


WE 
Fig. 30. 


25. Experimental verification. The results of the above discussion 
may be confirmed experimentally in a manner very similar to that 
described in earlier experiments. The only new practical difficulty likely 
to arise will be in arranging the reactions to lie in the desired directions. 
The details given in the following experiments will indicate how this 
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may be done. These experiments are specially interesting because they 
deal with the practical applications in which the above methods are 
most frequently utilised. 


Experiment. Case A. A body is acted upon by sia inclined forces as 
shown in Fig. 31, these forces are known with the exception of the two 
supporting forces acting at A and B and these are parallel to each other. To 
find the magnitude and direction of the supporting forces. 


In order to ensure that the two supporting forces are parallel, the 
points X and Y, to which the y y 
balances are attached, are marked Shi heb 
off on a rod at a distance apart — Gage Bao 
equal to AB. The other loads or 
forces having been attached, the 
rod XY is moved horizontally 
until a position is obtained in 
which all the forces are in equi- 
librium, the forces along AX and 
BY being parallel. The weight of 
the body should be allowed for in 
the vertical force acting at C. 


(Note. The figure to which the 
forces are attached represents a 
roof truss but, because of the ex- x 
perimental difficulties which would \ “4 
arise if the attempt were made to | | 
arrange the forces to push against 
the truss, as they would do in prac- : ; 
tice, all the forces have back re- Bee 31. et Us ee roof 
versed. The appropriateness of the Dobe ge creed ag ety eee 
application is not affected by this experimental arrangement. ) 

Having arranged the forces and loads, mark on a sheet of paper the 
direction of all the loads and tabulate all the forces which can be 
measured. 


Graphical analysis. Remove the paper and proceed as follows: 
Letter the spaces as shown, not forgetting the space between the two 
supporting forces at A and B. Draw the force polygon defgh. Evidently 
hd is the equilibrant of the four inclined forces. We have already seen 
that the two reactions, which are to be parallel to each other, should 
act along lines which are parallel to hd; in addition it is evident that 
these two reactions when added together must be equal in magnitude 
to that of the equilibrant hd. The problem therefore resolves itself into 
one of dividing hd into two parts representing the magnitudes of the 
reactions. To do this we must make use of the link polygon and the 
polar diagram. 

Since the directions of the reactions at A and B are now known, the 
link polygon may be conveniently started at any point on the line of 
action of either of these forces. Having selected such a point, say point 1, 
the first two links, 1-2 and 2-3, should be drawn in directions which 
appear to be suitable. By drawing lines parallel to these links through 
the points d and e on the force polygon, we obtain the position of the 
pole p. The polar diagram can then be drawn in the usual way and the 
link polygon 123456 completed from it. If pk is now drawn parallel to 
the closing line 6-1, it will divide the line hd at k so that hk represents 
the magnitude of the reaction at A and kd that of the reaction at B. 
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Occasionally a second and even a third trial may have to be made 
before a position is obtained for p which gives a clear and well-arranged 
link polygon. As a rule, however, errors can be avoided, even where 
the link polygon becomes a complicated figure, if care is taken to make 
each link cross the correct space, that is the space bearing the same 
letter as the line in the polar diagram; thus the link 2~3, which crosses 
the space #, is drawn parallel to the line pe. 

Check the reactions at A and B, comparing the magnitudes obtained 
graphically with those obtained experimentally. Also test whether the 
lines of action of the reactions lie parallel to the line of action of the 
equilibrant hd. 

Experiment. Case B. The conditions are as in the last case, but one of 
the reactions is known to act vertically. To find the magnitude of the two 
reactions and the direction of one of them. 

It will be found convenient in arranging the experiment to fix the 
point Y, from which the supporting 
balance at N is suspended, and to move ! rg 
the point X, from which the other 
balance is suspended, until the line YN 
is vertical; see Fig. 32. 

Having lettered the spaces as before, 
draw the incomplete force polygon defgh. 
Obviously we cannot draw any line from 
h to represent the reaction at MM since, 
as yet, we do not know the direction of 
this reaction. We do, however, know 
that the reaction at N acts vertically, so 
that we can drawa vertical line throughd 
to indicate its direction. To complete the 
force polygon we must make use of the 
polar diagram and link polygon. 

Observe that though we do not know 
the direction of the reaction at MW we 
know that its line of action must pass 
through point M. In this and similar 
cases we make use of this fact by com- 
mencing to draw the link polygon at the 
point M. The reason for this should be 
fairly obvious, for, if we started the link 
polygon at JN, or in fact at any other 
point, then, unless the link 1-2 across 
the space H actually passed through the 
point /, we could not complete the link 

olygon. Pay Dy heshiae Ny ek mn 

q ie in the last case, the first two links SES een iti Peas 
1-2 and 2-3 should be drawn in what ; 5 ee Oe 
appear to be convenient directions; by drawing hp and gp parallel 
to these links we obtain p and can complete the polar diagram. 
The link polygon 123456 is then completed. The line pk drawn parallel 
to the closing line 1-6 will cut dk in the point k. Evidently kd represents 
the supporting force at N. Join hk and consider the forces acting at 
the point M. Since ph represents the force acting at MW in the link 1-2 
and kp represents the force acting in the link 1-6 then, evidently, the 
third side hk of the force triangle phk represents the direction and 
magnitude of the reaction at M, which gives the direction of JX. 
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As before, the values obtained graphically for the direction and 
magnitude of each of the supporting forces should be compared with 
those obtained experimentally. An additional check may be made by 
ascertaining whether the line of action of the resultant dh of the four 
forces, DE, EF, FG and GH, passes through the point of intersection O 
of the two reactions at M and N; see Fig. 32. 


Problems IV 


1. A beam AB is loaded as shown in Fig. A; find the reactions at A 
and b. 


(Procedure. Letter the spaces as shown in clockwise order. Set down 
the load line cf, marking off the loads to scale. Select any point p and 
draw the polar diagram. Using the lines obtained in this way, draw the 


4\tons = Ojfons 7\lors 
See ea 


AP a 
lz a 
: j Si 


/500 | lbs 500 x | /ooolbs. 


800 165 /200 lbs x 


link polygon 12345. Draw the closi 1 —5 i 
parallel to it through the point p. a ae ee eee 


Then evidently fg is the reaction at B and gc the reaction at A.) 


2. A roof truss is loaded as shown i i i 
s S shown in Fig. B; find the reactions at 
A and B by means of a closed link polygon. “The rafters are inclined at 


30° and 60° resnectively and the loads ir mi i 
‘ oe eae. ; See 
the results by arithmetical methods. ) Oe ae eae 
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3. Let the forces acting in Fig. 22 be: AB, 3 lbs.; BC, 5 lbs.; CD, 
4 lbs.; and DH, 4 lbs. In the same order, let the distances between the 
forces be 2$ ins., 2 ins. and 12 ins. Find the magnitude and position of 
the resultant (R) of the four forces. 


4. If in Fig. C, MNC represents a roof truss in which WN is 30 ft. 
and angles CIZN and CNM are both 30°, find the magnitude and 
directions of the reactions at M and N when the roof loads are as 
shown. The intermediate loads divide the rafters MC and CN into 
equal parts. 


5. For the same dimensions and loading as in Problem 4, find the 
reactions when the reaction at WW acts vertically. 


CHAPTER V 


THE FORCES ACTING IN FRAMED STRUCTURES 


26. The functions of framed structures. In the erection of 
buildings it is frequently both necessary and economical to provide 
certain special structures at convenient positions to carry a con- 
centration of loading such as may arise from the weights of roots, 
floors, walls, etc. Familiar examples of such structures—which are 
usually framed—are roof trusses, trussed beams and girders, trussed 
partitions, scaffolding and other temporary erections such as arch 
centres. 

The first important step in the design of these trusses is to 
ascertain the magnitude and nature of the forces acting in each 
of the members. We have already seen (see Vol. 1, Chaps. vI 
and vit) that it is possible, by the application of certain elementary 
principles of statics, to analyse the forces acting in the members 
of a simple roof truss. With the aid of the investigations already 
made in this volume, we may now proceed to elaborate that 
treatment and to apply it in the solution of the more difficult 
problems which occur in larger and more complicated structures. 


27. The simple triangular frame. 


Experiment. To find the forces acting in the members of a simple 
triangular frame when loaded at the apex. 


The apparatus consists of a triangular frame of links supported by two 
spring balances as shown in Fig. 33 (a), a weight W being attached at C. 
Thus we have a triangular frame composed of three members freely 
jointed at the corners. It is assumed that only the force W at C is fully 
defined, the magnitudes of the other two external forces and the nature 
of the forces acting in the members being required. 


Graphical analysis. To a suitable scale draw the space diagram as in 
Fig. 33 (b), to represent the frame and the line of action of the load and 
each of the supporting forces respectively. 

Letter and number the external and internal spaces according to 
the following plan (which will be adhered to throughout this volume): 
Letter all the spaces between the external forces or loads, placing the 
letters in clockwise order around the truss; nwmber all the internal 
spaces, the order being immaterial; see Bow’s Notation in Vol. 1. 

The load W acting at the point C is obviously supported by two forces 
acting in the inclined members. To a suitable force scale set down the 
line ef to represent the load W at C; see Fig. 33 (c). Drawing f1 and Je 
parallel to CA and OB respectively, we have the force triangle ef1, which 
determines the magnitude and direction of each of the inclined forces: it 
is clear that both these forces act away from the point C, as is shown in 
Fig. 33 (b). 

But, for equilibrium, equal and opposite forces must be acting at the 
other ends of the sloping members AC and BC, as indicated in Fig. 33 (b). 
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This additional information completes our knowledge of at least one of 
the three forces acting at A (and also at B), and so enables us to draw 
the two further force triangles, del and fd1, shown in Fig. 33 (d) and (e) 
respectively. 

Take tracings of the two triangles ed1 and df1 and place them over 
the force triangle ef1 so that lines dl coincide; it will be found (i) that 
the two triangles ed and df1 together make up the figure edf/, see 
Fig. 33 (f), and (ii) that in this complete figure each line represents two 
equal and opposite forces: e.g. the line dl represents the force acting 
in the member AB towards the point A, while the line Jd represents the 
equal and opposite force in the same member acting towards the point B. 


JIPACE 
DIAGRAM. 


Ff 


The diagram shown in Fig. 33 (f) is known as the Force (or Stress) 
Diagram. Since, as we now see, this diagram can be drawn directly 
from the space diagram, it will not be necessary for us in future to draw 
separate and independent force diagrams for each of the joints in the 
truss. 

The above discussion indicates that we may look upon the members 
AB, BO and CA, in the freely jointed frame ABC, as Links in the sense 
defined in the previous chapter, a pair of equal and opposite forces 
acting in each of the members or links of the frame, the external loads 
or forces being applied at the intersections of the links. We shall in 
fact find it very convenient to look upon such a frame of freely jointed 
members as an elaborate closed link polygon. : 

Further, see Fig. 33 (f), the place of the “pole” in the polar diagram 
is now taken by the number denoting the space bounded by some (or all) 
of the members of the frame; e.g. the lines radiating from J in Fig. 33 (f) 
correspond to the forces acting in the links AB, BC and CA which enclose 
the space marked ‘“‘1” in the Space Diagram. This correspondence will 
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be found to exist even when the truss becomes a very elaborate and 
complex structure, in which, of course, the complete force diagram will 
be made up of many figures similar to edfJ. 


Experimental verification. The comparison of the values obtained 
experimentally with those obtained by graphical analysis should not 
occasion any serious difficulty and is left as an exercise for the reader. 


28. The importance of the Triangular or Triangulated Frame. 
The relationsbip which exists between the space diagram and the 
force diagram has been compared above with the relationship 
already seen to exist between the closed link polygon and the 
polar diagram. There is, however, an important difference to be 
noted between the link polygon and our triangular frame. If, in 
the experiment described in para. 23, see also Fig. 27, the magni- 
tudes or directions of any of the four applied forces were altered, 
then the links in the polygon would take up different positions and 


Fig. 34. Fig. 35. 


the shape of the link polygon would be changed. With a triangular 
frame, however, such a change in form would not follow a change 


in the forces acting on the frame, as the following simple tests will 
serve to demonstrate. 


_ Experiment. Let a simple triangular frame ABC be made up as shown 
in Fig. 34, the links consisting of light wood or metal bars connected 
together by freely moving pinned joints. It will be found that, within 
the limits of the strength of the links and joints, it is not possible to 
alter the shape of the triangle by the application of force at the joints. 
This characteristic is possessed only by triangular frames. 

If a more complex frame be made up of short links, as shown in 
Fig. 35, since such a figure is made up of a series of triangles, each of 
which must possess the property of permanency of outline, then it 
pee ee ae the Hans of the strength ‘of the omer and 
joints, such a frame cannot be a l é icati 
ee een ae Itered in shape by the application of 


Perfect Frames. Such frames as we have just describ 1 
triangulated, are known as Perfect Bian: such pier ead eS 
number of bars necessary to keep them rigid under all systems of loading 

If next a four (or more) sided figure be made up as shown in Fig 36, 
with links pinned together at the corners, it will be found that the 
application of only a slight force, say at B, will cause the frame to take 
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up a new shape such as is suggested by the dotted lines. Similarly if 
one of the links in the frame shown in Fig. 35 is removed so that one of 
the spaces enclosed by links ceases to be a triangular space, then the 
frame ceases to be a perfect frame and is readily altered by the appli- 
cation of a force at any of the joints; see Fig. 37. 


Fig. 36. : Higasie 


Deficient Frames. Such frames as those shown in Figs. 36 and 37 are 
known as Deficient Frames, since they have not a sufficient number of 
bars to keep them rigid under all systems of loading. 


Redundant Frames. If two members AC and BD are added to the 
four-sided frame shown in Fig. 36, see Fig. 38, there are more links than 
are necessary to keep the frame rigid because either of the members 
AC or BD would have been sufficient. Such a frame is known as a 
Redundant Frame. 


Counterbraced Frame. This is a type of frame which, although it 
may appear at first sight to have a-redundant member, may yet be 
treated as a perfect frame. 

Take the four-sided frame ABCD as before and let the joints at A 
and OC and also at B and D be connected diagonally by means of stout 
cords, chains or thin metal strips; see Fig. 39. If forces be applied at 
B and D it will be found that, while the cord AC remains tight, cord 
BD slackens, the first cord supplying the force necessary to maintain 
the shape of the frame while the cord BD goes “‘out of action”. If the 
forces be applied at A and C, then these conditions will be reversed. 
Such a frame is known as a Counterbraced Frame. 

In practice the diagonal members would be made sufficiently strong 
to resist any tensile forces which may act upon them, but of such a 
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cross-section as to bend slightly and so go out of action when subjected 
to compressive force. In the frame shown in Fig. 38 if the cross links 
were of light section, and not connected where they cross at the point E, 
then this frame would act as a counterbraced frame. 


29. Application of Loads. It is important to notice that in these 
experiments, and in fact in all the framed structures with which 
we shall deal at present, the loads or external forces are applied 
at the joints and not at points intermediate between the joints. 


Pinned Joints. In the experiments described above the links 
forming the frames were connected by pinned joints so that, if 
not otherwise constrained, the links 
would be free to rotate about these 
joints in the plane of the frame. It 
is obvious that, under such con- 
ditions, the links would be subjected 
to direct forces only, which would be 
either tensile or compressive forces. 
If, however, we were to make any 
or all of the joints into stiff joints, 
then the forces to which the links 
would be submitted would be quite 
different and it would be much more 
difficult to determine the nature of the forces acting in the links 
forming the frame. 


Fig. 40. 


Experiment. Use the four-sided frame ABCD described above and 
by means of a bolt or cramp stiffen one of the joints, say that at C; see 
Fig. 40. If now small forces be applied at B and D, the frame will not be 
altered in shape; the application of larger forces will, however, cause 
the links BC and CD to bend somewhat in the manner suggested by the 


dotted lines in Fig. 40, provided, of course, that they are not too stout 
for our present purpose. 


In practice stiff joints, redundant members and also members 
which are continuous over several joints are frequently employed 
to give added stiffness to a perfect frame or to make a deficient 
frame rigid, e.g. the member AFED in Figs. 35 and 37 is usually 
a continuous member. From our present point of view the 
practice is not desirable, since it then becomes very difficult and in 
some cases almost impossible to ascertain the exact forces acting 
in the members of such structures. Long experience has, however, 
justified the use of such devices in well-known forms of trusses, and 
it is only when an attempt is being made to introduce improvements 
into such structures, to increase their efficiency or to reduce their 
cost, that the difficulties involved in the investigation of the forces 
acting in the members become obvious. Such work is, however, 
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beyond the scope of this book. We may, therefore, proceed to state 
what are the assumptions usually adopted in the analytical treat- 
ment of the forces acting in framed structures. 


I. Unless otherwise stated it will be assumed that the following 
are the conditions existing in a framed structure: 


(i) That the links or members used to build up the structure are 
connected by pinned joints about which the members may move 
freely in the plane of the truss; 

(ii) That the centre lines of the members and the lines of action 
of the external loads and forces all pass through the centres of the 
pins; 

(iii) That the members are not continuous over more than two 
joints. 

From the point of view of actual design it can be shown 
that these assumptions err on the side 
of safety; their chief value les in the 
fact that they enable us to ascertain 
the forces acting in the members with a 
considerable measure of accuracy. 

Pinned joints may be indicated on the 
space diagram by a small circle © round 
the joint. 


30. Struts and Ties. Members of a 
truss which are subject to tensile forces 
are known as Ties. Members subject to 
compressive forces are known as Struts. 

If it is desired to indicate on the space 
diagram which are struts and which are 
ties, one of the following conventions 
may be adopted: 

(i) Place arrow-heads near each end 
of the link, pointing outwards in the case of a strut and inwards 
in the case of a tie; see Fig. 41 (a); 

(ii) Use thick or double lines for struts and thin lines for ties; see 
Fig. 41 (b); 

(i) Write the magnitude of the force alongside the member 
preceded by a plus (+) sign in the case of compressive forces and 
by a minus (—) sign in the case of tensile forces; see Fig. 41 (c). 

The most usual practice, however, is to tabulate the members 
and the nature and magnitude of the forces acting in them. 
Examples of all these methods are given in the following pages. 

We may now proceed to the consideration of a number of 
trusses of various types. The examples which follow have been 
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carefully chosen so that each introduces some new point not 
previously dealt with. It is important therefore that the reader 
should go through the whole series, together with the problems 
given at the end of the chapter, in the order given. 


31. A king rod roof truss with vertical loading. A simple form of 
steel roof truss has been chosen for the first example; see Fig. 42. The 
loading is entirely vertical, the total weight borne by the truss being 
distributed between the various joints in the manner shown. 
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Fig. 42. King rod roof truss. 


The analysis of the forces acting in the members should proceed on 
the following lines: 

(i) To a suitable scale draw the space diagram as shown, indicating 
the magnitude of the external loads and the lines along which they act. 
In this case, since all the loads are vertical and symmetrically disposed, 
it follows that the two reactions must each be vertical and equal to 
half the total load. These reactions may therefore be indicated at once; 

(ii) As already described, letter all the external spaces in clockwise 
order and number all the internal spaces; 

(1) To a suitable scale set down on a vertical line the distances gh, 
hk, kl, lm and mn to represent the vertical loads. Next set up from 
point 7 the distances no and og to represent the two reactions. Since the 
two reactions exactly balance the total load, the load polygon ghklmno 
is a closed figure as was to be expected; 

(iv) Force Polygon. We may now proceed to draw the force polygon 
for the truss. We usually commence this by considering the forces acting 
at the end joint A (or #), since there are only two unknown forces acting 
at this joint. (he force polygon for this joint has been drawn separately 
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for the sake of clearness, but this will not usually be necessary once the 
reader is able to follow each of the smaller force polygons on the complete 
force diagram.) 

Reading the forces around joint A in clockwise order commence with 
the reaction OG, which is already known and is represented by og on 
the load polygon. Similarly the force GH is represented by gh. Of the 
forces H1 and 10 we only know the directions; drawing h1 through h 
parallel to H1 and ol through o parallel to 10 gives us the point 7; 
a completes the polygon oghlo and fully defines the forces acting 
at A. 

To determine the directions in which the forces act we read the large 
letters in the spaces around joint A in clockwise order, and read the 
small letters at the corners of the polygon in the same order; the direction 
or sense of a force will then be given by the direction in which we pass 
from one corner of the polygon to the next. Thus, considering the forces 
H1 and 10, the lines on the force polygon which represent these forces are 
to be read “h to 1” and “1 to 0”. Thus we see that force H1 acts 
towards joint A and the member is therefore in compression, while 
force 10 acts away from the same joint and this member is therefore 
in tension. (Note. The direction in which we pass from corner to corner 
of the force polygon oghIo has been indicated by arrows on the separate 
force polygon for the joint; see Fig. 42.) 

We may now proceed on the main force diagram to consider the 
forces acting at the joint B; of these we already know, 1H and HK, the 
other two are as yet unknown except for their directions. Through k 
draw k2 parallel to K2 and through 7 draw 12 parallel to 12 on the 
space diagram, these give point 2 and complete the force polygon Lhk2 
for the forces at the jomt B. The direction or sense of the forces may 
be obtained as already explained. 

Joint C is taken next. The force in 2K is represented by the line 2k 
on the force diagram and the force in KL by the line k/. We complete 
the polygon by drawing 13 through / parallel to the member L3 and 23 
through 2 parallel to the member 23. The force polygon for joint C is 
then 2k13. 

Since the truss is symmetrical in construction and is symmetrically 
loaded it follows that the force diagram will also be symmetrical, forces 
in the corresponding members on each side being equal in magnitude 
and similar in nature. It will not therefore be necessary in such cases 
to complete more than half the force diagram once the reader has become 
familiar with the general method. In this case the whole of the force 
diagram has been given. The magnitudes of the forces may be written 
alongside the members or may be tabulated in the form shown in the 
example given in para. 34 below. 


Notes. (a) The order in which the joints are considered is frequently 
very important. If there are more than two unknown forces at any 
joint it will not be possible to complete the force polygon for that joint, 
and work on some other joint must usually be taken first. For example 
if, after analysing the forces acting at joint B, we had proceeded to 
consider joint /, it would have been found impossible to complete the 
force polygon for that joint, since of the five forces acting at that joint 
only two were completely defined at that stage. By taking joint C 
before joint / we were able to find the magnitude and sense of 
the force in the member 23 and thus define a third force acting at 
the joint 
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(6) We may note from the completed diagram that, if the external 
load GH and also the load MN were omitted from the force diagram 
they would reduce the total reactions but would not affect the forces 
acting in the members of the truss. This is always the case when the end 
load acts in the same line as the reaction at that point. In such cases im 
future we may therefore omit these loads, at the same time noting that 
in all those cases where the effect is doubtful it is better to include them. 


32. Experiment. The experimental verification of the forces acting im 
a roof truss is not easily carried out; this is mainly so because of the 
difficulty of arranging for a series of links which are capable of measuring 
compressive forces. Links subject to tensile forees are more readily 
fitted up.* By omitting the measurement of the compressive forces. 
however, the construction of the apparatus can be simplified; the 
experimental truss shown in Fig. 43 has been arranged on these Imes. 
(An alternative arrangement is shown in Fig. 45.) 

The links AB, BC, CD, DE, BF and DF ali being in compression are 
formed out of pairs of light wood or metal bars, with holes drilled 


ee ie p Ww Block 


Fig. 43. Experimental roof truss. 


at each end. In these holes smooth steel pins are fitted forming a simple 
pinned joint. The remaining links, being subjected to tensile forces, are 
made up of light spring balances hooked at one end to the pins already 
mentioned and at the other end to light brass chains; these chains 
supply a convenient mode of adjusting the length of the link to take up 
the strain in the spring balance. 

The pins at the two outer joints A and Z are made to project about 
two inches on each side and pass through smooth rollers, which rest 
upon the bench upon which the experiment is being carried out; these 
rollers enable the feet of the truss to take up positions conditioned only 
by the forces acting at the lower joints of the truss and unaffected by 
friction. For the sake of increased stability the rollers may be omitted 
at one side and their place taken by a plain block with upright per- 
forated brackets; see Fig. 43. es 

The loads are put on the truss by suspending weights from the joints 
B, C and D. The lengths of the tension eee are then een ane 
the links forming the upper sloping members lie as nearly as possible in 
straight lines. A graphical analysis is then made of the forces acting in 
the truss and the magnitudes of the forces thus obtained compared 
with those obtained experimentally. (Note. The readings of the balances 
when the truss is unloaded may be taken to be the “‘zero” readings. } 


* But see type of apparatus shown in Fig. 157 a. 
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33. Roof Loads. It will be convenient to add at this stage a note 
upon the nature and magnitude of the loads which come upon roof 
trusses. These loads are of two kinds: (a) Dead Loads, that is loads 
which remain constant, such as those due to the weight of roof timbers, 
roof covering, etc. ; and (b) Live Loads, that is loads which are constantly 
changing in magnitude; in the case of roofs this type of load is practically 
limited to wind pressure. 

Dead Loads. Table I gives the weights—calculated for each square 
foot of roof surface—of a number of roofing materials, etc. These are 
average figures and should not be used if more accurate figures are 
available. 


Table I 

Average weights of roofing materials and framework (lbs. per sq. ft.) 
Boarding, | in. rn Om nn Asbestos corrugated sheets... 54 
Slating ... ba acy Corrugated iron ao 
Pulm... 365 aa: Lead . 506 ane od 
Slating or tiling battens 3 Timber framing (rafters, ete.) 3 
Glazing and bars ton Ceilings ae ode Bye) al 
Asbestos slates ion ot Snow ... 3 


Wind Pressure. Assumptions. For the purpose of designing structures 
sufficiently strong to resist the pressure effects of the wind, it is usual 
to assume: (@) that this pressure acts at right angles to the surface exposed 
to the effects of the wind; (b) that its intensity varies with the inclination of 
that surface to the horizontal, a vertical surface thus being subjected to a 
pressure of greater intensity than an inclined surface; and (c) that the 
pressure acts as a uniform pressure over the whole of the surface. The 
values given below in Table II may be accepted as being in accordance 
with the general practice in this country, though much difference of 
opinion exists as to the actual effects of the wind. The figures generally 
employed are probably much higher than they need be. 


Table II 
Wind pressures on plane surfaces (Ibs. per sq. ft.) 
Vertical surface... siete ee oU 
Surface inclined at 60° or more 30 
» o 45° sa) hs) 
5 > 30° .. 24 
15° ae 15 


(Note. The above values have been expressed in terms of dead load.) 


Distribution of roof loads. Roof trusses are usually spaced at regular 
distances apart—called “‘bays’”—and the common rule is to assume that 
each truss carries that portion of the roof surface which extends over 
half the bay on each side of the truss. The total weight so obtained is 
then distributed between the joints or “load-points” according to their 
spacing; see para. 34 below. The wind load is treated in the same 
manner, though of course it can only act on one side of the truss at a 
time; see para, 36. 
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Tt is usual to add the weight of the truss itself to the total load to be 
carried. The approximate weight of the truss may be calculated from 
the following table. 

Table III 


Approximate weight of trusses (all at 10 ft. centres)* 


Timber trusses ; 
Weight in Ibs. = 0-9 (span of truss in feet)? 
Steel trusses 
Weight in lbs. = 0-64 (span)? 
Composite trusses (timber and steel) 
Weight in lbs. = 0-77 (span)? 


34, An unsymmetrical truss with vertical loading. The truss shown 
in outline in Fig. 44 is used in the construction of factory roofs where 
good lighting without direct sunlight is required, the steeper surface 
usually facing north and being glazed. In this case the span is assumed 
to be 20 ft., the trusses being spaced at 10 ft. centres. 


Loading. The longer surface measures 17-5 ft. approx. from top to 
bottom, hence the total area carried by this side of the truss is (17-5 x 10) 
or 175 sq. ft. Similarly the area on the short side is (10 x 10) or 100 sq. ft. 
If the weight of the roofing materials on the long side averages say 
15 lbs. per sq. ft., then the total load will be (175 x 15) or 2600 Ibs. 
Similarly if the weight on the short stde—which is covered almost 
entirely by glazing—averages 7 lbs. per sq. ft., then the total weight is 
(7 x 100) or 700 lbs. 

These loads are carried at the load-points S, 7, U, V, W; see Fig. 44. 
Since each side is bisected by a load-point, half of each load will be 
carried at T’ and V respectively. At the top and bottom points one- 
quarter of each load will be carried. The totals may be set out as follows: 


ee s ‘i ene: W 
Load-points (Ibs.) (Ibs.) | (Ibs.) | (1bs.) (Ibs.) 
Left side 650 1300 | 650 a = 
Right side <a ss 175 | 350 175 
Totals (650) 1300 | 825 | 350 (175) 


Since the loads at S and W (in brackets) rest directly on the walls, 


they can be ignored in finding the stresses in the members of the 
truss. 


Reactions. In this case before we can complete the load polygon we 
must ascertain the magnitudes of the two reactions. This can be done 
either (a) by calculation, or (b) by graphical methods. Proceeding by 
the latter method we set down the load line abcd. Selecting a suitable 
pole p (preferably to the right of the load line so as to clear the force 
diagram), the polar diagram is drawn by connecting p to the points 
a, 6, c and d, For convenience the lines of action of the external loads 
and supporting forces should be produced to extend either below or 
above the space diagram and the space letters repeated as shown in 


* See Architectural Building Construction, Vol. 11, Part 1, by Jaggard and Drury. 


vj FORCES ACTING IN FRAMED STRUCTURES 53 


small circles in Fig. 44. The link polygon may now be drawn, com- 
mencing with link mn drawn parallel to line ap across the space (A). 
When the final point r has been obtained in this way, the closing line 
mr may be drawn. The line pe, drawn from the pole p parallel to mr, 
gives the point e which divides the total load, represented by the load 
line ad, into two parts such that de represents the reaction at W and ea 
represents the reaction at S. The load line thus becomes a closed load 
polygon. 

ee 825 lbs 
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Fig. 44. 


Force Diagram. The procedure is similar to that described in the 
preceding example. The polygons corresponding to the various Joints 
may be set out as follows: 


The forces at joint S are given by polygon ee 


2 

29 29 fb 29 > ab2 

U > 2bc3 
33 93 29 > 

V 3 3cd4 
29 27 2? 

W 4de 
59 29 9 ry) 934 

4 5 “3 e123 


It may be noted that in this case the points / and 4 fall on the 
same line but do not coincide; this indicates that the forces in the two 
horizontal members are similar but of differing magnitude. 
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: ; : h 
Tabulation of forces. (a) The nature of the force acting in eac 
member has been indicated on the space diagram in this example by 
the use of double lines to represent struts and single lines to represent ties. 

(b) In addition the complete definition of each of the forces is given 
in tabular form below. 


Struts Ties 

Force Member Hare 
Member (Ibs.) (Ibs. ) 

A-1 2070 1-E 1800 

B-2 800 4-H 870 

O28 1400 2-38 800 

D=a 1730 

=? 1270 

4-3 200 


Experimental verification. An alternative method of arranging a roof 
truss for experimental verification is shown in Fig. 45. All the external 
loads and forces are reversed in sense with the result that the forces 
acting in the members of the truss are also reversed, struts becoming 


Fig. 45. Experimental roof truss. 


ties and vice versa. It is then possible to measure more of the internal 
forces than was the case in the experiment described in para. 32. The 
links and connections are made up as before explained. 

The members SX, XU and WX are first fixed in length, the other 
members are then arranged in position and ‘‘zero readings” taken. 
After the loads have been applied, links ST and VW are adjusted in 
length until the link UX is vertical. Links 7X and VX can then be 
adjusted until STU and UVW form straight lines. The graphical 
analysis and experimental verification proceeds as before. 


35. A symmetrically loaded truss with ceiling loads. The form of 
truss shown in Fig. 46 is most frequently constructed in steel. In the 
example selected it is assumed that the under-side of the truss is covered 
by a ceiling which is suspended from the lower joints of the truss. 


v] FORCES ACTING IN FRAMED STRUCTURES 55 


The truss and all the loading being quite symmetrical, the calculation 
of the reactions is a simple matter. The chief difficulty in this case arises 
when arranging the load polygon. As will be seen from the following 
explanation (t is necessary in this case to take the space letters in clockwise 
order and to set out the sides of the load polygon in strict rotation. 

Load Polygon. Since all the loads are vertical, the load polygon must 
be a straight line; in order, however, to make the procedure clear the 
parts of this straight line polygon have been drawn separately at the 
side of the load polygon proper; see Fig. 46. : 
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Fig. 46. Roof truss with ceiling loads. 


Draw the line ad and on it set off to a suitable force scale the loads 
AB, BC and CD; these are represented by ab, be and cd all acting 
downwards. Since the force DH# acts in an upward direction, set de 
upwards to represent it. The next two forces act downwards and are 
represented by ef and fg. Finally the remaining reaction GA, acting 
upwards, is represented by the line ga, which closes the polygon. 

Force Diagram. The force diagram does not involve any new point 
and we may proceed as in earlier examples. 

Tabulation of forces in members. In this example the magnitude and 
nature of the forces acting in the members may be indicated as shown 
in Fig. 46, by writing the magnitude of the force alongside the member 
preceded by a plus (+) sign if the member is in compression, or by a 
minus (—) sign if it is in tension. 


\ 
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Experimental verification. The apparatus for experimental work: on 
this truss is most easily arranged on the lines described in the preceding 
experiment—in which the truss was inverted—and does not present any 
new difficulty. 


36. King post roof truss subjected to wind pressure. The truss shown 
in Fig. 47 is most frequently constructed in timber. It may, however, 
be constructed of timber and steel combined or of steel alone. In the 
present example the vertical loads due to the weight of the roof covering 
are not considered, the only loads which are dealt with are those due to 


SPACE 
LIAGRAN. 


/ORCE 
LVAGRAM. 


the pressure of the wind acting upon the right-hand surface of the roof. 
As already indicated, the resulting pressure is assumed to act at right 
angles to the surface affected and to be distributed uniformly over that 


surface. This loading is transferred to the joints of the truss as shown; 
see Fig. 47. 


Reactions. With trusses of the dimensions usual for this type it is 
not necessary to adopt any special method of fixing the ends of the truss 
to the walls, the truss merely resting upon or being lightly secured to a 
stone or metal template at each end. Under such conditions it is 
reasonable to assume that each wall will offer approximately equal 
resistance to any inclined loads acting upon the truss. On this assump- 
tion the reactions are taken to act along lines which are parallel to each 
other and to the line of action of the inclined loads (or to their resultant 
if these inclined loads are not all parallel) 
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Load Polygon. Draw the line ad, see Fig. 47, parallel to the line of 
action of the wind loads and set off to a suitable scale the distances ab, 
be and cd to represent these loads. So as to keep clear of the space 
diagram, produce the lines of action of the wind loads below the truss 
and repeat the space lettering as before; see Fig. 47. It should be noted 
that, since the line of action of the load CD lies in the samé line as the 
reaction DEH, it will not affect the forces acting in the roof truss but 
merely increase the total reaction at point t. We may therefore, if 
we wish, leave the force CD out of our considerations for the present, 
dropping also the space letter D. 

Selecting any suitable pole p, draw the lines of the polar diagram pa, 
pb and pe. The link polygon may be conveniently started at point m, 
from which we draw mn parallel! to pa across space (A), ng across 
space (B) parallel to pb, etc. The closing line is rm; the line pe is 
drawn parallel to this, giving the point e on the load line. Then ea 
represents the reaction at s and the reaction at the other end of the 
truss is represented by ce. If the load CD is taken into account, the total 
reaction at this end is represented by de. 


Force Diagram. The force diagram may now be drawn in the usual 
way, commencing at either of the lower joints. If the joint at s be 
selected as the starting-point, we have al parallel to the member Al and 
te parallel to the member 1E. This completes the polygon for this joint. 
At joint v, since no new load is introduced, we have only to ascertain 
the forces acting in the three members meeting at that point. We 
already know that the force in 1A is represented by the line Ja. Since 
the member AZ lies in the same straight line, the line a2 representing it 
must similarly lie on the line al, the only possible solution to this 
condition is for the points J and 2 to coincide. We may thus conclude 
that there is no force acting in the member 21 due to this wind load 
and also that the forces in the members 1A and AZ are equal and 
similar. The completion of the force diagram should not cause further 


difficulty. 


Experimental verification. A complete verification with a truss con- 
sisting of separate members could be arranged but would involve a 
somewhat complicated piece of apparatus. An experiment dealing with 
the external forces only in a similar case has already been described; 


see para. 25. 


37. Queen rod type of roof truss, with both wind and dead loads. 
The type of truss shown in Fig. 48 (I) is often constructed in steel for 
spans up to 60 ft. It is also suitable for construction in timber and steel. 
The vertical loads due to the weight of the roof covering are spaced at 
equal distances apart. It is assumed in this example that wind pressure 
is acting on one side of the roof. 


Reactions. With trusses of very large span (80 ft. or more) it is often 
advisable to fix one end of the truss to its support while the other end 
rests upon rollers or is otherwise free to move horizontally when the 
truss expands or contracts in length owing to changes in load or in 
temperature. Under these conditions, since it would not be possible 
to transmit an inclined force through the rollers, it is usual to assume 
that the reaction at the end where rollers are used is a vertical one. 
The other reaction must obviously be of sufficient magnitude and 
inclination to maintain equilibrium. 


\ 
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Load Polygon. Letter the spaces between the external forces and 
number the internal spaces in the usual way. Selecting a suitable force 
scale, proceed to draw the load polygon as shown in Fig. 48 (IT). Taking 
the letters and forces in clockwise order and commencing with force AB, 
we have four vertical forces represented by the lines ab, bc, cd and de. 
The remaining forces are then alternately inclined and vertical and this 
portion of the load polygon finishes at point ». The vertical reaction 
NO is the next force taken in order and of this we know only the direction 
and therefore draw a vertical line through n to represent it. Before we 
can complete the load polygon we must know at least the direction of 
the other reaction OA. This we may now proceed to obtain, using the 
methods described in paras. 24 and 25. 

In this example there are a large number of separate loads to be 
dealt with and unless these are reduced in number the link polygon 
becomes very complicated and may adversely affect the accuracy of the 
results. We can simplify this part of the work by noting the following 
points: (a) since all the dead loads are symmetrically applied we may 
replace them for our present purpose by a single force (W,) acting at 
the centre of the truss and equal in magnitude to their sum; (6) so far 
as the windward side of the truss is concerned the loads due to wind 
pressure are also symmetrically disposed and may be replaced by a single 
load (W,) acting at the centre of the sloping surface of the roof and 
equal in amount to the sum of these loads. These two forces are defined 
in Fig. 48 (I) by space letters (A), (Q) and (NV). The magnitudes of 
these forees may be readily obtained on the load polygon by setting 
down first all the vertical loads, obtaining line aq, see Fig. 48 (II); this 
represents the force (4 )—(Q), the resultant of all the vertical loads. Next 
set off similarly the inclined loads obtaining line qn, which represents 
the force (Q)-(N). As before NO will represent the direction of the 
reaction at the free end of the truss. Select a suitable pole p and draw 
the polar diagram consisting of the lines pa, pg and pn. Start to draw 
the link polygon from the point m, this point being the only point which 
we know to lie on the line of action of the reaction at m. The link mn is 
drawn across the space (A) parallel to the line pa. The link nr is then 
drawn across the space (Q) parallel to the line pg. The next link 7s is 
drawn parallel to the line pn across the space (N). Then the line ms is 
the closing line and if the line yo be drawn through p parallel to this 
line then no represents the magnitude of the reaction at the free end 
and, joining o to a, we must have oa representing the direction and 


Se eee of the reaction at the fixed end, the load polygon now being 
closed. 


Reactions. The following is an alternative method of finding the 
reactions. If on the load polygon, Fig. 48 (II), we were to join the 
points a@ and n, then the line an would represent, in magnitude and 
direction, the resultant of all the external loads. We could then consider 
the truss as being held in a state of equilibrium under the action of 
three forces, this resultant (R) and the two unknown reactions. The 
problem would thus be reduced to the one dealt with in para. 24; the 
truss being in equilibrium under the action of three coplanar forces ‘then 
the three forces must be concurrent. s 

For the sake of clearness a new and simplified diagram has been ; 
see Fig. 48 (IIT). On this diagram produce the aes (A)-(Q) and (Onin 
until they meet in the point 2. This point must lie on the line of action 
of their resultant R, which we have just found to be represented 
in magnitude and direction by the line an. Through x draw the line of 
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Fig. 48. Queen rodgroof truss with wind and dead load. 
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action of R parallel to an and produce it to intersect, at y, the line of 
action of the vertical reaction. If the remaining force, the reaction at m, 
is to be concurrent with these two forces, then its line of action must 
also pass through the point y. Join m to y, this evidently gives the 
line of action of the remaining force. The values of the two reactions 
can now be found by a simple application of the triangle of forces, the 
magnitude of the total load being already known; see Fig. 48 (IIT). 


Force Diagram. See Fig. 48. Provided that the joints are dealt with 
in proper order this diagram is not difficult to construct. 


38. Maximum forces acting in trusses subjected to wind and 
dead loads. In the design of trusses it is necessary that full 
knowledge should be obtained of the maximum—and, in some 
methods of design, the minimum—forces acting in each of the 
members of the truss. Since the force due to wind pressure will 
vary in each member according to which side the wind is acting 
upon and also according to the way in which the truss is supported, 
it is sometimes necessary to make a fuller investigation than that 
described above. This investigation is usually carried out on the 
following lines: 

(a) A force diagram is drawn for the truss with dead loads only 
and the results tabulated in the manner shown below; 

(5) A force diagram is next drawn for the truss with the wind 
acting on that side of the truss having a fixed support and the 
results tabulated; 

(c) A force diagram is finally drawn for the truss with the wind 
acting on the free side of the truss and the results tabulated; 

(d) The maximum and minimum forces acting in each member 
in the truss are then obtained by finding the algebraic sum of the 
forces acting in them as the wind pressure acts on one side or the 
other. This work may be conveniently set out in tabular form as 
indicated in the following example. 


Mes Force due to | Force due to | Force due to Max. | Min. 

% '| dead load | wind on right] wind on left force force 
ST 1000 Ibs. 200 Ibs. 600 Ibs. 1600 lbs. 800 lbs. 
(comp.) (tension) (comp. ) (comp.) (comp.) 


Except in very large and important structures, such as large 
bridges, which are beyond the scope of this volume, the members 
of a truss are usually designed to carry the maximum load 
(dead load plus live or wind load) coming upon it as though 
this load consisted entirely of dead load. In such cases the above 
method, which furnishes very complete information as to the 
changes taking place in the forces acting in the members, may be 
simplified and only two force diagrams drawn out. Both of these 
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diagrams would deal with combined loads, but in one the wind 
pressure would act on the right and in the other on the left side 
of the truss. 

In the case where the truss is considered to be fixed at both 
sides, and the reactions are parallel to each other and to the total 
resultant of the external loads, it will only be necessary to draw 
one combined diagram for the wind and dead loads, the members 
all being designed for the maximum forces which are ascertained 
in this way, opposite members in symmetrical trusses being made 
of equal strength. 


Maximum reactions. It is only for the largest trusses that roller 
bearings are used. A plan adopted with trusses of moderate span— 
and even on large spans in the interests of economy—is to fix the 
trusses to stone or metal templates by means of bolts passing 
through slotted holes; these provide for a certain amount of lateral 
movement. Under such conditions it is practically impossible to 
decide what will be the lines along which the reactions will act 
where inclined forces are brought to bear on the truss. The con- 
ditions are intermediate between those in the two cases described 
in paras. 36 and 37, and it is usually safest to assume in these cases 
that the reactions will act so as to bring the maximum forces to 
bear upon the supporting walls and in the members of the truss. 
We therefore assume that in most cases the conditions are as 
stated in para. 37 (one reaction vertical), because it is under these 
conditions that, other things being equal, we get the maximum of 
horizontal thrust on the walls (at the fixed end) and also the 
maximum forces acting in the members. 

The reader should work out a case, such as that described in 
para. 37, and endeavour to satisfy himself that the following 
statement is true: That where a truss is fixed at one end and 
free at the other, and is subjected to wind pressure, maximum 
forces will act in the members (on one or the other side of the 
centre line) when the fixed end is on the windward side. 


39. Framed Girders. Framed girders, such as may be used to 
carry large platforms, floors, flat roofs, etc., because of their 
regularity of outline and design, lend themselves to other methods 
of treatment and will therefore be dealt with at greater length at 
a later stage; see Chap. x1. They may, however, be dealt with as 
here explained. As no new difficulties are involved, this work is 
left. as an exercise for the reader. 


40. Floor Loads. The loads coming upon floors, in addition to 
their own weight, are made up of dead loads and live loads, but 
in the design of floors it is found most satisfactory to design for an 
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equivalent uniform load covering the whole surface of the floor, 
except where heavy concentrated loads have to be provided for. 
Suitable values for general cases are indicated in the following 
table. 
Table IV 
Floor Loads (to be added to the weight of the floor structure) 


Load per super. ft. 


Type of floor (Ibs.) 

Domestic floors, bedrooms ... ee 50 

a 53 living rooms ace 70 

Offices ... nae es eon LOO 

Ordinary workshops and retail shops 112 

Warehouses sis ne eos ree 
Problems V 


Note. The methods described in this chapter are to some extent 
self-checking; thus if the force lines completing a force diagram 
are not concurrent, that is they do not intersect at a point, then, 
either the diagram has been inaccurately drawn, or some error has 
been made. Such defects can be corrected by the reader if this 
chapter has been carefully studied. It is therefore suggested that 
any of the examples explained in this chapter may have dimensions 
and loads added to them and thus form suitable cases for detailed 
investigation. 


CHAPTER VI 


THE EQUILIBRIUM OF SYSTEMS OF PARALLEL FORCES 
WHICH ARE NOT -COPLANAR. THE STABILITY 
OF CRANES AND SCAFFOLDING 


41. The stability of complete structures. In the preceding 
chapters we have dealt with systems of forces acting upon rigid 
bodies or frames, in which both the forces and the frames were con- 
tained in one and the same plane (coplanar). All buildings are, 
however, three-dimensional, that is they have length, breadth and 
height, and in dealing with-their design and erection problems 
frequently arise which involve the consideration of the equilibrium 
of forces acting in more than one plane—non-coplanar forces. 
These problems need not as a rule receive much consideration in 
the case of ordinary brick or stone structures because, owing to 
the comparative independence of the units with which they are 
constructed, it is usually sufficient to satisfy the conditions of 
equilibrium in each of the main planes into which the structure 
may be divided. 

In all other cases it is necessary to give careful consideration to 
the stability of the building as a whole; in the case of steel and 
timber framed structures, because of the comparative rigidity of 
the connections or of the method of framing the structure together; 
in the case of reinforced concrete structures, because of the mono- 
lithic or “‘one-piece” character of the construction; and, in the 
case of buildings which include large domes, arches or intersecting 
vaults, because it is important to ensure in such cases that the 
settlement of the building—which always takes place during its 
erection, owing to the compression of the stratum upon which it 
is built—shall take place uniformly over the whole site, so as to 
avoid cracking and even, in some cases, failure of the parts of the 
structure. 

While the problems arising in such work are in the main beyond 
the scope of this volume, it is important that everyone responsible 
for the design and erection of buildings should have some acquaint- 
ance at least with the more elementary statical principles which 
are involved. Fortunately for our purpose, methods may be adopted 
in the first stages of the work which are not too difficult of com- 
prehension, and they can be largely developed on the basis of the 
work already treated in this volume. As some comparatively simple 
and important applications of these methods occur in connection 
with the consideration of the stability of the larger forms of 
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scaffolding, hoisting appliances and other large temporary struc- 
tures used by the modern builder, the importance of which cannot 
well be over-estimated, it is proposed to utilise them to form the 
basis of an elementary discussion of these problems. 


I. Stability. The stability of a building, that is its power to resist 
overturning or collapse, depends upon a series of conditions which 
may be divided into three groups: 


(1) The external forces acting upon the structure as a whole 
must balance. 
The forces to be considered are: 
(a) The weight of the structure; 
(6) The loads it is called upon to carry (both dead and live loads) ; 
(c) The supporting forces, due usually to the reactions or 
resistances of the foundations. 


(2) Each portion of the structure, such as a wall, a frame or a 
floor, must be capable of resisting the forces brought to bear upon 
it, and these forces must be in equilibrium. 


(3) Each separate piece or member of the structure must likewise 
be capable of resisting the forces acting upon it, and these forces 
must be in equilibrium. 


The first group is investigated in the next two chapters, though 
Chap. vit also includes portions of the other two groups, in so far 
as they may be involved in the consideration of the stability of 
simple structures. 

It will be convenient to deal in the first place with systems of 
parallel, non-coplanar forces, upon a knowledge of which most of 
the simpler applications depend. In studying these questions, 
knowledge of the methods adopted in solid geometry will be found 
of great assistance. . 


42. To find the resultant of a number of parallel forces not acting 
in one plane. 


(Method 1.) By solution in successive planes. Three forces A, B 
and C are shown pictorially in Fig. 49 (A), all acting in an up- 
ward direction and at right angles to the horizontal plane XOZ. 
The positions of these forces are defined by the points a, b and e, 
at which their lines of action penetrate the horizontal plane XOZ. 
It is required to find the resultant of these three forces. 

Consider the forces A and B. These act in the same vertical 
plane, that is the plane which is defined by the three lines Aa, Bb 
and ab. By applying the methods explained in Chap im, it will 
be possible to replace the forces A and B by a single force D, 
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(= 4 + B), which acts at the point d, where d is so fixed that we 
have: 

A _bd 

Bad’ 


Similarly, in the plane of the two forces C and D, a single force 
R, (= C+D), can be found which will replace these two forces, 
the position of the point e, which lies in the line of action of the 

: C de 
force R, being so placed that: Dos 


(Note. The graphical method of finding the points d and e is 
illustrated at (B) and (C) in Fig. 49.) 

We have seen that the magnitude of R is equal to C + D, but 
force D= A+B; therefore the magnitude of R is equal to 
A+B+0C, and R must be the required resultant of the three 
forces A, B and C, its position being fixed by the point e. 

If the resultant is required in the case where there are more than 
three forces acting, it should be obvious that exactly the same 
method would apply, the forces being dealt with successively 
in pairs. 


M&DII 5 
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Similarly for the case where the resultant of a number of unlike 
forces is required, a single resultant could (except in special cases*) 
be found in the manner already described to replace this system 
of forces. 

The Equilibrant of a number of like or unlike parallel forces 
which have a single resultant will evidently act in the same 
line as the resultant and be of equal magnitude but of opposite 
sense. 


Il. It follows therefore that, for any system of parallel, non- 
coplanar forces which is in equilibrium, the algebraic sum of all 
the forces in a direction parallel to their lines of action will be 
equal to zero, or: SV =o, where V stands for all the forces acting 
in the general direction of the system of forces being considered. 
It follows from such a definition of V that SH = 0. 

It is not difficult to show that ©V = 0 and also EH = 0 must 
be true in all systems of parallel forces, even where the lines of 
action of the forces are inclined to the two planes of reference, 
V and H. For, since all the forces will be inclined equally to each 
of the planes, their components parallel to each of the planes will 
bear the same ratio to each other as in the case of the original 
forces, and their algebraic sums in each of these two directions 
must therefore still be zero. Hence SV = 0, and &H = 0, in each 
and every direction. 

The following worked example will serve to make clear the 
method of applying these principles in the solution of actual 
problems. 


Example. Three vertical like forces A, B and C act at the corners of a 
horizonial triangle abe as shown in Fig. 50. To find the position and 
magnitude of the resuliant of these three forces. 


The resultant D of 4 and B may be found either graphically or 
arithmetically. Arithmetically the work is as follows: Assume the force 
D=(A+B) to be acting at point @, and take moments about the 
point a. Then we have, since the moment of the resultant D must be 
equal to the moments of the forces which it replaces, see para. 13 (0). 


Dxad=B8Bx 10. 


But D=A+B= 10lbs. 
and B= 6 tbs... 
ad = Zo = 6 ins 
10 a 


Similarly, having found the length of the line de, either by calculation 
or by drawing, to be approximately 12-5 ins., then, taking moments 


* Any system of non-concurrent forces may reduce to a couple, or toa couple 
and a single force. It is shown later, see para. 72, that in such a case the couple 


ims 


could only be balanced by another couple of equal magnitude but opposite sense. 
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about point d we have, since we know that R is equal to the sum of the 
three forces A, B and C, 
_ 15x 12-5 


i nei — OX Cs OT Oe = OT = 74 ins 
0 


Fig. 50. 


Experiment. The above work may be illustrated experimentally in 
the following manner. A flat panel, such as that shown in Fig. 51, is 


FV Rises Lar & 
Wall bracket 
3 is: 


cs 


les 


Fig. 51. Resultant of three non-coplanar forces. 
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suspended horizontally by means of three spring balances. The panel is 
so designed that the positions of the points of support a, b and c may be 
varied at will and, correspondingly, the points from which the balances 
are suspended. By means of the double hooks, which pass right through 
the panel as shown in Fig. 51, three weights of any suitable magnitude, 
W,, W, and W,, are hung from the points a, b and c. After adjusting the 
panel to a horizontal position the readings of the balances are taken, the 
three weights are removed and a single weight &, of a magnitude equal 
to that of the three weights taken together, is placed upon the panel 
and moved from point to point until the three balances show the same 
readings as before. 

The position (d) of the centre of the weight & having been marked 
the*result so obtained should be checked by means of an arithmetical 
calculation for the given forces and distances. 


43. To investigate the equilibrium of a system of parallel non- 
coplanar forces. 
(Method 2.) By the geometrical projection of the forces on to one or 


more planes. Consider first the case of three parallel coplanar forces 
which are in equilibrium; see Fig. 52. Let these three forces A, B 


Fig. 5°. 


and E act at right angles to the horizontal plane XOZ, and let A’, B’ 
and ’ be their projections upon the vertical plane XOY (which 
is not in this case either parallel to or at right angles to the 
horizontal line aed). . 

Since the vertical plane XOY is parallel to the lines of action 
of the forces A, B and E£, it is clear that, if we look upon their 
projections A’, b’ and EH’ as representing the components of the 
original forces in this direction, then these components, or, as we 
can conveniently cali them, Projected Forces, will be equal in 
magnitude to the original forces, and 


Ei Ar Be Otel <0. i ne (a) 
Also, since all the forces are at right angles to XOZ, 
De): (b) 
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Further, since the projectors aa’, 6b’ and ee’ are parallel lines, 
then it follows geometrically that the distances a’e’ and e’b’ are in 
the same ratio to each other as the distances ae and eb. But this 
same ratio exists between the forces A and B, since 


A_ eb. 
Bo sae’ 
Ao eb 
h ates 
ence BR’ ale’’ 
or A’ x ae = Bx eb’, or briely EM’ =0.— ...... (c) 


In other words the system of projected forces A’, B’ and FE’ satisfies 
the conditions of equilibrium; see (a), (b) and (c). Similarly for 
any number of parallel forces not necessarily coplanar. 


III. Hence it follows that, if a projected system of forces is 
obtained—in the manner explained—from a system of parallel forces 
known to be in equilibrium, then the system of projected forces 
satisfies the conditions of equilibrium. 

Briefly this may be expressed as: 


VES 05 Se 0M 0, 
where V’, H’ and M’ refer to the forces and moments of the 
projected systems. 


(Note. It is not difficult to show that the above conditions are 
satisfied by the projected system no matter how the plane of 
projection is chosen, that is even when it is not parallel to the 
forces, but we shall omit any discussion of such cases here, since 
the simpler statement is sufficient for our purpose.) 


Problems. In applying this method to the solution of problems, 
in which there are one or two unknown forces, it is usually necessary 
to obtain two projections of the system of forces, particularly if 
the position of one of the unknown forces is undefined, as only in 
this way can the position of the unknown force be found. It is 
then generally most convenient to take two “vertical” planes 
which are at right angles to each other. The following worked 
example will serve to make the method clear. 

Example. It is required to find the equilibrant of three unlike vertical 
forces, A, B and ©, whose positions are indicated by the points a, b and c, 
as shown in plan in Fig. 53, at which the lines of action of the forces 
penetrate the horizontal plane XOZ. Forces B and C act away from the 
plane while the force A acts towards it. 

The plan is set out as shown in the figure and two elevations obtained 
about the lines OX and OZ. The distances of the projected forces from O, 
the point of origin, are then as indicated and, by applying SV’ = 0 
and SM’ = 0, we may obtain the magnitude and position of # for each 
of the projected systems. 


\ 


70 NON-COPLANAR PARALLEL FORCES [CH. 


Consider the projected system in the plane XOY; H’ is given by 
9+ 7-—5=11 |bs., and clearly must act downwards. ; 
Since we know that, for this projected system, }M’ = 0, then, taking 
moments about point O, we have 
EY’ x « = (B’ x 5) + (C’ x 16) — (A’ x 2), 
IBS Se ty SOM NS IG) A Se 
or x = ; 
# 
(compare with (i), para. 13). 
Hence, inserting numerical values, we have 
G= 135% Ms  aesere (a) 


Dealing with the “projected system” on YOZ in a similar manner, we 
find 


2 83 ins. eecoce (b) 


Using the two values (a) and (b) we obtain the point e, at which the 
equilibrant acts on the plane XOZ, by drawing two lines parallel to OX 
and OZ respectively; see Fig. 53. 


44, Experiment. The experimental investigation of a system of paraliel 
non-coplanar forces which is in equilibrium. 

The panel already described should be suspended as before from three 
points by spring balances; see Fig. 54. In this case, however, since we 
shall have to deal with forces which act both upwards and downwards, 
three balance weights should first be suspended from the three selected 
points a, b and c, these weights being of sufficient magnitude to prevent 
the panel tilting when the fourth weight W,, representing the downward 
acting force D, is added to the panel. 

The panel is first adjusted to the horizontal position, the readings of 
the balances being then taken as the “‘zero” readings in each ease. 
The fourth force D is now added at some point d, and the panel once 
more adjusted to the horizontal. The change in the reading of each of 
the balances will indicate the forces acting at the respective points— 
a decrease in the reading indicating a downward acting force, and an 
increase in the reading indicating an wpward acting force. 
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In the case illustrated the forces A and B will act upwards while the 
force C (as well as force D) will act downwards. The results so obtained 
should agree with those obtained by calculation for the same forces 
and distances. 


It will be convenient at this stage to check the statement that the sum 
of the vertical forces is zero, or XV = 0. 


Fig. 54. Equilibrium of a system of unlike parallel non-coplanar forces. 


45. To investigate the equilibrium of a system of parallel non- 
coplanar forces by considering the sum of the moments about a 
plane containing two of the forces. (Method 3.) 


This method is really a special case of that described under 
Method 2, the projection being taken upon a plane which is at 
right angles to another plane containing two of the forces; see 
plane BbaA in Fig. 55. In the “projected system” on plane 
XOY in Fig. 55 the projections of forces A and B will overlap; 
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hence, applying XM’ = 0 to this “projected system”, and taking 
moments about b’, the moments of A’ and B’ will be zero, so that 
the sum of the moments of the remaining forces must also be zero, 
from which the value or position of the unknown force may be 
readily found. 

The same results would have been obtained if we had taken 
the moments of the actual forces about an axis passing through 
and at right angles to two of them, say the axis represented by 
the line ab in the plane XOZ, and this is the method usually 
adopted in practice, see the Example worked below. 


IV. Without further elaboration of the discussion we may in 
fact put this statement in a more general form and state that, the 
algebraic sum of the moments of a system of non-coplanar forces 
(parallel or non-parallel) which is in equilibrium is zero about any 
axis, or LM=o0, where the moments M are taken about any 
convenient axis. This must obviously be so, otherwise the system 
would rotate about some particular axis, which is contrary to the 
supposition of equilibrium. 


Example. A stand, ABC in Fig. 56, is formed of two pieces of wood 
fixed at right angles to each other. A weight W of 24 lbs. is placed at the 
point K. It is required to find the supporting forces which act at A, B and C 
when the stand rests on a level surface. 


Taking moments about the plane containing A and B, i.e. about line 
AB as an axis, we have 


Cx 20=Hx 5, or C= Ex 3 = 6 lbs. (upward). 


It follows from this that the effective upward force which must be 
applied at the point D to produce equilibrium must be equal to (24 — 6) 
Ibs., or 18 lbs., and this gives force D, which is of course the resultant 
of the two forces A and B. 


Or AB wil Se) stan eee (a) 
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Taking moments about the plane containing the forces C and D, i.e. 
about the line CD, we have 
Ana Sis ad, 


whence 8A = 4B 
or Ag 213) SS) Bo Sonete (b) 
Substituting this value of A in the expression (a), we have: 
B/2+ B= 18, 
whence be—s 2a bSeeeanderde—sO:llos: 


46. The reactions of structures having more than two points of 
support. The following brief notes are intended to indicate the 
limits within which the methods just explained may be applied in 
practical cases. 

(a) Structures having three points of support. The Example just 
completed will indicate the method of solution. Where more than 
one load has to be supported, then the loads may be readily reduced 
to a single load or resultant by the methods described above. 


W os > PLATFORM 
a SS 
A 


| ye 


> <{F NON-KIGD 


STRUCTURE AiGiD: DTRUCTURE 


Fig. 57. Loaded structures with four points of support. 


(6) Structures having four points of support, thestructureitself not 
being rigid. Fig. 57 (A) illustrates a simple case that is of common 
occurrence. A load W is carried on a beam HF which in turn rests 
upon two other beams AB and CD. If, as assumed, the connections 
between the members are not rigid, then the supporting forces may 
be found by Method 1, that is by solution in successive planes. 
The method of solution will be the same even if the load be carried 
on a platform or non-rigid floor laid over the beams, as indicated 
by the dotted lines in Fig. 57 (A). 

(c) Rigid structures having four points of support (approximate 
solution). The complete investigation of such cases would carry 
us beyond the limits set for this volume, since, to obtain an 
accurate solution, the strains taking place in the various parts of 
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the structure must be found. Approximate results may, however, 
be obtained as described below, and may be used when we desire 
to ascertain the reactions of a semi-rigid structure supported at 
four points, e.g. a travelling tower gantry. 


Case I. The load rests on an axis of symmetry, see W, on the 
line E-E in Fig. 57 (B). Then approximately the reactions at 4 
and B (and also at C and D) will be equal to each other, and when 
added together will equal the reactions at the ends of the line EE, 
if HE be treated as a beam carrying the load W,. 

Case II. The load is placed in any other position, such as ¢ in 
Fig. 57(B). The reactions may be found very approximately by 
dealing with the case as though it were a non-rigid structure, 
the weight W, being first borne by the imaginary “beam” FF. 
Alternatively we may assume that the load is distributed between 
the three nearest points of support (B, C and D in this case), as 
explained in the preceding Example. 


DERRICK CRANES 


47, The Derrick Crane. See Fig. 58 (A). This type of crane—also 
known as the “‘stiff-legged derrick” —is one of the most useful 
employed by builders; it is readily moved, erected and dismantled, 
and does not require elaborate foundations or fixing. The base of 
the crane covers a triangular area, which usually forms either a 
right-angled or an equilateral triangle. The special feature of the 
derrick crane lies in the possibility of altering at will the inclination 
of the jib, and thus the radius at which the load may be swung. 
This operation is known as “derricking” or “luffing’. The area 
over which a load can be raised or lowered vertically is thus very 
considerable; see shaded area in Fig. 58 (B). 

In a properly designed derrick crane the alteration of the 
inclination of the jib can be carried out without appreciably altering 
the level at which the load is swinging. This is known as “level 
luffing”. Such an arrangement can be shown to economise engine 
power during this operation and, in addition, it has some merits 
as a safety device when the load is being swung near the top of 
the jib, or when the load is being swung in over the cornice of 
a building. In the well-known Scotch derrick, level luffing is accom- 
plished by the careful arrangement of the relative positions of the 
hoisting and derricking pulleys, together with the use of a special 
tapered derricking barrel, known as a “fusee” barrel. This gear 
is based upon that first invented by David Henderson of Renfrew 
in 1845. 

The crane is prevented from overturning by “holding-down”’ 
loads at the extreme ends of the horizontal members, these loads 
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consisting of weights made up with bricks, stone, iron or other 
handy but heavy material. In the case of cranes which are per- 
manently fixed the crane is usually secured to and supported upon 
three large blocks of concrete. 


FLAN 


Fig. 58. The derrick crane. 


The problem of ascertaining the magnitudes of the reactions at 
the points of support of a loaded derrick crane is readily solved 
by the methods Just enumerated. In the absence of a ready-made 
rule which can be safely applied in all normal cases to give 
maximum “holding-down” loads, there is no question about the 
advantages to be gained from the possession of a fairly complete 
knowledge of the changes taking place in these reactions during 
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the raising and swinging of a load; this is particularly the case if, 
for some reason or other, it becomes necessary to fix the derrick 
in some unusual way, say to the framework of a building in 
progress.* 


48, The reactions of a derrick crane. The example chosen is 
shown in plan and elevation in Fig. 59. As will be seen, the base of 
the crane forms an equilateral triangle of 30 ft. sides; the height 
of the vertical post or mast being also 30 ft., it follows that the 
vertical side frames form isosceles triangles, the two smaller angles 
being 45°. These relations are convenient for purposes of calcu- 
lation, but it will be clear that the methods of solution employed 
below are also applicable where the relations differ from those set 
out above. The jib is 60 ft. long. The maximum radius at which 
the load can be swung is assumed to be 45 ft.; it is also assumed 
that the crane is capable of carrying a load of 5 tons at this radius. 

The derrick frame being relatively light, its weight will be omitted 
from the calculations. Each joint in the frame will be assumed 
to be a pinned joint, though, for the present, we shall omit any 
consideration of the forces acting in the framework of the derrick 
and deal only with the external forces or reactions necessary to 
ensure the stability of the crane when carrying a load of 5 tons 
at the maximum radius. It may be noted here that when the 
points A and B are connected by: an additional sleeper or in some 
other way, then the stationary part of the crane forms a triangulated 
and rigid frame in three dimensions. 


The reactions. The derrick is supported at the three points 
A, Band C and it will be convenient to refer to the three supporting 
forces as forces A, B and C respectively. Since the only external 
load to which the crane is submitted is the load W at the end of 
the jib, and this is a vertical load, then it should be obvious from 
the work already done, that vertical forces alone will be sufficient 
to ensure stability under load W. This is an important point and 
should be clearly grasped by the reader before proceeding further; 
see small sketch in Fig. 59. 


Stability Moment and Overturning Moment. If in the elevation 
given in Fig. 59 we consider moments about the point c’, at the 
foot of the crane mast, then the force which is tending to overturn 
the crane is the weight W, and the Overturning Moment is the 
moment of W about c’, that is in this case (5 tons x 45 ft.) or 
225 ton-ft. The moment which resists this and which ensures the 
stability of the crane is equal to the moment of the combined 
forces A and B—generally due to holding-down bolts or weights 


ae The stability of a derrick crane erected upon a derrick tower is dealt with in 
Shap. vil. 
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placed at these points—about c’. This latter moment is called the 

Stability Moment, and in this case equals (A + B) x b’c’. 
Overturning moments and stability moments are sometimes 

referred to in the case of tall buildings, in which the overturning 
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Fig. 59. Reactions of a derrick crane. 


moment is generally due to wind pressure, while the magnitude of 
the stability moment depends upon the weight of the building 
and its width. In some American Building Regulations it 1s 
specified that the overturning moment shall not exceed 50 % (in 
some cases 75 %) of the stability moment. 


\ 


78 STABILITY OF CRANES [on. 


Though the terms are not at present in general use in this 
country, it will be useful to retain them. They are easily under- 
stood and, though not easily applied to large buildings, we shall 
find them particularly valuable terms in dealing with the stability of 
scaffolding, etc.; see Problems at the end of this and the following 
chapter. 

Positions of the jib. For convenience in dealing with the calcu- 
lations six particular positions of the jib have been chosen (twelve, 
if both sides are considered) ; these positions are indicated in Fig. 59. 
Starting with the jib in the central position (Position 1), the jib 
is swung through an angle of 30° until its plan is in line with the 
side BC of the frame (Position 2). In Position 3 the jib les at 
right angles to the side CA. In Position 4 the jib is so placed that 
the load W lies on a line drawn through e, the centre point of the 
line AC, to B. In Position 5 the jib is at right angles to the side 
BC, while in Position 6 it lies in line with the side CA. 


Position 1. See Fig. 60. Both a plan and elevation have been drawn, 
but the plan will usually be sufficient as all the necessary dimensions 
can be obtained from it. 
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Fig. 60. Position 1. Fig. 61. Position 2. 


Taking moments about the line dew, it is evident that since a and b 
are equidistant from d, forces A and B must be equal in magnitude and 
both acting in the same direction. Also their resultant D must act at d, 


or forcee D=A+B. Disa vertical force. 


- Consider the forces acting in the plane containing the forces C and W. 
Since wed is a straight line and D is a vertical force, then D also acts in 
this plane. 

Taking moments about point C, we have: 


DESC Ci— AVES 10 Cy CCE (a) 
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But DY as ONS tit 
and dc = ac X cos 30° 
= 30 ft. x 0-866 
= 25-98 ft. 


Therefore from (a) 
DSS 25:98 — (55 45, 
*, D = 8-66 tons, and obviously acts downwards. 
From this it follows that 


A = B = 4:33 tons, and both act downwards. 


C evidently acts upwards, but forces A, B and W all act downwards; 
and, since we know that SV = 0, we have: 
OF = Al ae 1) ae I 
= 4:33 + 4:33 + 5 
13-66 tons. 


I 


Position 2. See Fig. 61. If moments be taken about the line bew 
it will be seen that there cannot be any force acting at a, since there is 
no other force acting off the line bew to balance it, i.e. force A = 0. It is 
thus only necessary to consider the forces acting in the line bew. 

Taking moments about CO we have: 


15} Sk (XO = NW Se OE: 


1.e. le} x BO = 1h S¢ ahs, 
whence B = 7 tons, and acts downwards. 
The force C acts upwards and we have: 
C=B+W 


= 74 + 5 = 124 tons, 


Position 3. See Fig. 62. The length of bg is found as in (a) and 
= 25:98 ft. 
Taking moments about ac we have: 
Bx bg = W x we 
or BSA 5298 = Oe 45, 
*, B = 8:66 tons, and acts downwards. 
To find force A take moments about cw when: 
APC — Ba xage 
or Alans lw eae. 
whence A = 4-33 tons, and acts upwards. 


Without calculations consider the equilibrium of the forces about line 
ab, when it will be seen that foree C must act upwards, and, since 
>V = 0, we have, calling downward acting forces negative, 


A-B-W+C=0), 

that is 4-33 — 8-66 -—5+C=0, 
C = 9:33 
or C = 9-33 tons, and acts upwards 
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Position 4. See Fig. 63. The length of wg is obtained as follows: 
gw = Vwe® — ge 
=v 20256 225 
= V1800 
= 42-4 ft. 
Taking moments about ac we have: 
Bx Gg) = W x 10g 
or Jy Se PAS Bhs) = [a se Abia 
whence B = 8:16 tons, and acts downwards. 


To find forces A and C first take moments about bgw. Evidently 
forces A and C have equal magnitudes and act in the same direction; 
also their resultant (G') will act at g and force G = A + C. 


Fig. 62. Position 3. Fig. 63. Position 4. 


Now consider the forces G, B and W acting in the line bgw and taking 
moments about 6 we have: 


G x bg = W x bw 
or G X 25:98 = 5 x (25:98 + 42-4), 
whence G = 13-16 tons, and acts upwards. 
*. A =C = £4 = 6-58 tons, both acting upwards. 


Position 5. See Fig. 64. Taking moments about bc we have: 
Aaa — Wane 
or Ax 25:98 — b 45, 
whence A = 8-66 tons, and acts upwards. 
Taking moments about we we have: 
18) WG = Al Xe Ine 
or 1B BOs Al IS 
whence B = 4-33 tons, and acts downwards. 
To find force C. Since SV = 0, we have: 
AL 18 Sl aK 
or 8:66 — 4°33 —-54+ C= 0, 
whence C = 0-67 ton, and acts upwards. 
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Position 6. See Fig. 65. Consider moments about line caw, obviously 
force B has zero magnitude. 
Consider equilibrium of forces in line caw, take moments about a, then 


CEa3 0 Wa 5: 
whence CO = 23 tons, downwards. 
Since 2V = 0 we have A = W + C = 7} tons, and must act upwards. 


W 
Flan 
7 Ww 
45 15° 
An 19 
a Flan 4 
G 
pl" i 
Fig. 64. Position 5, Fig. 65, Position 6. 


The forces obtained in the above investigation may be tabulated 
in a convenient form as shown below. 


Stability forces in a derrick crane 


Position of jib MOPGCSI(EORS) 
angle from (1) 


7 
& 
Q 


0° —4 

30° 0 

60° 4: 
70-5° approx. 6 
120° 8 
150° 7 


DOF COR 


Note. A negative sign indicates that the force acts downwards 
and that a holding-down force or load of this magnitude is 
necessary for stability. 

These reactions or forces, which are here called “stability forces’’, 
have been plotted in the form of a graph in Fig. 66. The forces will of 
course be repeated when the jib isswung ina clockwise direction from 
Position 1, the graphs being symmetricalif all the positions are taken. 

The positions giving maximum upward and downward stability 
forces should be noted carefully as well as the corresponding 
magnitudes of the forces called into play. For A these occur near 
Positions 5 and 3, respectively, and for B near Positions 5, and 3 
respectively. For C the maximum upward acting force occurs in 


Position 1. 
M&DII 


6 
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It should be noted that all the reactions falling below the line 
represent downward acting forces and therefore necessitate the use 
of suitable holding-down loads, chains or bolts. In particular it 
should be noted that a downward acting force is called into play 
at C as the jib nears the Position 6 (and of course 6,); if the weight 
of the engine or motor—usually fixed at or near to C—is not 


HORIZONTAL DWING OF AB FRonm Axis — in DEGREES 
150° 120° — 90° oS°G0° = FO" Oo 50° 60° JOS°90° 120° — 1§0" 


CLOCKWISE KOTATION 


SUPPORTING FORCES" 


‘UPTHRUST OR SUPPORTING [OICES ' 


‘UPTHRUST' OR 


GY FORCES BELOW XX 
ARE DOWNWARDS 


DOWN FERCES 
"HOLDITIG-DOWN FORCES’ 


"HOLOING 


6 & 4 3 2 / 2 54 


7 fi 


INUMBERED FOSITIONS OF JIB, OM EACH SIDE oF AXIS 


G 
% 


Fig. 66. Stability forces in a loaded derrick crane. 


sufficient to counterbalance this force, then C must be adequately 
weighted or otherwise secured. 
_ Other results would of course be obtained for different propor- 
tions and loading, hence each case should be separately investigated. 
For safety the holding-down loads should be at least twice the 
magnitude found from such calculations in any particular case. 


49, Experiment. The experimental investigation of thetenses dealt 
with above is readily carried out by means of the apparatus used in 
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the experiment described in para. 42. The panel is suspended from 
three balances as shown in Fig. 67, but at C, which is placed some 
distance back from the edge of the board, the suspending chain passes 
through a rod CW, which is free to rotate about C. CW represents the 
jib in plan while A, B and C are the supporting forces. As these supporting 
forces may be acting either up or down, according to the position of 
the jib, the following method of measuring the forces should be adopted. 

Weights are suspended below the panel from each of the points A, 
Band C. These weights should be greater in each case than the largest 
downward acting force likely to be called into play at any one of these 
points. After having noted the zero readings the weight W is hung 


ae o 
oan fey = eS 
DOoLrT & Nur wh th 
WiRE LooPs 


TTACHED. 
See Det 


@ a] 


Fig. 67. Experiment—Reactions of a derrick crane. 


from the jib which is moved so as to take up successively the positions 
already indicated, the panel being adjusted to the horizontal each time. 
The change in reading of each of the balances is then noted. If the zero 
reading is increased, then a corresponding upward force is necessary for 
stability. [f the zero reading is reduced, then a downward acting force 
of a magnitude equal to this reduction is necessary for stability. 


An alternative method for finding the reactions is to use a model 
of a derrick crane, say constructed on a scale of 1/12 or 1/24, the 
reactions being found in the manner explained in para. 63 in the 
next chapter. 

Problems VI 


1. If weights of 8, 10 and 12 lbs. are suspended from the corners of 
an equilateral triangle of 30 in. sides, find the magnitude and position 
of the balancing force (£). 


6-2 
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2. If in Prob. 1 the 8 lbs. force igs reversed in direction, find the 
position and magnitude of the balancing force (Z). 


3. In Fig. A is shown in diagrammatic form a type of hoisting appliance 
sometimes used during the carrying out of repairs to an existing building. 
A long girder HG is attached to two floor beams within the building—or 
two beams are specially provided. The motor-driven hoisting block at G 
can be traversed along the girder and from this block the load W is 
suspended. If # and F divide each of the floor beams into two equal 
parts, and HF is 20 ft., while FG is 8 ft., find the maximum supporting 
forces at A, B, C and D when a load of 1 ton is to be lifted and traversed 
from G to # on the girder, 


Fig. A. Hoisting plant. Fig. B. Hoisting tackle on a scaffold. 


4, Fig. B shows a scaffold erected against a wall, against which it is 
assumed merely to rest. A pulley block at C overhangs the base of the 
scaffold by 1 ft., and the total weight of the scaffold (w), which may be 
taken to act on a vertical line through the centre of the base AB, is 
2000 Ibs. If the pull (P) on the hoisting rope is equal to W, the weight 
to be lifted, find the maximum weight which may be lifted so that the 
overturning moment does not exceed 50 % of the stability moment. 
(Note. Take moments about B.) 


5. Find the reactions for a derrick crane in Position 1 and Position 6 
(see Fig. 59), when W is 4 tons, the hoisting radius is 60 ft. and the 
sides of the base of the crane are each 45 ft. 


CHAPTER VII 


THE EQUILIBRIUM OF SYSTEMS OF CONCURRENT NON- 
COPLANAR FORCES. THE FORCES ACTING IN MASTS 
AND IN DERRICK TOWERS 


The analysis of simple systems of concurrent forces which are 
in equilibrium, but which do not act in one plane (non-coplanar), 
may be conducted on lines very similar to those adopted in 
dealing with systems of non-coplanar parallel forces. The work 
involves relatively simple principles which are set out in the next 
two paragraphs. : 


50. The minimum number of concurrent forces necessary to keep 
a particle in equilibrium. 

(a) Parallel forces. Imagine the particle P in space to be acted 
upon by a number of parallel 
forces such as forces A and B; 
see Fig. 68. From what we have 
already done it should be clear 
that two such forces will be suffi- 
cient to keep P wm a state of 
equilibrium provided that the 
two forces A and B are equal 
in magnitude and act in oppo- 
site directions. To be concurrent 
they must of necessity act in 
the same straight line, i.e. they are coplanar. 

(6) Concurrent inclined forces. Let a third force C inclined to 
the other two be applied at the point P. The two original forces 
cannot now act in the same 
straight line and the lines of the orp eed <1 
forces must all be inclined to 
each other, as shown in Fig. 69. 

Now we know that three con- 

current forces are sufficient to | B 
keep a particle in equilibrium, 2 
but can we be sure that these 
three forces must of necessity Z 
act in the same plane? It would Wao 69 

appear oninvestigation that this ra 

must be so: for, consider it to be otherwise, and imagine that 
the force C is inclined to the plane containing the two forces A 


A 


Fig. 68. 
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and B; then, under such conditions the force C would have a 
component acting at right angles to the plane of A and B. Then, 
for the equilibrium of the point P, it would appear that there 
should be another force, equal in magnitude but opposite in 
direction, to balance this component of C. But forces A and B act 
wholly within the plane containing them and therefore cannot 
supply such a balancing component. As there is no other force 
acting at P it follows that, for equilibrium, the force C must 
lie in the plane containing the forces A and B, in other words 
the three forces must be coplanar. From this we see that three 
concurrent inclined forces are sufficient to keep a particle in 
equilibrium provided they are coplanar. 

Experiment. The truth of the last statement may be simply demon- 
strated as follows, see Fig. 69. A weight is suspended by a cord from 
the small ring P and the ring is supported by two other cords inclined 
to each other and to the vertical cord. A horizontal board is then 
placed beneath the weight and the positions of the cords projected on 
to this surface (any other plane at right angles to one of the forces may 
of course be selected); the projection of the forces is given by the lines 
pm and pn and the point p. The lines pm and pn will be found to lie 


in one and the same straight line, which will pass through p, thus 
demonstrating geometrically that the three forces are coplanar, 


(c) Concurrent non-coplanar forces. We have just seen that it 
would be impossible to maintain a particle in equilibrium by the 
application of only three inclined and concurrent forces unless 
those forces acted in one and 
thesame plane. Henceit would 
appear that a system of con- 
current non-coplanar forces 
cannot be in equilibrium with 
less than four forces. 

Let us consider this case 
in detail. Suppose a fourth 
force D is added to the three 
forces A, B and C of the last 
sub-paragraph (b); see Fig. 70. 
If we take the plane contain- 
ing any two of the forces, say Le 
A and C, then both the other forces must be inclined to this plane; 
for, suppose it were not so, and that the three forces 4, B and C 
were all coplanar while the force D was not, then D would have a 
component at right angles to the plane containing the other three 
forces. But, obviously, none of the other three forces could have 
a component at right angles to the plane since they act in that 
plane, hence there would be no force to balance this component of D, 
that is the particle P could not be in equilibrium, It follows that, 


vi] FORCES IN MASTS AND DERRICK TOWERS 87 


for the equilibrium of P the forces B and D must be inclined to the 
plane containing the remaining forces A and C and vice versa. This 
argument further shows that, four non-coplanar concurrent forces 
are sufficient to keep a particle in equilibrium. 

(The experimental treatment of four non-coplanar forces is dealt 
with in para. 55.) 


51. The analysis of systems of concurrent non-coplanar forces 
which are in equilibrium. In systems of concurrent non-coplanar 
forces which are known to be in equilibrium but in which all the 
forces are not fully defined, it is possible to obtain a solution by 
replacing the system by an equivalent system of forces which is 
simpler—usually coplanar—and which contains fewer unknown 
quantities. 


Equivalent systems of forces. Two systems of forces may be said 
to be equivalent of either system may be substituted for the other without 
changing the state of rest or of motion of the body wpon which they 
act. (Obviously, therefore, systems which have the same resultant or 
are in equilibrium are equivalent systems and are interchangeable.) 


To reduce a system of non-coplanar forces to one consisting only 
of coplanar forces. In the system of four non-coplanar forces 
represented in Fig. 70 let the forces B and D be replaced by 
their resultant R, then: 

(a) The force R lies in the plane of the forces B and D; for, imagine 
R to be reversed so that it becomes the equilibrant (£) of the two 
forces B and D, then since these three forces, B, D and FE, are in 
equilibrium they must be coplanar, that is #, and therefore Rh, 
lies in the plane containing B and D; and 

(6) The force R also lies in the plane of the forces A and C. 
The effect of the new force R upon the particle P would be exactly 
the same as that of the two forces which it replaces, i.e. the particle 
P would still be in equilibrium. But if the particle P is kept in 
equilibrium by the three forces A, C and R, then these three forces 
must be coplanar, i.e. the force FR also acts in the plane containing 
A and C. 

From (a) and (6) it is evident that the force R must lie along the 
intersection of the two planes, the plane containing the forces B 
and D, and the plane containing the forces A and C. 

This is an important statement which is of great value in solving 
problems dealing with non-coplanar forces. In the above case it 
has been possible by its aid to replace one pair of forces by a third 
force acting in the plane of the remaining pair of forces. Hence, 
in any system containing more than four non-coplanar forces which 
are in equilibrium, it would be similarly possible to reduce the 
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system, step by step, to a system containing only three coplanar 
forces. 

We may now put this and the preceding statements concerning 
systems of non-coplanar forces into a general form upon which to 
base our later work. 


I. If a system of three concurrent forces be in equilibrium, 
then these three forces must act in one and the same plane. 


II. Since a system of three inclined concurrent forces is 
sufficient to maintain a particle in equilibrium, then it may 
replace any other system of concurrent forces—not necessarily 
coplanar—containing a larger number of forces which 1s 
likewise capable of producing equilibrium. 


III. If, ina system of concurrent non-coplanar forces which 
is in equilibrium, we consider the replacement of two of the 
forces by a third, acting in the plane of two (or more) of the 
forces already given, then the third force must lie along the 
intersection of the two planes, the plane containing the two 
forces to be replaced, and the plane containing the given 
forces. 


IV. Hf, in a system of concurrent non-coplanar forces which 
is in equilibrium, a plane be taken which contains two of the 
forces, then all the other forces may be replaced by a single 
force acting in that plane and which balances the two selected 
forces. This single force must evidently be the resultant of 
all the forces which it replaces. 


Problems. The problems to be dealt with in this chapter have 
been grouped according to the difficulty of the geometrical work 
involved in their solution. The first group ean be dealt with by 
means of simple sketches and direct calculations, while the second 
group, in which the methods are of more general application, 
involve fairly difficult geometrical work. 


52. Problems dealing with systems of non-coplanar forces which 
can be solved by calculation alone. In these examples the forces 
bear some simple relation to each other or are symmetrically 
grouped about the known force or forces. 


Example 1. A freely pivoted rod, projecting horizontally from a 
vertical surface, is supported by two equally inclined stays as shown in 
Fig. 71. A load of 1000 lbs. is suspended from the outer end of the rod. 
It is required to find the magnitudes of the forces acting in the rod and in the 
stays. 

If a vertical plane be taken which contains the force W and the force 
acting in the rod OC, it is clear from the figure that this plane will also 


vit] FORCES IN MASTS AND DERRICK TOWERS 89 


contain the line OD, which bisects the triangle OAB formed by the two 
stays. Further, from the preceding discussions, para. 51 (IV), it should 
be clear that the resultant (say ‘‘force D’’) of the two forces A and B, 
which must act along this line OD, must also be the equilibrant of the 
two forces W and C. 


Whyey, 7Ally. 


Consider the equilibrium of the point O under the action of the three 
forces W, C and D; see Fig. 72, From the frame diagram a force triangle 
has been drawn from which it will be seen that: (a) since the force triangle 


Ss 
2 (RANE 
VAGRANM 
DS S /ORCE 

50 5 LIAGRAM 
9S 
OS] 
A r 


Fig. 72. 


has the same shape as the frame diagram, then the ratio of the sides 
will be the same; and (b) the vertical force, which is represented by the 
line st, has a magnitude of 1000 lbs. 
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Hence the force in the rod OC, represented by tr, 
_ 1000 x 40 _ 
= A = 


the force diagram shows this to be a compressive force. 
Also the force acting in line OD 
_ 1000 x 50 
2 30 
Consider now the forces acting in the two stays OA and OB. The 
figure AOB being symmetrical it follows that these forces have equal 
magnitudes. The shape of the triangle AOB is set out in Fig. 73 and 
the line of action of the force OD marked upon it. Let the length OD 
represent to some scale the magnitude of this force. Draw De parallel 
to BO and Pf parallel to AO. Then evidently DeOf is the force parallelo- 
gram for the foree OD. Join ef cutting DO in g. It follows from the 
dimensions and from the symmetry of the figure that eg = 5 ins. and 
Og = 26 ins. 


Hence cO = V5? + 25? = V650 = 25-5 ins. nearly. 
force in OA Oe 25:5 


NS soullosas 


= 1666 lbs. (tension). 


Put force in OD OD 50 ’ 
Hence force in OA = force in OB 
force in OD x 25-5 
50 
_ 1666 x 25:5 
_ 50 
= 850 lbs. approx. 
“ D uw 
A /O /O B 
TENSION 
LALANCES 
@ jf re 
\O 
O 
Fig. 73. Fig. 74. 


Experiment. The above case can be illustrated experimentally and other 
cases Investigated by arranging a piece of apparatus as described below. 
_ A light rod, having a compression balance incorporated in its length, 
is freely hinged to a vertical board as shown in Fig. 74. The two stays 
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include tension balances and also some simple means of adjusting their 
length. Initial readings of the balances should be taken before the 
weight W is added. After the weight has been added the lengths of the 
stays and rod should be adjusted to the original length and the increases 
in the readings of the balances noted. 

One of the stays may now be removed and the position of the other 
stay altered until it takes up the position midway between the positions 
occupied originally by the two stays. After having adjusted the length 
of this stay so that the rod OC is again horizontal, the magnitude of the 
force acting in this single stay should be found to be equal to the resultant 
of the forces which acted in the two stays and the magnitude of the force 
in the rod should be unaltered. 


Example 2. A pair of sheer legs (sometimes known as an A-frame) 
is to be used for lifting a weight of 2 tons. The dimensions of the frame are 
as shown in Fig. 75. A single rope is used to maintain the frame in the 
position shown. (A rope in the opposite direction should be attached 
to P for safety.) Find the forces acting in the legs of the frame and in 
the rope, 


Obviously the legs are in compression and the rope in tension. The 
legs being symmetrically disposed about the weight W, the forces in 
them will be of equal magnitude. 

If w be the point immediately below W, and points C and w be 
joined, this line will cut the line AB at the point D so that the length of 
AD is equal to the length DB 
(10 ft.). If PD be joimed, it 
should be clear that the line 
PD marks the intersection of 
the plane containing the forces 
in PC and PW with the plane 
containing the forces in PA 
and PB, Along this line PD 
will act the foree PD which, as 
theresultant of forces A and B, 
may replace them, when it will 
act as the equilibrant of forces 
W and PC. We will consider 
the latter case first. The figure 
CPwD has been redrawn in 
Fig. 76, and from it has been 
set out the force triangle sr! 
for the forces acting at P. By extending sr to w and drawing wi at 
right angles to sw it will be seen that this figure is similar to that 
composing the frame diagram, hence the ratio of the sides will be 
the same. 

Consider the frame diagram. 


The length of CP = V 60? + 30? = V 4500 
= 67 ft. approx. 
The length of PD = V 30? + 102 = V 1000 


= 31-6 ft. approx. 


The ratios of the sides of the force triangle may now be marked as 
shown in small circles in Fig. 76. The magnitude of the force W, 


\ 


92 CONCURRENT NON-COPLANAR FORCES [cH. 


represented by the side 7s, being known, the other forces may be found 
as follows. 
The force acting in the rope and represented by tr 


2 Se Blolss 
[350m 
= ]:264 tons. 
The force acting in PD and represented by sé 
= resultant of force in PA and PB 
2 Oil 


=e 


= 2-68 tons. 


Fig. 76. 


Consider next the forces acting in the plane of the legs; see Fig. 77. 
If to some scale the line PD is made to represent the force acting in 
PD, then we may complete the force parallelogram PeDf. Then, as before, 
we have: 


of =P = 5 tt. 


and Pg = ee = Misr. 
Hence Pf = V 15-8? + 5? = 16-6 ft. approx. 


The forces represented by the sides of the parallelogram being in like 
proportion, we may obtain the magnitudes of the forces as follows: 

The compressive force acting in PA 

= the compressive force acting in PB 
PD) 16-6 2768 16:6 

De Eb 6 ne less 
1-41 tons approx. 

53. Problems dealing with systems of non-coplanar concurrent 
forces which necessitate the use of graphical methods. 


General Case. For the sake of simplicity we will consider a 
system consisting only of three forces in equilibrium. We already 
know that such a system cannot be non-coplanar, but we also 
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know that such a system may replace a larger non-coplanar system. 
At present it is therefore sufficient to realise that principles which 
are demonstrated to be true for a system of three concurrent forces 
acting in space must also be true for any larger but equivalent 
system of non-coplanar forces. 


Let the particle P in Fig. 78 be kept in a state of equilibrium by the 
action of three forces A, B and C. For convenience the plane XOZ 
has been chosen so that the line of action of the force C is at right angles 
toit. The actual lengths of PA, 
PB and PC are taken to repre- 
sent, to some suitable scale, the 
magnitudes of the three forces. 
The projections of these forces 
on the vertical plane XO Y are . 
given by p’a’, p’b’ and p’c’ 
respectively, and on the hori- 
zontal plane XOZ by pa, pb 
and pe. 

As we have already seen, 
since the force C is vertical 
and the forces are coplanar, 
the projection of the system of 
forces in the plane XOZ will be Zz 
the straight line apb. Consider 
the equilibrium of the point P * 
in a horizontal direction. Since 
O is a vertical force it has no horizontal component. We are thus left with 
the horizontal components of the forces A and B. Through P draw the 
horizontal line MPN, the point M being on the projector drawn through 
A to a, and the point N likewise on the projector joining B to b. Then 
obviously PM and PWN represent the horizontal components of the 
forces A and B respectively. Since there are no other horizontal forces 
to be considered, then for equilibrium the force P/M must equal the force 
PWN and these forces must act in the same straight line. It follows that 
the projections of PM and PN, i.e., pa and pb, will lie in the same 
straight line (apb), and will be of equal length. In this case apbc 
represents what we shall call the “projected system of forces” in the 
horizontal plane XOZ, the projection of the force PC being represented 
by the point c. 

Thus we are able to state that, for the “projected system” in the 
plane XOZ, the condition SH =0 is satisfied and, since there are 
no forces acting at right angles to dpb, we have that =V = 0 is also 
satisfied. (The condition }M = 0 must obviously be satisfied since the 
forces act on a particle and keep it in equilibrium.) The “‘projected 
system” of forces in the plane of XOZ therefore satisfies the conditions 
of equilibrium for coplanar forces and it should be possible to draw a 
closed force polygon (in this case a straight line); see Fig. 78. 

(a) Consider next the “‘projected system” of forces in the vertical 
plane XOY. Since the lines PM and PN are horizontal, they will project 
into a horizontal line m’p’n’ on the vertical plane and, as before, and by 
the rules of projection, p’m’ will be equal to p’n’. As these represent the 
horizontal components of the two forces p’a’ and p’b’, and p’c’ is vertical, 
evidently the condition SH = 0 is satisfied by this “‘projected system”. 
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(b) Again the lines A and NB represent in magnitude and direction 
the vertical components of the forces A and B respectively in the original 
system, and these vertical components must evidently be together equal 
to the other vertical force C to produce equilibrium in a vertical direction. 
All these lines being vertical they are unaltered in length by being 
projected upon the vertical plane XOY, hence we are able to state that 
in the “‘projected system” the vertical forces are likewise in equilibrium 
and that the condition = V =0 is thus satisfied by the ‘‘ projected system”. 

Thus it follows from (a) and (b) that it must be possible to draw a 
closed force polygon (see para. 6) for the “‘ projected system” of forces 
shown on the vertical plane XOY, see Fig. 78, and similarly for the 
system projected on to the plane YOZ or any other plane. 

Without elaborating this argument further it will be sufficient to 
state that it is likewise true for any larger system of concurrent forces 
(not necessarily coplanar) which is in equilibrium; so that, for any system 
of concurrent forces—coplanar or non-coplanar—in equilibrium a closed 
polygon can be drawn for any “projected system” obtained in the manner 
explained above. By this means we can solve problems dealing with 
non-coplanar forces of the type set out below. 

It is important to remember that the above statement involves the 
following more general statement: that for any system of concurrent 
forces—coplanar or non-coplanar—which is equilibrium, 


SH = 0, 
4 =O 
and ee = (0), 


54, Example. A load of W tons is supported by a set of sheer legs, 
as shown in Fig. 79. It is required to find the magnitude and character of 
the forces acting in each leg when the legs are of unequal lengths. 


This problem is typical of those which have to be solved in practice. 
It will be noticed that of the four forces 
acting at the point P only one, the weight ge 
W, is fully known. It should be quite 
obvious that the forces acting in the legs 
will all be compressive forces and no more 
need be said on this point. 

If a plan and elevation be drawn for this 
case as in Fig. 80, it will be seen that we 
cannot complete the force polygon in 
either the vertical plane or the horizontal 
plane for the “‘ projected systems” since we Fic. 79. 
have insufficient data. Thus in the eleva- ia 
tion we have four forces acting at the point 0’ of which only one is fully 
defined. In the plan only the directions of the forces are known, the 
force W being represented by a point. 

To surmount this difficulty we apply the principle which was given 
in para. 51 (IV). 

The necessary steps in the solution of the problem may be summarised 
as follows: 

Using Fig. 80: 

(a) One of the planes of projection is selected so as to be parallel to 
the plane containing two of the forces, one of which is completely 
defined. In the present case a vertical plane is chosen which is parallel 
to the plane containing the force W and the leg OC. 
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(6) The other plane of projection should if possible be chosen so as 
to be at right angles to one of the two selected forces. W is at right angles 
to the horizontal plane in this case. It follows from these conditions 
that the plan of the plane containing forces W and C is the straight 
line oc; see Fig. 80. 

(c) If the unknown forces in A and B be replaced by their resultant 
say D, acting in the plane of the two forces W and OC, we know that 
these three forces W, C and D will be in equilibrium and, if we can 
ascertain the direction of the force D, we can then complete the force 
triangle. 

Since the force D is to be the resultant of forces A and B, it must act 
in the same plane as forces A and B. Similarly we know that it must 
act in the plane containing the forces W and C. Hence it follows that 
the force D must act along the line OD in which these two planes 
intersect. The horizontal trace of the plane containing forces W, C and D 


‘ 


ELEVATION. 


Fig. 80. Sheer legs—graphical solution. 


is given by the line cod. Similarly the horizontal trace of the plane 
containing the forces A, B and D is given by the line adb. These lines 
intersect in the point d which must therefore lie on the intersection of 
the two planes. The point O is common to both planes and we are thus 
able to complete the plan (od) and elevation (0’d’) of the line OD in 
which the force D acts. 

We are now able to complete the force triangle for the forces W, 
OC and D as projected in the vertical plane, see Fig. 80; from this 
we find the true magnitude of the force in the leg OC and of the 
force D. 

Several methods are now available for the completion of the problem. 
The following is usually most easy to apply: _ - 

(d) If the true shape of the triangle OAB is found and the position 
of the line OD marked upon it, see plan in Fig. 80, then, by means of 
a parallelogram of forces, it is possible to find the components of force 
D along the lines OA and OB; these give the magnitudes of the forces 
A and B. 
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55. Experiment. The foregoing problem may be illustrated experi- 
mentally by arranging a piece of 
apparatus as shown in Fig. 81. By 
using this arrangement in which 
all the forces are tensile forces, the 
experimental work is simplified. 
The force D need not necessarily be 
vertical. The magnitude of the force 
acting in each direction is measured 
by a spring balance as shown. 

Having ascertained the forces act- 
ing in each of the cords and also 
the true positions (by projection or 
otherwise) of the points A, B, C, D 
and P, the cords are removed. From 
the particulars obtained the pro- 
jected systems are drawn, the force 
polygons completed and the mag- Fig. 81. Experiment—system of 
nitudes of the forces obtained in four non-coplanar forces. 
the manner already described. The 
values thus obtained should be compared with those obtained experi- 
mentally. 


We may now proceed to apply and expand the principles and 
methods explained above in the treatment of several groups of 
important practical problems, which arise in connection with the 
use of stayed masts, derrick cranes, derrick towers, etc. 


FOLYGON 
OF » FORCES 


of ORCED. 


Strayep Masts 


56. Assumptions. In order to keep the work at this stage within 
reasonable limits of difficulty, the following assumptions will be 
made; their full significance will be appreciated as the work 
proceeds: 

(i) That all poles, masts, “towers”, or built-up members, 
are secured at each end by connections which, within the 
limits of movement expected of them, allow these members 
to move as in a universal joint. 

(ii) That all stays or guys, unless otherwise stated, are 
capable of resisting tensile stresses only; if submitted to 
compressive forces they will thus go out of action (but see later 
note on “Initial Tension”’, para. 60). 

Experiment. Vertical mast with horizontal stays. Let a light rod, PO, 
be freely pivoted to a,horizontal board as shown in Fig. 82, the rod being 
maintained in a vertical position by three horizontal stays A, B and C. 
All the stays should be adjustable in length; this may be easily achieved 
with sufficient accuracy for our present purpose by using at the end of 
each stay a length of brass chain attached to a hook, the stay may then 
be lengthened or shortened by ‘“‘letting-out”’’ or “‘taking-in’’ as much 
chain as is necessary. The mast should likewise be adjustable in length; 
the use of some form of double-acting turnbuckle is probably the readiest 
means of making this adjustment. In order to measure the forces acting 
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in each of the members the stays should include light tension balances 
while the mast should include a compression balance. The experiment 
should proceed as follows: 

(a) Having adjusted the stays until PO is vertical read all the balances 
and tabulate the values so obtained; 

(b) By altering the lengths of the stays change the pull acting in each 
of them, being careful, however, to adjust these until PO is once more 
vertical; read the balances once more and tabulate the values; 

(c) An additional series of readings may be obtained after one or two 
more additional stays have been attached to the mast. 


_-~ 9 . TENSION 
gees healt / BALANCES 


MasT 


COMPRESSION 


B 
A C 
AN OF VAIALYGLE 
TAYS OF (ORCES 


Fig. 82. Mast with three horizontal stays. 


The following points should now be noted: 

If the three forces acting at P in case (a) and case (b) be set out, 
as shown in plan in Fig. 82, then it should be possible to draw a 
closed force triangle for each set of forces, thus indicating that in 
each case they constitute a system of three coplanar forces in 
equilibrium. Similarly in case (c) it should be possible to draw 
a closed polygon, where more than three forces act in the stays 
attached to P. 


M&DII\ ” 
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If one of the three horizontal forces acting at P in the first two 
cases be known, then it will be possible to complete the force 
triangle and to ascertain the magnitude of the remaining forces. 
In the third case, if four forces act at P, then it will be necessary 
to know two of the forces (three in the case of five forces, etc.) 
before the force diagram can be completed. 

The reading of the balance in the mast will not be altered in 
case (b) after the forces have been changed, showing that, apart 
from the vertical force due to the weight of the apparatus (the 
mast, stays and balances), the applied horizontal forces do not 
induce any forces in the vertical mast. 


57. Experiment. Vertical mast with oneinclined stay. Thesame apparatus 
may be used as in the last ex- 
periment but, if possible, there A 
should be a fixed vertical rod, as 


M 
at MN, to which the end of the P 
? ace He tal 
stay B may be secured; it is then "Stays ZF 
possible to alter the inclination of ee oas Sy Worizor|fal) 
B while keeping it in the same Cc eS 


vertical plane; see Fig. 83. The 
experiment should proceed as 
follows: 

(a) Adjust the stays A, B and peas 
C—all being horizontal—until PO 
is vertical and read the balances 
as before. 

(6) Lower the outer end of the 
stay B, as already described, until 
the stay makes an angle of say 
about 30° with the horizontal. 
Alter the pull in this stay until 
PO is once more vertical and the 
stays A and C occupy the same 
positions as before. (The length 
of PO will also have to be adjusted 
to bring the stays A and C to a 
horizontal position. ) 

Read all the balances and tabu- 
late the forces as before. 

(c) Plot the force acting in the 
stay B to asuitable scale as shown 


DN 


Y 


TURINBUCKLE 
2 HINGE 
ca 


COMPONENTS or 
in Fig. 83, and from it obtain its FORCE in. 
vertical component (B,) and its Fig. 83. Mast with one inclined stay. 
horizontal component (£),). Also 

draw in plan, see Fig. 83, the three horizontal forces acting at P in the 
first case (a). 


FLAN. 


The following points should be noted: 

The forces in the stays A and C are the same in both cases. 

The horizontal component of the force B is equal to the force 
which acted in this stay when in a horizontal position; and (i) this 
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force (B,) together with the two forces A and ( constitute a system 
of three coplanar forces in equilibrium; (ii) the force acting in the 
mast was increased in the second case by an amount equal to the 
vertical component of B, viz. B,. (ii) If @ be the inclination of 
the stay PB to the horizontal, then the horizontal component 
B, = B cos @ and the vertical component B, = B sin @ (see Pro- 
blems VII, 1). 


58. Experiment. Vertical mast with three inclined stays. Using the 
same apparatus arrange three stays 
so that, while they are all inclined to 
the horizontal, they maintain the 
mast PO in a vertical position as 
before; see Fig. 84. 

Ascertain the forces acting in the 
stays and mast. (When ascertaining 
the force acting in the mast allow- 
ance must be made for the weight 
of the apparatus. This can be done 
with sufficient accuracy for our pur- 
pose by reading the balance (‘zero 
reading”’) when the stays are hang- 
ing loosely from the mast.) 

Having obtained the various 
dimensions, set out each of the forces 
and from them obtain their vertical 
and horizontal components. 

The following statements 


should now be tested: 


V. When a mast is held in 
position by a series of stays 
secured as already described, then 
the total force acting in the mast is equal to the sum of the vertical 
components of the forces acting in the stays. 

In this case if P be the total compressive force in the mast due 
to the forces in the stays, then P = A, + B,+ C,, or, see (1) and 
(i11) in para. 57, 

P=Asina+ Bsn$+ Csiny; 
see Fig. 84. (If one of the inclined forces acts upwards from the 
horizontal plane passing through the top of the mast, then the vertical 
component of that force may be expressed as a negative quantity 
in the above expression, since it will reduce the total compression 
in the mast.) 

VI. When a mast is secured in a vertical position by a series 
of inclined stays as here described, then the horizontal com- 
ponents of the forces acting in the stays form a balanced system 
of concurrent forces acting at the top of the mast; see Fig. 84 and 
(i) para. 57. 


Fig. 84. Mast with three inclined stays. 


\ 
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(If the mast is not vertical, then the components should be taken 
at right angles and parallel to the mast respectively.) 

Without further elaboration it may be pointed out that the above 
statement is of quite general application and true no matter how 
many stays are used or in what direction they act provided, of 
course, that they all act at the same point. 

In the case where a mast has more than one set of stays, see 
Fig. 85, other factors arise which we do not propose to deal with 
at this stage; for example it would be possible, by the faulty 
adjustment of the lower set of stays to bend the mast at B. If such 
were done it should now be clear to the reader that the horizontal 
components of the forces acting in the inclined stays attached at B 
could not be in equilibrium, so that some additional force was 
necessary to produce equilibrium and was evidently supplied by 
the bent mast. In practice, the unnecessary stressing of the mast 
should be avoided by careful adjustment of the stays. 


LP 


Tor Stays 


\ see 
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Borrha TAYS ae 
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Fig. 85. Fig. 86. 


59. Stayed masts subjected to a varying pull. If a stayed mast 
be used for the purpose of resisting a steady and permanent pull (W), 
horizontal or otherwise, see Fig. 86, then the rope or cable by which 
that pull is transmitted may be looked upon as an additional stay. 
The problem of ascertaining the forces acting in the stays in such 
a case can therefore be dealt with on the lines described in the 
preceding paragraph. 

The same remarks would apply to a case where the pull applied 
to the mast varied in amount but not in direction; only two 
cases need usually be treated, viz. when the pull has its maximum 
value and also when it has its minimum value. 

When, however, a mast such as that shown in Fig. 86 is subjected 
to a pull W which may vary both in amount and direction, then the 
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problem requires further consideration. It should be clear that in 
such a case the forces acting in each of the stays will pass through a 
series of values according to the direction and magnitude of W. Even 
where there are only three stays supporting the mast the complete 
investigation of such a case is both lengthy and difficult. Fortunately 
for our purposes there are practical considerations which enable us to 
reduce the necessary work, particularly in the case of the somewhat 
elementary investigations which we are here undertaking. Thus, 
except where local conditions make it impossible, the stays are 
usually arranged symmetrically about the mast and a minimum 
number are employed so long as the requirements of safety are met. 

Again it should be clear, from a consideration of the system of 
horizontal components acting at the top of such a mast, that a 
system of three stays is all that is necessary to maintain equilibrium; 
the plan of such a system is given in Fig. 87. If one of the three 
stays were to fail the mast would collapse for certain positions of 
the pull W. It is therefore usual to have four or more stays in each 
set. (It should be noted that, from a safety point of view, four 
symmetrical stays are no better than three, since failure of one 
stay may similarly cause the collapse of the mast.) 

At this stage we will limit our investigations to the two cases 
of three or four stays symmetrically arranged in each set; it should 
thus be only necessary for us to investigate fully the forces acting 
in one stay in each case. 


Case I. Three stays symmetrically arranged; see Fig. 87. Produce 
the lines AP and OP to a and ¢ respectively. Now it should be 
obvious that so long as the force W acts within the angle cPa the 
stay B will tend to go out of action—since it 
cannot resist a compressive force—and need 4 
not therefore be considered (but see note on 
“Initial Tension”, para. 60). We are thus left 
with the forces acting in the two inclined stays, 
the force in the mast and the force W. (This ; 
case is important and is dealt with in para. 61.) ¢/Stay 

Let us next consider the conditions which Fic. 87. 
exist when the line of action of the force W 4 
coincides with say the line Pc in Fig. 87. It seems clear that in this 
case the stay PC would take the whole of the force W since, if it 
were not so, it would mean that the stays A and B were in 
compression; this by our assumption we know to be inadmissible. 
We can in fact go further and complete our statement by saying 
that when the pull W and one of the stays lie in the same vertical 
plane, but on opposite sides of the mast, then the force in that stay vs 
at a maximum. 
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Case II. A mast supported by four stays symmetrically arranged, 
as shown in plan in Fig. 88. It will be clear, from similar con- 
siderations to those set out above, that when the force W acts 
between any two of the stays, say C and B, those two stays will 
tend to go out of action and the pull will 
be resisted by the two stays D and A on 
the opposite side of the mast; the case thus 
reduces to that mentioned in Case I. 

Similarly, when the line of action of W 
coincides with the general direction of one 
of the stays, say B, then the opposite stay 
will take the whole of this pull and the force 
acting in it will be at a maximum. In this 
case it is clear that the stays A and C could not contribute any 
components to the forces acting along BPD, since they are acting 
at right angles to that line. ae 

In all those cases where the total pull is taken by one stay it 1s 
of practical importance to note that, although in theory these two 
opposite forces (really three including the force in the mast) are 
sufficient for equilibrium, the remaining stay or stays are necessary 
to maintain the stability of the mast which, without them, would 
tend to fall to one side or the other. 

From the above considerations—and from others which need 
not be set out here—we see that, except in very complex cases, 
the majority of problems dealing with stayed masts subjected to an 
applied force can be resolved into that of a mast with two inclined 
stays subjected to a given pull. Because of its general importance 
this case is dealt with at greater length in para. 61. Before doing 
this, however, an important point must first be considered, viz. 
that of initial tension. 


60. Initial tension in stays. In order to prevent a mast swaying 
unduly on the application of relatively slight forces, such as 
pressure due to the wind, it is always necessary to “pull the stays 
tight”’. In other words by straining the stays after they have been 
placed in position initial stresses or tensile forces are applied 
through the stays to the mast. It will be obvious that any stay 
which is subjected.to initial tension will have to take any other 
tensile stress which may be put upon it as an addition to the 
tension already existing. If, however, the stress put upon a flexible 
stay acts in the opposite direction, then it will reduce the force 
due to initial tension until, finally, the stress in the stay becomes 
zero, or, more strictly speaking, until the stress acting in the stay 
is merely that due to its own weight when hanging loosely. 

The maximum stress in a stay will therefore be the sum of the 
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initial stress and the maximum tensile stress engendered in the 
stay by outside forces. In building work, where stayed masts are 
used mainly for temporary purposes, the initial stresses are not 
usually considerable in comparison with the maximum forces 
which the stays may be called upon to resist. To simplify the 
solutions we will—unless otherwise stated in a problem—ignore 
the effect of initial tension and retain the first assumption, viz. 
that a flexible stay goes out of action when it is submitted to a 
compressive force. Provided that initial tension is allowed for 
when calculating the size of stay to be used, this assumption will 
not lead to serious error and will, in fact, be on the safe side, 


61. Mast, with two inclined stays, subjected to a varying pull, 
If a piece of apparatus be set up similar to that shown in Fig. 89 (A), 
in which we have a vertical mast, two inclined stays and a hori- 
zontal pull W symmetrically placed, then it will be observed that 
this case is the same as that dealt with in para. 52 and illustrated 
me Bie: 7 1. ; 


fa 
TRIANGLE of [ORCES 
Fig. 89. Mast with two inclined stays. 


It is therefore only necessary at this stage to deal with the case 
where the force W is not symmetrically placed. It must be 
remembered that, in the case where the mast is held upright by 
only two flexible stays, the line of action of W must not pass 
outside the angle aPb shown in the plan Fig. 89 (B). 

A complete solution of this case may be obtained by means of 
the geometrical methods already described in para. 53, but where 
it is desired to investigate several positions the following methods, 
which utilise the results of the preceding paras. 57 and 58, will 
generally be found-to be both easier and quicker. 


(a) See Fig. 89 (B). Consider the forces acting at P in the horizontal 
plane containing force W. Let a and 8 be the angles at which the stays 
A and B are respectively inclined to the horizontal. Then the three 
horizontal forces acting at P and maintaining it in equilibrium in this 
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plane are 4,, B,, and the force W. The magnitude and direction of W 
are already known, and we are therefore able to complete the force 
diagram as shown in Fig. 89(B). From this the values of A), and B, 
can be obtained. Then, from (iii), para. 57, 


F See Ay 

the force acting in the stay A = ae 

he f ting in the stay B = By 
and the force acting in the stay B = —— 2B 


(b) Since the pull W acts horizontally it contributes no component to 
the total force acting in the mast, this latter force must therefore be 
equal to the sum of the vertical components of the forces acting in the 
two inclined stays; therefore we have, from (iii), para. 57, 


force acting in mast = A, + B,, 
or = (force in A) sin a + (force in B) sin f. 


Experiment. Using the apparatus indicated in Fig. 89 (A) the above 
case may now be dealt with experimentally, and the results so obtained 
compared with those obtained by calculation. At least two cases within 
the angle aPb, shown in Fig. 89 (B), should be taken. In addition a 
special case may be taken in which the pull W is inclined in an upward 
direction from P. (From what we already know about non-coplanar 
forces it should be clear that if the foree W rises above the plane con- 
taining the two stays A and B, then the mast will be subjected to tension 
instead of compression. ) 

The case finally considered may be one in which the force W acts in 
the plane containing one of the back stays and the mast. Experimentally 
it will be found difficult to maintain the mast in equilibrium in this 
case, but it should be clear that in this case the single stay supplies the 
horizontal component which balances the force W. 


62. Experiment. To ascertain the forces acting in a simple 
stayed-mast derrick crane. 


This is a useful application of the work already done and will 
serve to illustrate the methods to be employed in dealing with 
practical problems. 


The apparatus which is necessary in this case is shown in Fig. 90. 
The mast should preferably be solid so as to reduce the necessary 
adjustments. To it is attached a long jib and a short tie in both of which 
balances may be included if desired. For the sake of simplicity the stays 
should be horizontal and it will not be necessary to use more than three. 

The experiment should proceed as follows: 

(a) Before attaching the load W, adjust the lengths of the stavs until 
PO is vertical; then read all the balances. These readings should be 
treated as “‘zero readings”. 

(6) Apply the load W and adjust the stays once more until PO is vertical 
(a simple way is to move the lower pivot O, after having adjusted the 
stays until they make the same angles with each other as before). Also 
adjust the triangle made by the mast, the jib and the tie to its original 
shape. The increase shown by the balances in each case over the “zero 
readings”, will indicate the magnitudes of the forces acting in the 
members and produced by the application of the load W. . 
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; (c) By means of a force triangle, see Fig. 90, obtain the forces acting 
in the tie and in the jib. (These 


should correspond to the values forces A BXC are 
obtained experimentally.) A Ne et 2 Focgontal vane 


(d) By the same method obtain 
the magnitudes of the vertical 
and horizontal components of the 
force in the tie; see Fig. 90. 

(e) Ascertain by graphical 
methods the equilibrant of the 
three forces acting in the stays. 
This should be equal in magni- 
tude and correspond in direction 
to that of the horizontal com- 
ponent of the force in the tie. 

(f) The jib should now be 
swung to other positions and 
similar investigations made for Fig. 90. Stayed-mast derrick crane. 
each position. 


FORCE 


The following points are important and should be noted; they 
may be checked experimentally if not already included in the 
experiment above: 

(i) The horizontal component of the force in the tie 1s constant for 
the same load and inclination of the jib. Having once found this 
component, the problem of finding the forces acting in the hori- 
zontal stays (or the horizontal components of the forces in the 
stays if the latter are inclined) may therefore be dealt with by the 
methods described in the preceding para. 61. 

(ii) The force in the mast is similarly constant and equal to the 
vertical component of the force in the tie. This force is increased if 
inclined stays take the place of the horizontal stays. 

(iti) The force acting in the jib is also constant for the same load 
and inclination. It contributes nothing to the force in the mast. 


DERRICK CRANES 


63. Experiment. 7’o ascertain the forces acting in the framework of a 
derrick crane. 


For this experiment a model derrick crane should be made up as 
indicated in Fig. 91. As in the last experiment balances may be included 
in the jib and tie, but the mast and horizontal members should be solid. 
It is an advantage, however, if the model is so constructed that any of 
these solid members may be replaced by members containing balances 
and vice versa. If possible one or both of the back stays should include 
balances which are capable of reading both tension and compression. 
All the joints of the frame should be pin-joints. To render the crane 
stable, even when loaded, the base ABC should be secured to three 
blocks as shown in Fig. 91. The weight of each of these blocks should 
exceed the greatest upward acting force likely to be called into play at 
any one of the points of support. 
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It may be noted here that in certain positions of the load the back 
stays will be subjected to compression; flexible stays would therefore be 
unsuitable in these positions. 

The experiment should proceed as follows: 

(a) Place the jib in “position 1”; see Fig. 91, Adjust the back stays 
until the mast is vertical and take the ‘‘zero readings”. 

(Note. All the members containing balances should be adjustable in 
length.) 

(6) Add the load W and readjust the lengths until the various members 
take up their original positions. Read all the balances and tabulate the 
increases. 


COMPRESSION | 
BALANCE 


Fig. 91. Experimental derrick crane. 


(Note. The procedure of (a) and (b) must be repeated for each of the 
cases mentioned below, but if W remains constant throughout the 
experiment it will not be necessary to take any further readings in the 
jib or tie.) ; 

(<) The up should now be swung into other positions and the forces 
acting in the various members ascertained f iti 
ea or each position and 

For a very complete investigation at least the six iti i 
; eee > il it leas e SIX positions mentioned 
in para. 48 should be tested. For our present purpose the four positions 
indicated in Fig. 91 should suffice, ce 
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(d) So as to be in a position to check the results fully the reactions 
at A, B and C should be obtained. This may be done by supporting one 
of the blocks at A, B or C on the platform of a small weighing machine, 
the other two blocks being raised until the base of the crane is level. 
The force acting at one of the points of support can then be obtained 
for each position of the jib, after which the values for one of the other 
points of support may likewise be obtained. (If two weighing machines 
are available the results can be obtained more speedily.) Since the sum 
total of the reactions must be equal to W (allowing for the weight of 
the crane), the reactions at the third point can be obtained by 
calculation. 

In order to allow for the weight of the crane and blocks the following 
procedure should be adopted. The reading for one (or two) of the points 
of support is first obtained without the load W. This will be the ‘‘zero 
reading”. The load W should then be added and a new reading obtained. 
If the first reading has been increased, then the increase will give the 
magnitude of the upward acting force which is necessary to support the 
crane at that point. If the reading on the weighing machine has 
decreased, then it will give the magnitude of the downward acting 
force which must be applied at that point to maintain the crane in 
position. 

(e) Having obtained and recorded the magnitudes of all the forces for 
each position mentioned above, the cases should be analysed graphically— 
or otherwise—and the experimental results compared with those obtained 
by analysis. 

The reactions may be calculated by the methods described in para. 48. 

The graphical analysis contains no serious difficulty but, since the 
problem is one of considerable practical interest, it is dealt with in some 
detail in the next paragraph. By the intelligent use of the principles 
enunciated in the preceding paragraphs it is possible to reduce to 
reasonable dimensions the work involved in obtaining a complete 
solution. 


64. Outline of the analysis of the forces acting in the framework 
of a derrick crane. The same four positions will be taken as were 
mentioned in the preceding paragraph. For convenience these have 
been indicated again in Fig. 92. The following important points 
should be noted, since they lead to certain reductions in the work 
and afford means of checking the results as the work proceeds: 


(i) The pull in the tie remains constant for the same load and 
inclination of the jib. The horizontal component of this force may 
be obtained as shown in Fig, 92, and is represented on the force 
diagram by 7',. The horizontal force T;,, together with the horizontal 
components of the forces acting in the back stays, form a system 
of three forces in equilibrium for every position of the jib. Knowing 
this we may, by the methods described in para. 61, obtain the 
forces acting in the back stays. The alternative method is to 
follow the geometrical procedure described in para. 53, which 
usually takes much more time. 

(ii) The force in the jib will likewise remain constant. The 
vertical component of this force, see J, in the force diagram in 
Fig. 92, will not contribute anything to the force in the mast, but 
will contribute a constant component to the total force to be 
balanced by the reaction at C. 
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(iii) The horizontal component of the force acting in the jib, 
see J, in Fig. 92, will be balanced by the forces acting in the two 
side sleepers; for any position of the jib these three forces will 
therefore form a system of three forces in equilibrium. 

(iv) The force acting in the mast will be made up of the vertical 
components of the forces acting in the tie and the two back stays. 
The former force will be constant for the same load W but the latter 
will vary as the jib takes up the several positions. 


: \ oF 
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Fig, 92. Forces in the framework of a derrick crane. 


(v) The total force in the mast together with the vertical com- 
ponent of the force in the jib, see (ii), will be equal in magnitude to 
the reaction at C. 

(vi) The reactions at A and B will be equal to the vertical com- 
ponent of the force acting in the corresponding back stay. 

(vu) So long as the crane is only subjected to vertical forces no 
force will act in the back sleeper. Its use, however, is necessary to 
keep the frame from collapsing. (In practice if the crane and stability 
weights rest on the ground the use of a back sleeper is of course 
unnecessary. ) 


Notes on the special conditions arising in each position. 


Position 1. The jib being placed symmetrically this is not a difficult 


case. ‘The following method may be adopted in preference to a purely 
graphical solution: 
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(a) See Fig. 93. Find by drawing the horizontal and vertical com- 
ponents of the forces in the tie and the jib respectively. 

(b) Find the horizontal components of the forces acting in the back 
stays A and B. These components (A, and B,) form a system of coplanar 
forces in equilibrium when taken with the horizontal component (7) 
of the force acting in the tie. Having found the horizontal components 
find the actual forces acting in the back stays by calculation, using the 
methods described in para. 61. 

(c) The magnitudes of the reactions at A and B will be equal to the 
vertical component of the force acting in the stay in each ease, i.e., see 
Fig. 93, R4 = A, and Rp = B 


v* 


KN. 
Ay 


Fig. 93. Position 1. 


(d) The horizontal component J, of the force acting in the jib, see 
Fig. 93, will form, with the forces acting in the two side sleepers, a 
system of three forces in equilibrium. From this the magnitude of the 
latter forces may be obtained. 

(e) The reaction Re at C will be equal in magnitude to the force acting 
in the mast together with the vertical component of the force acting 
in the jib. The total force acting in the mast will equal A, + B,— 7. 
Since the third force is less than the sum of the other two, the 
resultant force acts downwards; the reaction at C must therefore act 
upwards. 


Position 2. In this position the jib and tie lie in the same vertical 
plane as the side frame CPB; see Fig. 94. 

It should now be clear that, except to ensure stability, the back stay 
AP and the sleeper AC will not take any part in supporting the load, 
this being taken entirely by the frame CPB. The readiest means of 
solution is to draw the true shape of this side frame, the jib and tie, etc., 
as shown in Fig. 94, and apply graphical methods of solution, 
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(Note. Since flexible stays are not being dealt with it would be 
unwise to assume that the greatest possible tensile stress in the back 
stay CP is to be found under the above condition. Other positions on 
both sides of this one must be tried before a decision can be given. Much 
will depend upon the relative proportions of the parts of the crane.) 


ELEVATION 


Fig. 94. Position 2. 


Position 3 (see Fig. 95). The analysis of this case by geometrical 
means 1s interesting but lengthy. The method used for Position 1 should 
be adopted. 


Position 4. As in Position 2 it will be seen that in this case one of the 
side frames takes no part in supporting the load, the whole of which is 
taken by the side frame PAC; see Fig. 96. The graphical method 
suggested for use in dealing with Position 2 may be used here. 

It is obvious that the stress in the back stay AP is a compressive 
stress, which reaches its maximum value in this position. 


Only three positions moving in an anti-clockwise direction from 
Position 1 have been considered. Three other positions in a clock- 
wise direction from Position 1 would be necessary to complete the 
investigation. Since, however, the crane is symmetrically con- 
structed the values will be the same as those already obtained 
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but will act in the opposite members to those for which they have 
already been ascertained. ; 

By plotting the values obtained for the stresses acting in each 
member for the various positions a series of graphs may be drawn 
which will indicate the nature and magnitude of the changes 
taking place. In order to obtain maximum values in the case of 
some of the members, additional positions may have to be investi- 
gated, the same methods being applicable. 


Fig. 95. Position 3. Fig. 96. Position 4. 


. Derrick TOWERS 


65. The forces acting in derrick towers. By making certain 
simple assumptions, all of which err on the side of safety, it is 
possible to use the methods described above so as to obtain an 
approximate but useful analysis of the forces acting in derrick 
towers. The same methods can also be applied to other types of 
large temporary structures used by the builder. It would occupy 
too much space to deal fully with even one case, but it is hoped 
that the following outline of the work involved will enable the 
reader to apply the methods to actual examples. In any case the 
clearer understanding of the forces acting in these somewhat 
complicated structures should certainly be of considerable value to 
those who have to erect and use them. 
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Construction. A derrick tower or tower gantry consists of three 
separate towers, masts or legs, corresponding to the three corners 
A, B and C of the base of a derrick crane; see Fig. 97. The legs 
are usually constructed of timber framing, being from 5 to 8 ft. 
square in plan. The leg CE coming under the mast of the crane is 
known as the “king tower” or “king leg’’; since it has to carry 
the greatest load (see graph, Fig. 66) it is stronger than the other 
towers. These latter legs are known as the “anchor towers” or 
“anchor legs’, and serve to support the crane at the points A 
and & and to contain anchor chains, which pass from the sleepers 
of the crane at A and B to the platforms on which the legs are 


Fig. 97. The derrick tower. 


erected. The platforms D and F' are suitably loaded (and, if 
necessary, C also, see Fig. 66) with bricks or other heavy materials 
so as to be able to resist the overturning forces arising from the 
effect of the load W and other causes; see para. 48. 

The towers may rise to a height equal to two or three times the 
width of one side. Invery tall towers each side frame may be divided 
by one or more horizontal members into bays. Each of these bays 
is provided with inclined stays to oppose the twisting and racking 
forces brought to bear upon the tower. Timber stays are commonly 
used, but flexible stays are equally suitable. 

In order to keep the following analysis on simple lines we will 
limit our treatment to a case in which no horizontal members are 
used between the top sleepers and the base of the tower. (In other 
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cases the stresses in the stays may be found by the methods 
described in Chap. x1.) 


Assumptions. The following assumptions will be made; see Fig. 97: 

(i) That the loads are centrally placed on each leg, the legs 
being looked upon as simple members or ‘‘masts”’, freely jointed 
at their top and bottom ends. 

(ii) That the horizontal members forming the base of the crane 
are also part of the structure of the tower, all the joints being such 
as to allow some amount of freedom to the members. (In practice 
while these joints are certainly not free joints their rigidity is usually 
of the slightest. In any case our assumption makes for safety.) 

(ii) That the stays, of which there are two in each side bay, are 
only capable of resisting tensile stresses and are only connected to 
the other members at their top and bottom ends. 


Experimental model. It will add considerably to the value of this 
investigation if each of the statements can be illustrated or checked 
experimentally as the work pro- 
ceeds. The model tower described 
below, which is by no means 
complicated or difficult to con- 
struct, will be found to satisfy all 
reasonable requirements; see 
Fig. 98. The framework of the 
crane surmounting the tower 
may consist entirely of solid 
members. It is supported on 
masts or legs which for simpli- 
city are likewise solid. These are 
again connected at the bottom 
by solid sleepers. All the joints 
should be as simple as possible 
and such as to allow some 
measure of freedom of move- 
ment. 

In plan the tower forms an 
equilateral triangle, the sides 
being of equal length. 

In each of the side bays there 
are two stays. These should con- 
sist of light chains or of stout 
cord; in every case there should la Adjustment 
be some means of adjusting the 
length (the end may be secured Fig: 98. Experimental derrick tower. 
to a hook in the case of the 
chains, or a small wooden cleat may be used, as in tent stays, in the 
case of cord). At Jeast one stay in each bay should include a balance 
in its length so that the force acting in it may be measured. It should 
be possible to interchange these stays readily so that the stress in any 
required stay can be measured and that in the other ignored. 

Weighted blocks may be attached at the points D, H and F’, and 
the reactions of the whole structure obtained as described in para. 63. 

By adjusting the stays the tower can be brought to a vertical position. 
In no case should any readings of the balances be taken until this has 
been done. 


M&DII 8 
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66. Outline of the analysis of the forces in the structure of a 
derrick tower. 

I. System of forces supporting each leg. Take, say, the king leg 
CE in Fig. 99. Joined to C we have two horizontal members, AC 
and BC, and two inclined stays, DC and FC. Whatever forces act 
in the two top horizontal members they can be replaced by their 
resultant R; see Fig. 99. This force R, the leg and the two inclined 
stays have been indicated in thick lines. It should be obvious from 
this brief analysis that the mast or leg CH is held in position by 
the action of the horizontal force R, the force in the leg, and the 
forces acting in the two inclined stays. Hach leg can therefore be 
dealt with by the methods outlined in para. 61 provided that 
sufficient of the unknown forces can be defined. 


Fig. 99. Fig. 100. 


Il. Effect of the load W. We have already seen that the reactions 
of a derrick crane consist entirely of vertical forces (at the points 
A, B and (), if the only external force applied to the crane is the 
vertical load W. It must therefore follow, if, as we have assumed, 
each single leg is vertical and the loads transmitted from the crane 
are apphed centrally to these legs, that these vertical forces are 
transmitted unchanged to the ground; see Fig. 190. If so, then it 
follows that the load W does not affect the forces acting in the stays, and 
the reactions of the entire structure due to the load W consist of vertical 
forces. We may test these statements experimentally. 
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Experiment. T'o ascertain the nature of the reactions of a derrick 
tower and crane when supporting a load W and to find the effect of W on 
the forces acting in the stays. 


(a) The reactions at each of the three points of support should be 
found experimentally as described in para. 63, when the truth of the 
statement that the reactions are vertical should be apparent. 

(6) The fact that the load W does not affect the forces in the stays 
may be demonstrated as follows: Having erected the tower and crane 
apply the load W and, by adjusting the stays, bring the tower to the 
vertical position. To accomplish this, some amount of ‘‘initial tension” 
will be necessary in each of the stays, the magnitude of this force will 
be the “‘zero reading” on the balances (about half the stays should 
include balances). 

Now rotate the load W slowly and note whether, as the jib takes up 
the various positions, the readings of the spring balances are altered. 
If the legs are all exactly vertical the results should confirm our first 
statement. ° 


The purpose of the inclined stays. The question may well be 
asked, “If the raising, lowering and holding of the load do not 
affect the forces in the stays, what then is their main purpose?” 
Obviously they are necessary to maintain the tower in a stable 
position but, as we shall see, they do in addition render active 
service when the tower is subjected to what may be called secondary 
forces, or loads additional to W. 


III. The effect of secondary forces on a derrick tower. These 
are forces which, unlike the vertical force W, tend either to push 
the tower out of the vertical or to twist it about its base and, as 
will be shown, the stays are the main factors in resisting such forces. 
The chief secondary forces to be considered are: 


(A) Eccentric loading of the legs. This produces an effect similar to 
that arising if the legs are out of the vertical. The effects may be de- 
monstrated experimentally by so adjusting the stays in the model tower 
that one or more of the legs lean away from the vertical. If the load W 
be now rotated considerable changes will be noted in each of the stays 
as the jib takes up various positions. These results, which need not be 
analysed in detail, emphasise the importance of ensuring that the legs 
are vertical. 


(B) Effects due to wind pressure. Any side pressure, such as that due 
to wind, will tend to push the tower over; its effect will vary and be 
resisted differently according to the direction in which it acts. wo cases 
only need be considered here: one in which the wind blows directly 
upon one face of the tower and the other in which it blows parallel to 
one face of the tower. In order to simplify our investigation we will 
make the following assumptions: (1) that there is no shielding of one leg 
by another, each being equally affected; and (ii) that the pressure due to 
the wind is uniformly distributed throughout the height of each leg: 
hence, if P be the total pressure on each leg due to the wind, then we 
can assume that half this force, or P/2, is taken by the joints at the top 
and bottom ends respectively. 


8-2 
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Case I. Wind blowing at right angles to one face of the tower. This case 
is illustrated diagrammatically in Fig. 101 (wind in the reverse direction 
might also be considered). Those portions of the total wind pressure P 
which act at the base of the legs may be neglected so far as the structure 
of the tower is concerned, since 
they add nothing to the stresses FZ 4 _ _ 

ee. 


in the members. We are thus left 
with three forces (each equal to 
P/2) acting at the top of each % Fadl 


leg in the direction indicated in 
Fig. 101. It will be clear from the 
diagram that the two forces acting 
at A and B respectively will have 

two effects: one will be to tend to WA 
widen theangle ACB and the other 

will be to induce a compressive 2 

foree in the horizontal members 

AC and CB. The first effect will x 

be resisted by the horizontal 

member AB, which will be put 

into tension. The result of the 

second tendency will be to in- Fie. 101 

crease the force acting at the top i ; 

of the leeward leg CH. Further consideration of the conditions will show 
that the total equivalent force acting at C will be equal to 3 (P/2); this 
will be resisted solely by the mast and the two inclined stays attached to 
the leg at the same point C; see Fig. 101. No other stays will be brought 
into action. 

The experimental demonstration of the truth of these statements is 
not difficult. Fig. 101 shows how three parallel forces equal to P/2 may 
be applied at the tops of the three legs in a manner similar to that in 
which we have taken the wind to be acting. In this way the stresses 
produced in the stays may be investigated. 


Fig. 102. 


_Case Il. Wind blowing parallel to one face. This case is illustrated 
diagrammatically in Fig. 102, which also indicates how the conditions 
may be investigated experimentally. The force P/2 acting at A is trans- 


vi] FORCES IN MASTS AND DERRICK TOWERS | 117 


mitted directly along the horizontal member AB to the point B. 
The total foree P acting at C would be resisted by the stay BD 
(not shown). 

The effect of the force P/2 acting at C is not capable of exact analysis 
by the methods here adopted, but it is clear that its effect is to twist the 
top platform of the tower about the base; this effect will be resisted by all 
the stays sloping upwards to the right as indicated on Fig. 102. These 
statements should be checked experimentally. 


(C) Effects due to the swinging of the load. The third type of 
secondary effects to be considered 
are those which arise during the 
acceleration or retardation of the 
jib and load as they move from 
one position to another horizont- 
ally—“‘slewing’’. The exact’value 
of the forces created in this way 
are not easily calculated; with 
careful handling they are not 
usually considerable in amount. 
The effects are similar to those 
mentioned in the last case, viz. 
to twist the top platform about 
the lower one, see Fig. 103; this 
will be resisted by the three stays 
inclined: upwards in the direction FLAY. 
in which the force tends to twist S 
the tower. The experimental 
demonstration of this case may be carried out as suggested in 
Fig. 103. 


IV. The overturning effects of the wind. The effect of a side 
pressure, such as that due to wind, on a derrick tower as a whole 
will be to produce an overturning moment. This will be resisted 
by the stability moment due to the weight of the tower; see 
para. 48. Obviously the effect will be to induce certain reactions 
at the base of the tower. The worst case usually arises when the 

wind is acting in the direction shown in Fig. 104, since, when the 
crane is not in use, the weight acting downwards in the king leg is 
not usually considerable and, as will be seen from the sketch, this 
is the weight upon which the stability of the tower will mainly 
depend. The problem should be investigated for all towers, but 
particularly for those which are of exceptional height or which 
have to be erected in exposed positions. As the following example 
will show, a solution can be obtained which is sufficiently accurate 
for most practical purposes, by the application of the analysis 
outlined above. 


Fig. 103. 
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Example. The derrick tower shown in Fig. 104 is 60 ft. high, the sides 
being each 30 ft. wide. It is calculated that, using a pressure of 30 lbs. 
per sq. ft. on the exposed surface, the total pressure (P) exerted on a single 
leg is approximately 2500 lbs. If this pressure may be distributed over the 
whole structure in the manner indicated in Fig. 104, find (a) the stress in 
the inclined stays AF and BF, and (b) the reactions induced at points D, 
E and F. Check the latter results by equating the overturning and stability 
moments. 


The force of P/2 lbs. acting at C will be transmitted along the members 
CA and OB to points A and B, where it may be resolved into its rect- 
angular components along the member AB (with which we are not 
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Fig. 104. Stability of a derrick tower subjected to wind pressure. 


further concerned), and along the lines in which the other two forces P/2 
are already acting. It is easy to show that we thus arrive at the condition 
indicated in the plan; Fig. 104 (B). The two forces 3P/4 acting at A 
and B may likewise be resolved into their components along AB, AC 
and BC. See small force triangle Agh, in which the ratios of the sides 
have been indicated by figures in small circles, the figure being half an 
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equilateral triangle. From this we have that the force acting at A in 
line AC is given by Ah in this triangle and equals 


eS Dee Aa 
4 "V3 oa. 
In Fig. 104 (C) the shape of one of the side panels has been set out. 


Since the sides of the triangle ACF are parallel to the forces which we 
are to consider we may use it as a force triangle. Thus the horizontal 
Ve 

2 
the stay. Using the small figures in circles (which give the ratios of the 
sides), we have 


force acting in AC of is the horizontal component of the force in 


V3P 
9 x fd 


= 4840 lbs. 


Again, using the same force triangle, the vertical component of the 
force in the stay is, from the proportions of the force triangle, twice the 
magnitude of its horizontal component, so that 

PIO 5 
the upward acting force at F = 2 a san VBR. 


But this is due to one stay only, so that with both stays equally 
stressed the total upward force at F = 2V3P = 8660 lbs. 

To check by overturning and stability moments; see Fig. 104 (D). 

The overturning moment is evidently equal to 3P/2 x 60. 

Since the perpendicular distance between the towers in side elevation 
may be shown to be (30 x V 3/2), therefore the stability moment, taking 
30V3 

ye 


force in stay AJ (= force in stay BF) = 


moments about LH, is (reaction at If’) x 


Equating the two moments we have 
 80V3 _ 3P x 60 


ee D es 


from which we have ; 
reaction at fF = 2V3P = 8660 lbs., as before. 


The reactions at D and EZ being equal, the magnitude in each case will 
be half this or 4330 Ibs. 

When it is noted that the force at F must act as a holding-down load for 
stability, it will be seen how important it is to check the total weight on 
the king leg to see whether any additional weight must be added. 


Problems VII 


1. If in Fig. 83 the force in the stay BP. is 10 lbs. and the angle @ 
is 30°, the lines of action of the stays being equally inclined in plan; find 
(a) the forces acting in A and C, and (b) the force in the mast. 

2. Find the force acting in the mast in Fig. 84, if all the stays are 
equally inclined at 60° to the horizontal and the tension in each of 
them is 10 lbs. 

3. Find the forces acting in the horizontal stays at PA and PC in 
Fig. 87, if the angle BPW is 30° and the pull W is 1000 lbs. 
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4. Find the forces acting in the horizontal stays PD and PA in 
Fig. 88, if the angle CPW is 30° and the pull W is 1000 lbs. 


5. Ifin problem 4 the lines PD and PA represented the plan of stays 
each inclined at 45° to the horizontal, find the forces acting in the stays 
for the same horizontal pull of 1000 Ibs. 


6. In the mast derrick with four stays symmetrically arranged, 
shown in Fig. A, if a load of 5 tons is swung at a radius of 30 ft., find, 
for the given dimensions, (a) the vertical uplift at A, (6) the vertical 


Fig. A. Stayed-mast derrick crane. 


and horizontal reactions at D, (c) the force acting in the stay AH, and 
(d) the force acting in the mast. The stay 4H may be assumed to lie 
in this case in the plane containing the mast and the jib of the crane on 
the opposite side, the stay AZ supplying the whole inclined force necessary 
for stability. 


7. Using the dimensions given in the Example. in para. 66 (IV), and 
P equal to 2500 lbs., find the stress in the stays sloping down from C 
and the three reactions at D, H and Ff when the wind pressure acts as 
shown in Fig. 101. 


8. If in the crane illustrated in Fig. A, the plane of the jib bisects 
the angle made by the two stays CH and BE, find for the same load the 
stresses acting in the two opposite stavs AH and HI’. The stays are 
symmetrically arranged on plan, but the points C and F are only 40 ft 
from the base of the mast. : 


SECTION II 


LOADED BEAMS AND THE THEORY 
OF ELASTIC BENDING 


CHAPTER VIII 
THE EQUILIBRIUM OF FORCES IN A LOADED BEAM 


67. Introduction to Section II. The beam has always been an 
important and essential element in the structures erected by man. 
In its earliest form it would consist of a log of wood or a rough 
slab of stone and be used to span an opening for the purposes of 
shelter, transport or defence. With time its use became better 
understood and its form refined. Thus it was that in all the great 
buildings of classical times the beam was found in the highly 
decorative forms which have come down to us in the architectural 
styles of those periods. 

Experience soon made it evident that there were very distinct 
limitations to the size of the opening which could be spanned by 
the beam, especially when it had to be made of a material such as 
stone, which is relatively weak in resisting tensile stress. With 
the invention and development of the arch therefore, the beam 
came to play a less prominent part in all permanent structures 
until recent times. 

The great and comparatively recent developments in the use of 
iron, steel and reinforced concrete have, however, once more 
restored the beam to a position of first importance in all modern 
fabricated structures. Thus it is incumbent upon all who occupy 
responsible positions in connection with the design and erection of 
buildings and who have to cope with the practical and technical 
problems of modern building, that they should possess some 
knowledge of the actions which take place in the material of a 
loaded beam and of the factors which control its design. 

The theory of elastic bending has grown out of the labours of 
many physicists, mathematicians and other investigators since 
the time of Galileo in the sixteenth and seventeenth centuries. 
Yet in spite of the relative complexity of the facts with which 
this theory deals, and because of its development, it is possible 
to include in this volume a fairly simple explanation of the 
actions taking place within a loaded beam. The greater part 
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of this section will be devoted to this explanation, together with 
some account of the more important practical applications to be 
found in building work. 


68. The Beam. The beam is essentially a structure which spans 
one or more openings and which carries, in addition to its own 
weight, a load or series of loads applied transversely to its length. 
With the accumulation of experience and the growth of knowledge 
the construction of the beam has been elaborated so that there 
are now quite a variety of types; these may be briefly enumerated 
as follows: 

Types of Beams. The term “beam” may be applied to a single 
horizontal member supported at each end, see Fig. 105; it may likewise 
be applied to an inclined member, see Fig. 106; such beams may have 
other sections than a simple rectangular one, see Fig. 107; a beam may 
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be continuous over several openings, when it is known as a Continuous 
Beam, see Fig. 108; a simple beam may be fixed at each support, when 
it becomes a Fixed Beam, see Fig. 109; if on the other hand it is only 
fixed at one end and unsupported at the other it is known as a Cantilever, 
see Fig. 110; a simple beam may be strengthened by trussing, when it 
is called a Trussed Beam, see Fig. 111; while large and important beams 
may consist of a framework, when they are known as Framed Beams or 
Girders, see Fig. 112 (in this sense any framework spanning an opening, 
such as a roof truss, is a framed beam). 
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69. General effects of a load on a beam. It is convenient to deal 
with the problem of the loaded beam in two stages. Proceeding 
along lines which should now be quite familiar to the reader we 
will, in the first stage, endeavour to ascertain the relations which 
exist between the external forces applied to the beam and the 
resulting internal forces, which must be called into action in the 
material of the beam to produce equilibrium. 

In the second stage—having briefly investigated the property 
known as elasticity, which is possessed in varying measure by 
all structural materials—we shall endeavour to ascertain what are 
the effects produced in the material of the beam when it is bent or 
strained, and in what manner these effects are related to the 
internal forces which, in the first stage of our enquiry, we shall 
have shown to be necessary. 

If, however, we are to derive the fullest possible benefit from 
this order of procedure it is necessary that we should first obtain 
some general conceptions of the manner in which a beam is strained 
when it is loaded. The following simple experiments will illustrate 
these effects in sufficient detail for our present purpose. 


I. External effects—Bending. If a load is placed upon a beam 
it will bend. This bending may be so slight as to be imperceptible 
to the unaided eye. The form which the beam assumes is, however, 
quite definite and—assuming that the beam is of uniform section 
throughout—depends solely upon the manner in which the beam 
is loaded and supported. Some of the forms which loaded beams 
assume are shown to an exaggerated scale in Figs. 113 to 116. They 
may be illustrated experimentally by using a light rod or bar of 
wood or metal. The following cases at least should be observed: 

Experiment. (a) Simple or freely supported beam. Support the beam 
on two benches and load as shown in Fig. 113. Note that the beam 
bends to a single curve. 
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(6) Fixed beam. In this case the two ends of the beam are clamped as 
shown in Fig. 114. Note that, while the beam is horizontal at each end, 
there is a reversal of the curvature between the weight and each support, 

(c) Cantilever. Only one end of the beam is fixed while the other is free 
and supports the weight; see Fig. 115. Note that the cantilever is horizontal 
at the fixed end and bends to a single curve for the remainder of its length. 

(d) Continuous beam. Arrange the beam—which should be fairly long 
in this case—as in case (a) but add a support at the centre; see Fig. 116. 
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Two equal loads should be applied. Note that the beam is horizontal 
over the centre support. At the free ends the shape 1s similar to that 
taken up by the simple beam. 


CANTILEVER Gnminuous BEAM. 
Fig. 115. Fig. 116. 


II. Internal effects—Tension and compression. Take a short 
deep beam of rubber, see Fig. 167, 
and ‘mark on one side of it a 
series of equally spaced vertical 
lines. Now, by applying pressure 
or by adding a weight, depress the 
centre of the beam when it is sup- 
ported at each end, see Fig. 167, 
and note that the space between 
each of the vertical lines, and 
especially near the centre, is re- 
duced at the top and increased at 
the bottom. From this it should Fig. 117. 
be obvious that the upper fibres of 
a bent beam are compressed (compression) while the lower fibres 
are stretched (tension). 

It may be noted here that, in a cantilever, the effect of the load 
is to stretch the upper fibres and te compress the lower ones, see 
Fig. 117 (which also shows how the same rubber beam may be 
used experimentally as a cantilever). 

Note. The same effects as those described above may be demonstrated 


by noting what happens to sawcuts made in the upper and lower edges 
of a wooden beam. 


Russer Seam 
4s CANTILEVER? 


TABLE. 


III. Internal effects—Shear. Another and less obvious effect 
arising out of the loading of a beam is 
the tendency for one portion to be Y 
pushed past or “sheared off” the ad- yw 
joining portion of the beam; thus in the 
cantilever shown in Fig. 118 at any 
section CD the load W, acting verti- 
cally, tends to shear the outer portion 
from the inner along the plane of this 
section; it should be clear that some force or forces must be called 
into action by the straining of the beam to resist this tendency. 


Fig. 118. 
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70. The equilibrium of a portion of a loaded cantilever. It is 
convenient to deal first with the case of a loaded cantilever 
since it gives in the simplest form all the factors present in a 
bent beam. 

In the cantilever ab, shown in Fig. 119, which has a span of 
L units, depth y units and carries a load W at the end, let us 
imagine that the portion abcd is separated at the vertical plane ad 


W ye. W 
3 a b 
c d c 
| 


Fig. 119. . Fig. 120. 


from the fixed portion of the cantilever on the left. We may thus 
consider what forces must act at this section to maintain the 
equilibrium of this portion abcd when acted upon by the load W; 
see Fig. 120. 

Ignoring the weight of abcd the only external force acting 
upon it is the force W. Let us therefore assume that a vertical 
force S, acting at the section ad, is supplied by the material of 
the beam. For equilibrium of the vertical forces this must act 
upwards and be equal to W. This force S evidently resists the 
shearing action of the load to which we have already referred. 
There are thus two vertical but opposite forces acting on the 
portion abcd at a distance equal to L. Such a pair of parallel forces 
is known as a Couple (the general characteristics of couples are 
discussed in para. 72). The effect of these forces, if unresisted in 
other ways, would be to rotate abed in a clockwise direction as 
indicated in Fig. 120. Clearly then, to produce equilibrium, this 
tendency must be resisted. Let us therefore consider further the 
equilibrium of abcd. 

Taking moments about any convenient point in ad, say d, see 
Fig. 121, we find that the moment of the force S about this point 
is zero, since the line of action of S passes through d. The only 
other force on the beam is W and its moment about d is equal to 
W x ZL, acting in a clockwise direction. To balance this moment 
assume that there is a horizontal force 7 acting at a and having 
an anti-clockwise moment of 7 x y about d. Then for equilibrium 
about d, we must have 

Exy= Wx L, 
whence fe ns iy ve (a) 
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If we consider next the equilibrium of abcd about some other 
convenient point in ad, say a, see Fig. 122, then both S and T will 
have zero moment about this point and we have as before, the 


4s WwW 
ez | b 3 
@ J i. 
fac! ere aes 
S) 
Fig. 121. Fig. 122. 


single force W, which has a clockwise moment about the point a. 
To balance this moment assume that there is a horizontal force C 
acting at d, with an anti-clockwise moment about a. Then for 
equilibrium about a we must have 


Oxy = We, 
whence Oh i Pree (b) 
Comparing (a) and (b) we see that since 
pa W xe _ G, 
Y 
peo e107 


These two forces 7 and C clearly form a second “couple”, which 
tends to turn abcd in an anti-clockwise direction. 

If we can show that abcd is in equilibrium under the action of 
the four forces which we have now defined, then the couple formed 
by the two forces 7’ and C must be sufficient to balance the couple 
formed by the two forces W and S. 

Since the vertical forces W and S are equal in magnitude and 
opposite in sense it follows that the sum of the vertical forces is 
Zero, Ob) = 0; 

Again, since the horizontal forces T and C are equal in magnitude 
and opposite in sense, it follows that the sum of the horizontal 
forces is zero or XH = 0. 

Finally, taking moments about any point, which for convenience 
can be d (or c), we have already shown that 

Wii Lay: 
hence Wyle Ly 0; 
In other words, the sum of the moments of these forces about any 
point in the plane containing them is zero or UM = 0. : 

We thus find that all the general conditions for the equilibrium 
of a number of coplanar forces have been satisfied, from which it 
follows (a) that the two couples balance each other, and (6) that 
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the portion abcd of the cantilever is in equilibrium under the 
action of these four forces. 


71. Experiment. Before proceeding further it will be helpful if we 
can carry out an experiment to check the conclusions at which we have 


Fig. 123. Experiment on a cantilever. 


just arrived. The apparatus which may be used is illustrated in Fig. 123, 
and shown diagrammatically in Fig. 124. 

The block abcd represents that portion of the cantilever which has been 
separated from the remainder of 
the cantilever at the section ad. 
In the apparatus this block is 
supported vertically at the point 
a by a spring balance S; this 
balance can be raised or lowered 
or moved horizontally along the 
support GH, which is slotted 
for this purpose, the balance 
measuring the vertical force S 
acting at a. 

The points a and e are con- 
nected by a pair of balances lying 
side by side; the distance be- 
tween these two points can be 
adjusted by means of an adjust- = == ————— 
ing screw or a short piece of 
chain. These balances measure 
the horizontal force acting at a. 

The points d and f are connected by a compression balance so that 
the force acting at d can likewise be measured. 


Fig. 124. Equilibrium of a portion 
of a cantilever 
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As the apparatus has weight it is necessary to allow for this; the 
procedure is as follows: ; ' 

(a) By altering the distance ae and the height of a, adjust the block 
until the points a and 6 lie on a horizontal line passing through e. Read 
off the balances S, 7’ and CO; record these readings as the “‘ zero” readings. 

(b) Attach the load W at the point c, or place at some convenient 
position on the top of abed, and once more adjust a@ and 6 to lie on a 
horizontal line through e. The increase in the readings of the three 
balances will give the magnitude of the forces called into play by the 
load W at the point c. 


If the experiment has been carefully carried out, it should be 
found that S = W, 7 = Cand, if the distances Z and y are measured, 
it should also be found that W x L= T (or C) x y. 

The experiment will therefore have demonstrated the fact that 
the body abcd is in a condition of equilibrium under the action of 
two vertical forces, W and S—which together form a couple with 
a clockwise moment—and two horizontal forces, 7 and C—which 
together form a couple with an anti-clockwise moment—and that 
these two couples balance. 


72. Couples. It is convenient at this stage to consider more fully 
the chief characteristics of Couples. 
(a) A couple consists of two equal but opposite forces acting 

along parallel lines; see Fig. 125 (A). 

(6) When applied to a rigid body a couple tends to make 
that body rotate in a clockwise or anti-clockwise direction. 

(c) The magnitude of a couple is given by the product of the 
magnitude of one of the forces into the amount of its perpendicular 
distance from the line of action of the other force. Thus the 
magnitude of the couple shown in Fig. 125 (A) is given by 
F x d. The distance d is known as the “arm” of the couple. 

(d) The effect of a couple is unaltered by any change in the 
position of the couple, provided that it remains in the same 
plane. 


To illustrate this fact consider the application of the couple Fz 
in the position (1) shown in Fig. 125 (B); if moments be taken 
about any point Z, at a distance 7 from the nearer force, then the 
magnitude of the resultant moment of the two forces about this 


point is given by F (r +2) — Fr, 
or fr + Fx — Fr which equals Fx (the magnitude of the couple as 
first defined). 


Similarly, if the same couple be applied in a new position, say (2) 
in Fig. 125 (B), we have the resultant moment given by 


F(s+a)—Fs, 
which reduces to Fa as before, and similarly for any other position. 
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(e) A body will be in equilibrium if acted upon by two couples 
of equal magnitude but opposite effect. This can always be 
shown to be true by taking moments about any point in the 
plane containing the two couples. 


Fig. 125. Couples. 


) Let a force F act at the point P in a body as shown in 
Fig. 125 (C); then it is possible to produce equilibrium by the 
application at P of a second force F’, of equal magnitude but 
opposite sense as shown. Suppose that, for some reason, it is 
not possible to apply the second force F’ at P, but that it 
must be applied at some other point, say Q. Then the two 
parallel forces (Ff and F’) will constitute a couple and may be 
balanced by asecond couple, say Gd, of equal magnitude but of 
opposite effect to the first couple. We thus see that a single 
force may be balanced by a couple plus a single force. 


Experiment. The truth of the above statements may be demon- 
strated experimentally in the following manner. A rod, which should 
be fairly long and heavy, is suspended from two spring balances 
S and T as shown in Fig. 126 (A). When the rod is horizontal the pulls 
are noted and recorded as “‘zero readings”. 

(1) A couple is now applied to the rod by adding a downward acting 
force P at B and an equal upward acting force at A. Obviously when 
the rod is again made horizontal, the reading in each balance will have 
been increased by an amount equal to the magnitude of P. The mag- 
nitude of the applied couple will be given by P x AB. 

Now remove the two forces from A and B. Apply the upward acting 
force at some other point, say OC; see Fig. 126 (B). Suspend the downward 
acting force from the rod and move it about until, if possible, the 
balances S and Z' indicate equal increases of the same amounts as 
before. Measure the distance x. The distance x should be found to be 
equal to the distance AB. 

(2) The second part of the above experiment should now be repeated, 
using two equal weights of greater or less magnitude than P, when it 
should be found that, providing the applied couple has a magnitude 
equal to (P x AB), the balances S and 7’ will register the same increases 
as before. 

(3) In either (1) or (2) we can show that the rod, when at rest, is in 
equilibrium under the action of two equal but opposite couples. 


M&DII 9 
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(4) Finally, the attempt should be made to produce equal increases 
in the two balances by applying a single force at any point along the rod. 
This will be found to be impossible, thus demonstrating that a couple 
cannot be replaced by a single force. 

Other experiments on couples may be carried out in the manner 
suggested in Fig. 127, using the apparatus shown in Fig. 124. 


2 p| EFFECT or 
f A COUPLE. 


Fig. 126, Fig. 127. 
Experiments on Couples. 


73. The balance of forces in a loaded beam. Considering once 
more the forces acting on a portion of a loaded cantilever, see 
Fig. 128, it will be seen that, while 
W represents the onlyexternalforce 
acting to the right of the section ad, i 
the forces acting within the dotted 
circle, which, as already found, are [ 
capable of producing equilibrium, 
must clearly correspond to the in- \ Inreeral 
ternal forces which are supplied by “\. ‘e8cfS _/ 


EtG on 


the strained material of the beam. SS 2 
It should be noted that in this case Fig. 128. External and internal 
these internal forces are equivalent forces in a cantilever. 


to a single force and a couple. This is always so, except in certain 
special cases when either the force or the couple is reduced to zero 
value; see para, 88. 
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From what we already know concerning couples, it is evident 
that the exact position or manner of application of the internal 
couple is, for our present purpose, immaterial, provided that its 
magnitude remains unaltered. We may therefore proceed at once 
to summarise our results, knowing that the truth of them is 
unaffected by our present lack of knowledge of the exact distri- 
bution of the strains in the material of the beam, and which are 
responsible for the production of the forces within the beam. 

If W be the resultant of all the forces to the right of the section 
ad, then W x L is the external moment applied to the beam; this 
moment will now be referred to as the External Bending Moment (B), 
since, as we shall see later, its effect is to bend the beam. 

Now for equilibrium the magnitude, or moment, of the internal 
couple, which we will now call the Resistance Moment (2), must be 
equal in magnitude to the bending moment, or 


The external bending moment = resistance moment, ...... (1) 


from which it follows that W x DL=Txy=Cx y. 
Again, as we have seen, 7’ = C, but evidently 


T = total tension in the material of the beam at the section ad, 
while C = total compression at the same section; 


hence Total tension = total compression. —_...... (11) 


Finally, as we have seen, S= W, but S is the total internal 
shearing stress at section ad, while the total external shearing 
force at the same section is equal to W, then 


Total internal shearing stress = total external shearing force. ...(111) 


The full significance of these statements may not be apparent 
to the reader until he has learnt more about the conditions existing 
in the materials of a loaded beam. The above summary will, 
however, be found helpful at this stage in assisting the reader to 
grasp the relations which must exist between the external and 
internal forces producing equilibrium in a loaded beam. 


74, Definitions of Shearing Force and Bending Moment. To 
ascertain the magnitude of the external forces tending to produce 
shear and bending at any section, it is immaterial whether the 
forces to the right or to the left of that section are considered, 
since, from the necessary balance of the external forces about that 
section, we find that the same numerical result is obtained in each 
case. Thus, if the forces to the right of a section result in a down- 
ward acting force of magnitude W, there must, for equilibrium, be 
an equal and opposite force of W acting upwards to the left of 
the section. Similarly, if forces to the right of the section result 


9-2 
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in a clockwise bending moment of magnitude B, there must, for 
equilibrium, be an anti-clockwise moment of magnitude B produced 
by the forces on the other side of the section. These considerations 
enable us to define shear and bending moment; they also indicate 
the need for some convention as to sign, since it is frequently 
necessary to obtain the “algebraic sum” of a number of forces or 
of moments. 


External Shearing Force. The total external shearing force at any 
section of a beam is given by the algebraic sum of all the vertical 
forces acting either to the right, or to the left, of that section. 


Sign. External shearing forces will be considered to be positive if 
they act downwards (or clockwise) to the right of the section. 


Bending Moment. The total external bending moment acting at 
any section of beam is given by the algebraic sum of the moments 
of all the forces acting to the right, or to the left, of that section. 


Sign. The bending moment will be considered to be positive if it 
acts in an anti-clockwise direction to the right of the section. 


A convenient way to remember the above conventions is to consider 
the case of a simple beam supported at both ends and loaded at the 
centre; see Fig. 129. The beam bends to a concave curve on the upper 
side and the bending moment is positive throughout the length of the 
beam. That the bending moment is positive is readily seen by con- 
sidering any two sections c and d, at each of which the bending moment 
(B) is seen to be anti-clockwise. 
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In this case, if the shear at the same two sections is considered, it 
will be seen that the shear is positive to the left of the load W and 
negative to the right; see Fig. 129. 

In the case of the cantilever, see Fig. 130, the shear is positive and 
the bending moment negative throughout the length. In this case the 
beam bends to a convex curve on the upper side. 
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Units. Shear Force. According to the units of weight used, then 
shear force will be measured in lbs., tons, kilogrammes, etc. 


Bending Moment. According to the units of weight and length used, 
then bending moment will be measured in lb. ins., ton ins., ton ft., 
kilogramme metres, etc. 


Problems VIII. 


1. Ifyin Fig. 124 measures 6 ins., Lis 9 ins. and W is 10 lbs., calculate 
the magnitude of S, T and C. What is the magnitude of B, the bending 
moment at the section ad? 


2. What is the magnitude of the couple applied to the rod in 
Fig. 126 (A) if P is 8 lbs. and AB measures 6 ins.? If two weights of 
12 lbs. each are applied at C and D, as shown in Fig. 126 (B), what 
will be the distance OD? 


3. If, in Fig. 128, W is 1000 lbs. and LZ measures 5 ft., what is the 
magnitude of the single force, and the magnitude and direction of the 
couple, which are applied at the section ad to produce equilibrium? 


4, If, in Fig. 124, L measures 12 ins. and four weights of 4 Ibs. each 
are placed at distances of 3, 6, 9 and 12 ins. respectively from a; (i) What 
will be the sign and magnitude of the shearing force (S) at ad, and 
(ii) What will be the sign and magnitude of the bending moment (B) at 
the same section? 


5. In Problem 4, what single weight would produce the same shear 
force (S) and the same bending moment (B) at the section ad, and where 
would it have to be placed? 


CHAPTER IX 
SHEARING FORCES AND BENDING MOMENTS IN BEAMS 


75. Diagrams of Shearing Force and Bending Moment. In 
studying the loading of beams it is necessary to consider how the 
shearing force and the bending moment vary from point to point 
along the beam. These variations can be conveniently shown by 
means of diagrams or graphs, drawn with a base corresponding to 
the length of the beam and having vertical ordinates which, to 
a suitable scale, give the magnitude of shearing force or of the 
bending moment at every point along the beam. For all the 
simpler cases of loading and fixing, the regular forms which these 
diagrams take can be memorised readily ; to complete the diagrams 
it is then only necessary to ascertain the magnitudes of the principal 
ordinates. These magnitudes can 
be obtained either by mathematical 
or by graphical methods. In some 
of the more complex cases a com- 
bination of the two methods may 
be necessary. 


Note. In each of the following 
examples the load may be measured 
in lbs., tons, or some other con- 
venient unit of weight, while all 
the distances may be measured in 
inches, feet, or some other con- 
venient unit of length. For the / 
sake of simplicity we shall for the SCTE 
present work all examples in lbs. zi 


and ins., hence moments will be 
measured in units of lb. ins. Wepe 


76. Cantilever with a single load 
at the end. SENDING NIOMENT 


Shear Force Diagram. See Fig. 7 Teen 
131. At any section CO the external ~* Poteau aileron wath Sacro 


vertical force, tending to shear the outer portion of the cantilever 
from the inner, will be positive and equal to the magnitude of W; or 
S, (the shear force at C) = W. 


From this expression, we see that the magnitude of the shear force 
will be the same at every point along the cantilever; the shear 
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force diagram will therefore be a rectangle, having a base ab equal 
in length to the length of the cantilever (drawn to the linear scale), 
and of such a height ac that, to a suitable force scale, the ordinates 
represent the value S = W. 


Bending Moment Diagram. See Fig. 131. At any section O, at 
a distance / from B, the magnitude of the bending moment will 
be W x I, acting clockwise, or 


B, (the bending moment at C) = — (W ~ 1). 


At B the value of the bending moment will obviously be zero. 
At point A it will reach a maximum and be equal to W x L. If 
a number of intermediate points are taken and the values of the 
bending moments plotted to a suitable scale, the ends of the 
ordinates will be found to lie on a line drawn through 6 and d, where 
ad represents, to a suitable’scale, the value of the bending moment 
at point A. The diagram of 
bending moment for this case x 
is thus a triangle, a fact which foe HE Hee 
could have been deduced mathe- 
matically from the form of the 
expression, which indicates that 
the magnitude of the bending 
moment increases directly with 
the distance measured from the 
outer end B. 


77. Cantilever with several 
single loads—Addition of dia- 
grams. 

Let the loads and points of 
application be as shown in Fig. 
132. 

Shear Force Diagram. It will 
be convenient to consider, in 
the first place, the effect pro- 
duced by each single load, as 
shown by the three diagrams 
(a), (b) and (c). Between the 
points C and B it should be 
obvious that there is no shear Fig. 132. Cantilever with several 
force, since there is no load be- single loads—Shear force. 
yond the point O,,and similarly 
for the length to the right of each load, for which separate diagrams 
are drawn. 

The addition of these diagrams to form the single diagram (d) 
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ought now to be clear. The way in which the value of the shear 
force increases at each point where an additional load occurs, 
should be noted. The total value of the shear force at any point K 
will be given by the corresponding ordinate drawn on the complete 
shear force diagram, as shown in Fig. 132 (d). 


Bending Moment Diagram. We may now proceed in the same 
way with the construction of the bending moment diagram. The 
separate diagrams for each load are shown in Fig. 133 (a). When 
these are added they give the complete bending moment diagram 
outlined in Fig. 133 (b). The magnitude of the bending moment 
at any point K is shown by the corresponding ordinate drawn 
on the complete diagram and measured to the selected bending 
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Fig. 133. Cantilever with several single loads—Bending moment. 


moment scale. It may be noted here that there are no sudden 
steps in the bending moment diagram, but that each additional 
load has the effect of increasing the inclination of the outline of the 
diagram as we approach the point of support. 


78. Scales. In setting out these diagrams it will be necessary to 
select three convenient scales: the Linear Scale, the Force or Shear 
Scale and the Bending Moment Scale. After these have been 
selected they should be clearly noted on the drawing sheet in close 
proximity to the diagrams. The Linear Scale will usually corre- 
spond to the linear scale to which the beam has been drawn. The 
Force Scale will be chosen to represent so many tons or lbs. to the 
inch, while the Bending Moment Scale will represent so many 
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“ton ft”, “ton ins.” or “lb. ins.” to the inch according as tons 
or Ibs. and feet or inches have been selected for the force and linear 
scales respectively. As indicated in the diagrams already drawn, 
positive values of shear and bending moment will be set up above 
the base line and negative values below. 


79. Experiment. To find the forces acting at various sections in a 
cantilever; see Fig. 135. 

To carry out this and other experiments on beams, a piece of apparatus 
designed by the authors may be used; see Figs. 134 and 1344. This 
enables the forces to be found acting over several portions or “bays” 
of a cantilever, and may be utilised later to find the forces acting in the 
members of framed girders; see also Fig. 157 4. 


Fig. 134 4. Experimental framed beam. 


In the present case a cantilever of the required length is built up, as 
shown in Fig. 134, of bars connected by smooth pins. If it is desired to 
make any “bay” rigid, this may be done either by using a solid block, 
see (D), Fig. 134, or by placing a diagonal bar on each side of the bay, 
see bays (A) and (C). The bars are made in two lengths; the shorter 
bars (length = 1) may be 8 or 10 ins. long, while the longer bars 


(length = V 2/) should be of sucha length as to reach across the diagonal 
of a square bay. To prevent twisting, a few bars should be framed 
together as shown at (G), in widths varying from 2 ins. downwards. 
Tensile forces are measured by a spring balance connecting two pins, 
as shown in bay (B). To measure compressive forces two special bars 
(one of length / and the other of length ./2l) should be constructed as 
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shown at (H), in which the side bars are duplicated and can slide upon 
each other, while a spring balance connected to these two frames serves 
to measure the magnitude of any compressive force tending to bring 
the two ends of the frame nearer together. The complete apparatus is 
illustrated in the photograph in Fig. 134 as set up for an experiment 
on a framed beam. The procedure to be followed will be explained in 
connection with each experiment. : 


Case I. o find the forces acting at section C. 


For this case both the outer bay (c) and the inner bay (a) should be 
made rigid. See Fig. 135, Case I. At section CO the cantilever should now 
be supported by means of the 
vertical spring balance S,, and 
also the horizontal balance 7,. 
The horizontal force at the lowest 
point on the section may also 
be measured if desired; but, since 
we now know that the forces act- 
ing at the top and bottom will 
be equal in magnitude, further 
complication may be avoided by 
using a solid bottom bar. 

Before adding the load W,, ad- 
just the balances S, and 7, until ° 
the top bars are horizontal and 
take the ‘‘zero” readings. Add 
the load W, and once more adjust 
S, and 7 until the top bars are 
horizontal and thus obtain the 
magnitude of the forces S, and 7’,. 

Itshould be found that the force 
S,=W,; also that the force 7), is 
such that 

Tex f= W, * ty. 


If the load W, is now added, it 
will be found that, while the shear 
force at section C is increased by 
the amount W,, the value of T,, 
and therefore the value of the 
bending moment at the section, 
hasnot beenaffected. Thisfollows 
from the fact that the load W, 
has no moment about section C. 


Case II. To find the forces act- oe ; 

ing at section B. Fig. 135. Experimental cantilever with 
concentrated loads—Forces acting 

The apparatus should now be Seations B endiC 2 
arranged as shown in Fig. 135, 
Case IT, the two outer bays being made rigid and the cantilever supported 
at section B by the vertical spring balance S,, the horizontal balance 
T,, and a solid bottom bar, W, and W,, remaining as before. 

It should be found that S, = W, + W,, while the value of 7, is such 
that 


Ty Xx ¥ = W, x ( +1.) + (We x ) = By. 
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If now the load W, is added, then, as before, S, will be increased by 
this amount while the magnitude of 7’, will be unaffected. 

These results will be found to agree with those arrived at in the 
discussion given in para. 77. 


80. Cantilever with uniformly distributed load. So far we have 
dealt only with loads concentrated at one point. Now consider a 
case in which the load is spread uniformly along the length of the 
cantilever, “uniformly distributed loading”. The magnitude of 
such a load is usually defined by stating the number of units of 
weight (lbs. or tons) which are spread over each unit of length 
(inches or feet). 


Shear Force. Assume the cantilever to be loaded as shown in 
Fig. 136, with w lbs. per inch of length. The shear force acting at any 
section C, distant / ins. from B, 
will be equal to the total load 
acting on the cantilever to the 
right of this section, between the 
points B and C. In this case 


SS, = wi Ibs. 


Le 
< Loan DiAGRAM | 
From this expression it is evi- | 

dent that the shear force increases wZ cy) | 
directly with 1, that is with the _{ Je 
distance measured from B, so that oF i0 
the shear force diagram must be J) EAR [ORCE LIAGRAN 
a triangle, the ordinates starting } b 
with zero value at 6 and reaching 
a maximum value of wl at a; see S* 

BENDING 


Fig. 136. 
Bending Moment. The bending _. EEE 
Fig. 136. Cantilever with uniformly 


moment at the section C, see disteibated loa 

Fig. 136, is evidently equal to the ; 

moment about this section of the total load carried by the canti- 
lever between this point and the free end of the cantilever. But 
the distance between C and B is | ins. and the rate of loading 
is w lbs. to the inch, hence the total load acting over this length is 
wl lbs. As we may consider this load for our present purpose to act 
at its centre of gravity (c.G.), which is 1/2 ins. from O, we have 


‘ 2 
Bow 2 he (lb. ins.). 

This expression shows that the magnitude of the bending 

moment increases as the square of the distance from the end of 

the cantilever. If these values be obtained and plotted for a 
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number of points between A and B, the ends of the ordinates will 
be found to lie on a curve, see Fig. 136, which is tangential to the 
base ab at b, where B = 0, and has a maximum value at a, where 


2 
HS are cae oe ° 


2 


The maximum value at a may also be expressed in terms of 
the total load (wL) acting on the cantilever. If we say that wl, the 
total load, is represented by W, then 


WL 
{Bhs a Seer me o 
2 

81. Construction of a parabolic bending moment curve. The curve 
just obtained, by plotting the values of the bending moments at various 
points on the cantilever, may be shown to be part of a parabola, a curve 
which can be readily constructed by geometrical 
means if we are given values fixing certain points | 
on the curve. os ee ot a4 

For example, in Fig. 137 let ab be the base line 
to which the curve is known to be tangential at 6, 
and let ae be the maximum value for this figure 
or simply the value ata. Divide ab into any con- 2 
venient number of equal parts and draw perpen- 
diculars as shown. Now divide ae into the same 
number of equal parts and join the point b to each 
of the points so found. Then draw the curve, 
starting at b and finishing at e, so that it is tan- 
gential to the line ab at b and passes through each of the points where 
a sloping line cuts the correspondingly numbered vertical line, e.g. where 
b1 cuts the vertical through J, and so on; see Fig. 137. 


ee 
Fig. 137. Parabolic curve. 


Note. If, for later work, the curve is to be continued to the right 
of b, the same process is repeated, see Fig. 138 (A), from which it will 
also be seen that we may consider either the line AB or the line CD to 
be the base line of the diagram, depending upon whether the values are 
set up or down from either of these lines; in any case the geometrical 
construction remains the same. 


Fig. 138. Parabolic curves. 


Alternative method of construction. The same geometrical method 
may be used where the base line AB is sloping; see Fig. 138 (B), which 
will sufficiently explain the construction. 

If, as indicated to the right of both the cases illustrated in Fig. 138, 
the ‘‘centre line” HF is produced to G, so that FG is equal to FH, and 
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the point G joined to A and B; then the lines GA and GB are tangential 
to the curves at A and B in each case. This fact affords us a ready 
means of constructing the curve, if only the maximum value (HF) at 
the centre is known and a high degree of accuracy is not desired in 
drawing the curve. 


82. Experiment. The effect of distributing the load over the length 
of a beam may be demonstrated experimentally by repeating the experi- 
ment described in para. 79, but replacing the concentrated loads by 
a series of small horseshoe- 
shaped weights,spaced equally 
along the top of thecantilever; , 
see Fig. 139. 

If, for example, W, is the 
total weight placed over the 
bay (c), then at section C 


S, = Wi, 
and the value of 7’, will be 
such that 
DU Sp = Whe SUP 


These results may be com- Fig. 139. Experimental cantilever with 
pared with those obtained in distributed load. 


para. 79, Case I. The other 
sections may be similarly dealt with. 


83. Simply supported beam with central load. See Fig. 140. 


Reactions. The load W being placed centrally, each support will 
share equally in supporting it; 
hence SPACE LVAGRAM 


R, (the reaction at A) = R,= us : 


Shear Force. Consider the 
shear at any section D to the 
right of the centre C; the only 
force acting to the right of this 
section is R, acting upwards, 
whence 


Ww 
Sg= 9? 
and this is true wherever D is | | 
taken between the points C | WL | 
and B. So be } 


Similarly for any section H# a C 2 
between the points A and C; BENDING Moment LIAGRAM | 
the only forces acting to right 


Broa torce 1 ae ting upwar ds Fig. 140. Beam with central load. 
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and force W acting downwards, whence 


ae 
2 2’ 
and this is likewise true for all points between A and C. 
The shear force diagram will therefore consist of two rectangular 
portions, as in Fig. 140, that to the left of C being positive and that 


to the right negative. The magnitude of the ordinates is constant 
throughout and equal to W/2. 


Bending Moment. See Fig. 140. Consider first the action of the 
forces W and R, about B; the moment of W about Bis W x L/2 
acting anti-clockwise, while the moment of R, (= W/2) about B is 
likewise W/2 x L, but acting in a clockwise direction. These two 
moments are equal and opposite; therefore the resultant moment 
at B is zero. Similarly for-the resultant moment at A which is 
also zero. 

If next we consider a section D between B and C, then the only 
force acting to the right of D is R, (= W/2); hence 


B, = W/2 x I, 


where / is the distance of D from B, 

From this expression, which shows that B, increases directly as 
the distance of D from B, it will be found that, if a number of 
intermediate points are taken and the values of the bending 
moments plotted to any convenient scale, the ends of the ordinates 
lie on a straight line which rises from point 6. Similar considerations 
show that, to the left of C, the outline of the diagram is likewise 
a straight line risimg from a. Evidently these two lines intersect 
over O, at which point the value of the bending moment reaches 
a maximum and, substituting L/2 for /, 


a Wt Oe 
2 2 A 


Say 


Bae 


84, Simply supported beam with distributed load. See Fig. 141. 


Reactions. The beam is loaded at the rate of w lbs. per inch of 
length, the total load (W) is therefore wL lbs., where Lis the length 
or span of the beam in inches. 

Since the load is symmetrically placed, it is supported equally 
at A and B, whence 

wL 
Ie = R, — com : 

Shear Force. Consider the shear force at any section D, between 

C and B; the forces acting to the right are R, (= wL/2) acting 
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upwards and wi (that is the total load on the beam between the 
points D and B), acting downwards, whence 


Rae oe lis, 


=w(t-5). 


But L/2 is a constant while / varies with the position of D, 
whence it follows that the outline of the diagram must be an 
inclined straight line. 

At B, where | is zero, we 4 pues fer inch. B 
have 


_ wl 


cE 
Ee 


At C, where 1 = L/2, we va 
) —eace | DIAGRAM 


= 


V0 


have eye 


CL wl wl 
Sel KO 2 


a 2 ae Vy 

Similar results will be ob- i 

tained from a consideration te via 
of the shear forces acting to | ro Ll | { 
the left of C, except that all tere 

the values will be positive. | ci 

The shear force therefore : “of 


reaches amaximum over each B Cc 
support and passes through ENDING Momenr Diagram 


zero value at the centre, see Fig. 141. Beam with uniformly distributed 
Fig. 141. ea 


Bending Moment. See Fig. 141. Consider the moments of the 
forces acting to the right of section D, the force R, (= wL/2) acts 
at a distance | from D and its moment is therefore wL/2 x 1. The 
force due to the load wl acting on this portion may be taken to 
act at the c.a. of the load, that is 1/2 from D, hence its moment is 
wl x 1/2. Giving due regard to sign, the bending moment at D is 


ia 
| SHeare force | 
DIAGRA 


} 


wll [2 

Loe ae 
wl 

Sn ae 


The graph of this expression will give a parabolic curve. At B, 
since |= 0, wl/2 becomes zero and the bending moment becomes 
zero. Similarly at the point A, where the bending moment is also 
zero, 
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At C, where | becomes equal to Z/2, we have, from the above 
expression, that 


_ wl Li ee Le 


eo eG a 
SUR as 
a 8 
OL? WL 
Or eos ae “ys = Fou . 


This is clearly the maximum value; knowing this we can complete 
the diagram by the method already explained in para. 81. 


Effect of distribution of the load. The precise effect which distribution 
has upon the bonding moment diagram should be noted here. Imagine the 
load W in Fig. 141 to have been concentrated at C, the centre of the beam, 
then, from para. 83, the bendiig moment at the centre would have been 
WL/4 (where }W=wl), that is exactly twice the magnitude which obtains 
when the same load is spread over the whole length of the beam. 

This fact may be used to form the basis for a method of drawing the 
bending moment diagram for a distributed load, the procedure being as 
follows; see Fig. 141: 

(a) Assume the total load wl to act at the centre and draw the B.M. 
diagram; the maximum ordinate eg will be equal to (wL) L/4. 

(6) Biseet the ordinate cg atf 
and also join g to @ and b, The 
eurve for the bending moment 
diagram for the distributed load 
will then pass through f and be 
tangential to the lines g@ and 
gb at the points @ and 0; see 
also para. SL. 


: | 
[| a ee BL 
85. Concentrated load not t i | RB, 
at the centre. See Fig. 142. 
Reactions. Taking mo- | 
ments about 4 we have, for 
equilibrium, | | 
a Yo) 


Rx L=W x2, 


roy 
We Senoine Moment DIAGRAM 
. R= 7 Fig. 142. Concentrated load not at the centre. 
& W 
Similarly R= ae 


or, putting these expressions into words, 
Reaction (for a single load) = 
load X distance from opposite support 
span 


MOH Io 
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Shear Force. As in para. 83, we have 


Wa 
Sa = R, ae ey ye 
and this holds between points B and C, Likewise 
Wy 
S, er Ry = es ? 


and this holds between points A and C. The shear force diagram 
is therefore of the form shown in Fig. 142. 


Bending Moment. The diagram of bending moment is triangular, 
and similar to that for a central load, the maximum ordinate 
occurring under the load. Considering forces to the right of C, we 
have 

Wax 


J Dye al ite Y= 
W: 
or Brox. =" - 


86. Uniformly distributed load covering a portion only of the 
beam. See Fig. 143. Let the load of w lbs. per inch be spread over 
a length of J inches. If C be the centre of this portion DE of the 
beam, then, so far as the reactions of the beam are concerned, we 
may assume the total load of wl lbs. to be acting at C, which is 
also the c.a. of the load. 


Reactions. The reactions will therefore be 


(wl) y 
Cs ib, a 9) 
and in a Ee 


see para. 85. 


Shear Force. For a concentrated load of wl lbs. at C the outline 
of the shear force diagram would therefore be the figure aghcklb, as 
shown in Fig. 143. But clearly, the effect of spreading the load 
uniformly over the length DE must be to change the magnitude 
of the shear force uniformly, from the positive value which it has 
at pot D to the negative value which it has at point EL, without 
changing the values which rt has to the left or right of this portion. 
The true diagram for shear force is therefore completed by drawing 
the sloping line de. 


Bending Moment. We may proceed with the bending moment 
diagram in a similar manner; see Fig. 143. First draw the bending 
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moment diagram adceb for a concentrated load of wl lbs. acting 


at C, for which 
Be ees 
c Vf, 2) 
see para. 85. 

Tt will be obvious that so long as the load wl Ibs. continues to 
be spread over the portion DE of the beam its c.c. will remain 
at C, and the magnitudes of the bending moments at points to the left 
or right of DE will remain unchanged. It follows that the lines 
ie inn eb form portions of the final diagram for the distributed 
oad. 


l 
e wrilbs jer \crich B 
S jO oc 

‘i 
ay zth] SPACE DiAG'" 
au 
Ze 5 | 

Wx 


Cc 

Ae 

SHEAR forct DIAGRAM 
ony 


] € 


BENDING Morin? LYAGRAM 
Fig. 143. Uniform load over portion of beam, 


Over the portion DE, which for our purpose may be looked upon 
as a short beam of this length, the triangle dce evidently represents 
the bending moment diagram for a concentrated load of wl lbs. 
at C; if therefore, we bisect cm at n and draw the parabolic curve 
dne in the manner already described, then the graph adneb will be 
the correct outline of the bending moment diagram for the beam 
when acted upon by the load wl lbs. spread over the length DE. 

If desired, mathematical expressions may be obtained for the 
shear force and bending moment at any point in the length of the 
beam, as explained in preceding paragraphs, and from these the 
nature of the outlines of the diagrams may be inferred and the 
values obtained from the above diagrams may be checked. 

Example. In Fig. 143 let x = 7 ft., y= 9 ft.,/ = 4 ft. and w = 100 lbs. 
per inch. Find (a) the reactions at A and B, (b) the bending moment 
at F' (not shown), the centre of the beam. 

10-2 
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(a) The total load = wi = 100 x 48 = 4800 lbs. 
(wl).y _ 4800 x 9 
10) ENG 

Similarly R, = 2100 lbs. 
(b) Since the point F lies within the portion DE, the next part of 
the problem may be solved by calculation or by using a diagram con- 


structed in the manner explained above. Using the former method, 
take moments to the right of /”, then 


= 2700 lbs. 


R, = reaction at A = 


By = R, x 8 ft. — (moment due to weight on the portion FZ) 
= 2100. x 96 — (100 x 12) 12/2 
= 201,600 — 7200 = 194,400 lb. ins. 


87. Point Loads. So far we have spoken of loads being applied or 
beams supported ‘‘at points”. For the purposes of calculation this is 
of course convenient, but it must be remembered that practical con- 
siderations compel even “‘concen- 
trated”’ loads to be spread over 
short distances and beams to be 
supported upon fairly large “‘bear- 
ing surfaces”. The effect of this 
on the shear force and bending ; 
moment diagrams is interesting 
and should be noted. The results 
obtained in the last paragraph in- 
dicate that the effect of the dis- 
tribution of a “‘concentrated” load 


1 
it LL 
is to ease off the suddenness of the + eae «FOINT LOADING. 
changes in the shear force diagram, | ‘| rape 
! 


ol 
and to reduce the maximum values 1 | 
in the case of the bending moment ; a 
aici gre) seo aaa SHEAR PRACTICAL OADING. 


To make the point clearer we 
illustrate a case in Fig. 144, in | 
which it is first assumed that the | 

i) 


load W is concentrated at point C 
and afterwards spread over the 
short length DH. The shear force 
and bending moment diagrams for 
both cases are given, The forces 
supporting the beam are then | 
treated in the same way, being first 
assumed to act at the points A and 
B, and afterwards spread along LENDING (MIOMENT. 
short lengths of the beam. These FPRACTICAL LOADING. 
diagrams should be self-explana- Fig. 
tory. 

For convenience, we willcontinue 
to assume that concentrated loads are applied at the c.c.’s of their 
bearing surfaces, which are usually short, and that beams and other 
structures are supported by forces acting at or near the centres of their 
supporting surfaces; such departures from actual conditions as these 
assumptions involve are, as we now see, on the side of safety. 


' BENDING, MOMENT. 
| fen, LOAbING 


| 
| 
| 
| 


144, Practical loading and support- 
ing of beams. 
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88. Beam with two equal concentrated loads on symmetrical 
overhanging ends. See Fig. 145. Thisis an interesting and important 
case and one which should not require a lengthy explanation. The 
reactions R, and R, are clearly equal to each other and to the 
magnitude of the single load W. The shear values between C and A, 
and also between B and D, are likewise equal to W, but the shear 
force has a negative value in the former position and a positive 
value in the latter. 

If we consider the forces to the right of A, we find that 


Soy ha = 


Hence The shear force between A and Bis zero ...... (a). 


Ww 
fe rey 
SFACE DIAGRAM. | | 


| 
| 


c a b 


| 
SHEAR FORCE 
LIIAGRAM. 


Fig. 145. Beam with concentrated loads on overhanging ends. 


Now consider the moment of the forces acting to the right of 
B, from which we find 
B= — WI,. 


Similarly, from a consideration of the forces acting to the right of 4, 


eee a a1, LW Wl 
ates ae 


These results could also have been deduced from the fact that 
the forces acting at B and D constitute a clockwise couple of 
magnitude WI,, while the forces acting at C and A likewise con- 
stitute a couple of the same magnitude but of opposite sign. It thus 
follows that 


Between the points A and B the beam is subjected to a constant 
negative bending moment equal to WL, ...... (b). 
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89. Beam with overhanging ends anda uniformly distributed load. 
See Fig. 146. In dealing with this case it will be a convenience to 
consider the load in two portions, viz. that covering the centre 
portion and that covering the two outer portions. The final 
diagrams will then be obtained by adding together the two portions 
previously worked out. 


| @) Ero Loanine. 
WITLLLT LTT LLL 
ae ‘A D 
SraceE DIAGRAM | 
iC a wl, = 
AM. | WL, 3 
COMPLETE SPACE Gas | z Cyne Dect i 
Qczaras tale | [ae 
LTLETTHTTTTL TT LALLY 4 ‘ | ‘ 
Samra | BM Diceam. | 
Track DIAGRAM | @ COMPLETED LYAGRAPS, 
@ : 
= 1 b 7 ee ey Se — ! 
sae | Sales | SHEAR. 
SHEAR [eRcE Diag" ¢ | | | | 
| a Le y Ly c a wen : By 
G (Zh 3 N Bays Ni 
| BM. DIAGRAM. BENoING MOMENT 


Fig. 146. Uniform load on beam with overhanging ends. 


I. Centre loading. See Fig. 146 (1). The total load on this 
portion of the beam will be wZ lbs. This will be borne equally by 
the two supports and hence the shear at A and at B will be wL/2, 
being positive at the former point and negative at the latter. 
Since the shear values alter uniformly from one. to the other value, 
the diagram will be completed by drawing the sloping line ef. The 
bending moment diagram will be of the same form as for a simply 
supported beam with distributed loading, the maximum ordinate 
being equal to wL?/8; see Fig. 146 (I). 


II. End loading. See Fig. 146 (II). The shear values at A and B 
will clearly be each equal to wZL, but of opposite sign. The shear 
value between A and B will be zero, while beyond A and B it 
will decrease uniformly to zero at the extreme ends. 

The bending moment diagrams for the outer ends will be of the 
same form as for a uniformly loaded cantilever, and for this case, as 
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in that dealt with in the preceding paragraph, the bending moment 
will remain constant between the points A and B, the magnitude 
being — wL,?/2. 


III. Completed diagrams. See Fig. 146 (III). The diagrams of 
shearing force will be easily added together, each section being 
unaffected by the other. In the case of the bending moment 
diagrams, however, when one portion is superimposed on the other 
we see that certain portions coincide: then, since these portions are 
marked positive on one diagram and negative on the other, they 
obviously “cancel out” and the uncancelled portions form the 
completed bending moment diagram shown. It should be noted 
that in this case negative bending moments occur at the supporting 
points A and B, while the bending moment at the centre of the 
beam is positive. 


90. Beam subjected to several concentrated loads. See Fig. 147. 
This merely requires an extension of the methods already described, 
the separate diagrams for each load being added to obtain the 
complete and final figure. 


Reactions. Each load is considered separately, as shown below, 
but can be expressed in one equation. Thus, 


R, due to W, = ee = 
hk, due to Ws = urs Y 
R, dueto W, = ue a 
or, taking these together, 
Wie , Way , Wsz 


Total reaction at A = R, = 


pee ers, L 
W,2+ W.y+ Wz 
==) = = L = . 


The reaction at B will be equal to the total load less the reaction 
at A, or, 


R, aan (W, W, Ws) Ry, 
but, as a check, it should always be calculated separately. 


Shear Force Diagram. If the total positive shear force is set up 
at A and the negative shear force is set down at B, the shear 
diagram can be completed by stepping down (or up), at each point 
at which a load is applied, by the amount of that load; see Fig. 147. 
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Bending Moment Diagram. The small triangular figures a/b, a2b 
and a3b represent the bending moment diagrams for the loads 
W,, W, and W, respectively. The ordinates so obtained are then 
added together, to give the complete bending moment diagram 
acdeb; see Fig. 147. 

If it is desired to check the values, or to find these values directly 
by calculation, a complete expression can be set out as follows. 
Taking the forces acting to the right of C, we have 


B, = R,z — W,(« — y) — Wz (a — 2): 


and similarly at other sections. 


| rl 
a MS e hy ane wher 

Va Sauce DIAGRAN = 

W, ‘ 


Ben DING MOMENT 
DIAGRAM. 


Fig. 147. Beam with several concentrated loads. 


91. Graphical method of construction for the bending moment 
diagram. In examples such as is shown in Fig. 147, where the 
beam is subjected to a series of isolated loads, it is useful, as 
a check, to draw the shear and bending moment diagrams by 
graphical methods, using the link and polar diagrams described in 
Chap. tv. (The method may also be applied to continuous loads ~ 
by first dividing the load into small sections and treating each as 
a separate load.) The procedure is not difficult, but special care 
must be taken to see that the scale for the bending moment 
diagram is correctly calculated; the method and its proof are given 
below. 


Let a beam AB be loaded as shown in Fig. 148. Let us assume that 
the beam is drawn to a linear scale of 1 in. to X ins. Adopting a suitable 
load or force scale of, say, 1 in. to Y lbs., set down the load line 7234 
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in the manner described in Chap. 1v. Selecting any convenient pole P, 
complete the polar diagram. 

(The relative positions of the diagrams shown in Fig. 148 will be 
found to be convenient and should be followed in solving other problems.) 


Reactions. In the manner already described draw the links ac, cd, 
de and eb of the link polygon. Complete the figure by drawing the 
“closing link” ab and draw P5, through P, parallel to this line. 
Evidently the lines 45 and 51 represent the magnitudes of the reactions 
at B and A respectively. 


Shear Force Diagram. The two reactions may now be projected 
across, in the manner shown, upon the vertical lines in which these 
forces are acting and on which they are then represented by bb’ and 
aa’ respectively. The line ab forms the base line of the shear force dia- 
gram. Between the points A and C, and also points B and H, on the 
beam the values of the shear force do not alter; hence these portions of 
the diagram can be completed by drawing short horizontal lines, 

At C, where the load W, is added, the value of the positive shear 
force will be reduced by an amount equal to W,. Similarly at point D. 
These reductions are made by direct projection horizontally from the 
points already found on the load line 12534. Between C and D, and again 
between D and #, the values remain constant and the diagram is com- 
pleted by drawing the horizontal lines e’d and d’e respectively. 

The shear force at any point 7’ on the beam is given by the corre- 
sponding ordinate (S;) on the diagram, the scale being that adopted 
for the load line. 


Me Ws 


Linear scale, 1 in. to X ins.; Load scale, 1 in. to Y lbs.; PO=Z lbs.; 
Bending moment scale, 1 in. to (X x Z) lb. ins. (See text.) 


Fig. 148. Graphical method of drawing shear force and 
bending moment diagrams. 


Bending Moment Diagram. We will now proceed to show that 
the link polygon acdeb is also a bending moment diagram, the vertical 
ordinates of which are proportional to the bending moment at corre- 
sponding points on the beam. 
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Let hk be the ordinate intercepted by the links of the link polygon 
on the vertical line passing through any section 7 on the beam. Produce 
the link ac to meet this vertical line in 7. Also draw the horizontal lines 
am and cn through a and c respectively, cutting this line in m and n. 
On the polar diagram draw the horizontal line PO through P cutting 
the load line in O. 

Consider first the bending moment at 7’ due to the reaction R, at A. 
This is equal to R, x AT. But the distances AT’ and am are equal, 
while the force R, is represented on the load polygon by the distance 
1.5. Hence we have 


Bending moment at T due to R, = R, x AT=1.5xam....... (a) 


Again, since in the triangles alk and P.1.5 corresponding sides are 
parallel, these two triangles are similar. Also, since the lines am and 
PO are parallel and similarly placed in these triangles, they must bear 
the same ratio to each as do the sides of the triangle, hence 

ee or lkx PO=1.5 x am. 

am lk 
But the right-hand side of this expression is equal to R, x AT, see (a) 
above; therefore 


lk x PO = bending moment of R, about T. ...... (b) 
Similarly we may show that 
lh x PO = bending moment of W, about JT. ...... (c) 


Now the moment of R, about T is positive, while the moment of W, 
about 7 is negative. The total bending moment (B,) at the section 7’ 
will therefore be equal to the difference between these two magnitudes, 
hence from (b) and (c) 

Total moment at T = B, = (lk x PO) — (lh x PO) 
= PO (lk — th) = PO Xkh; ...... (d) 
see Fig. 148. 

Now if the statement in (d) be true for the forces acting to the left 
of 7, it must likewise be true for the forces acting to the right of 7, 
since we obtain the same result for the bending moment at 7’ whether 
we consider the forces acting to the right or to the left of that section. 
In addition, it can be shown to be true no matter where the section 7 
is chosen in the length of the beam. It follows that the diagram acdeb 
is a bending moment diagram, and its ordinates, when measured to 
some scale, will give the magnitude of the bending moment at each and 
every section along the beam. 


Bending Moment Scale. From the expression (d) we have 
Bending moment at 7’ = B, = PO x kh. 


Now PO represents the horizontal component of any and every inclined 
force acting in the polar diagram, see Fig. 148, and is therefore a constant. 

Again since, as we have seen (see Chap. Iv), the link polygon acdeb— 
which we are now using as a bending moment diagram—is really a 
“space diagram’”’, the ordinate kh is a “‘length” and will be measured 
on the linear scale. 

We may therefore re-write the expression (d) as 


Bending moment at 7’ = B, = PO (measured on the force scale) 
x hk (measured on the linear scale). 
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For example, let the linear scale in Fig. 148 be 1 in. to 12 ft., and let 
PO represent 5000 lbs. on the force scale. If then the ordinate hk at T 
actually measures ? in., this will represent 9 ft. on the linear scale, 
and the bending moment at T = B, = 5000 lbs. x 9 ft. = 45,000 lb. ft. 

But if # in. represents 45,000 Ib. ft. then 1 in. will represent 60,000 lb. 
ft., and this is evidently the bending moment scale in this case. 

Dividing 60,000 Ib. ft. by 5000 Ibs., the magnitude of force PO, we 
get 12 ft., which is the number of feet represented by lin. on the linear 
scale. Hence we have the following simple rule: Yo find the bending 
moment scale multiply the linear scale by PO, the constant horizontal 
component of the forces acting in polar diagram. 

In order to give a convenient scale the distance PO should be carefully 
chosen. In Fig. 148, where the linear scale is 1 in. to X ins., and PO 
represents Z lbs., the bending moment scale would be given by | in. 
to (X x Z) lb. ins.; both X and Z might conveniently be in multiples of 
tens, hundreds or thousands according to the magnitudes of the 
quantities to be dealt with. 


"Problems IX 


_ 1. Ifin Fig. 131 the length of the cantilever is 8 ft. and the load (W) 
is 4 tons, what will be the shear force (in Ibs.) and bending moment (in 
Ib. ins.) at a point C, 3 ft. 6 ins. from the end B of the cantilever? 


2. Ifin Fig. 136 the value of w is 100 lbs. per inch, find the shear force 
and bending moment at a point C, 80 ins. from the end B. 


3. If in Fig. 140 the span Z is 20 ft. and W is 5000 lbs., find the 
maximum shear force and bending moment. 


4. If in Fig. 141 Z is 15 ft. and w is 2000 Ibs. per foot, what is the 
maximum bending moment? What is the shear force and bending 
moment at a point 5 ft. from B? 


5. Ifin Fig. 142 the span L is 20 ft. and the distance y is 8 ft., what is 
the maximum bending moment when W is 5 tons? 


6. Find, by drawing and measuring the bending moment diagram, 
the magnitude of the maximum bending moment in Fig. 143 if the span 
is 20 ft. and y is 14 ft., is 4 ft. and w is 2000 lbs. per ft.? 


7. Ifin Fig. 146 Z is 12 ft. while Z, is 5 ft. and w is 200 lbs. per inch, 
find the bending moments at each support and at the centre of the beam. 


8. With a beam of the same length as in Prob. 7, and with uniformly 
distributed loading over the whole length, where would the supports 
A and B have to be placed so that the bending moments at these points 
would be of equal magnitude to the bending moment at the centre of 
the beam? (Note. Write down the bending moments at these points 
in general terms and obtain L, in terms of L.) 


9. If in Fig. 147 W, is 5 tons, W, is 3 tons, W, is 4 tons, L is 22 ft. 
(a being 18 ft., y 12 ft. and z 6 ft.), find the reactions at A and B and the 
total bending moments at C. D and E. 


10. If in Fig. 148 PO measures 5 ins., the Force Seale is 2000 lbs. to 
an inch and the Linear Scale is } inch to a foot, what is the Bending 
Moment Scale? 


CHAPTER X 


RELATIONS BETWEEN LOAD, SHEAR FORCE AND 
BENDING MOMENT IN A BEAM 


92. Relations between the Shear Force Diagram and the Bending 
Moment Diagram. 


A. Particular case—Isolated loads. Let us examine the case of a 
beam loaded as shown in Fig. 149. 
Reactions. Proceeding as already explained, we have: 
165 8 05 
20 20 
7 80RE 1b 
208s 
or Rk, = 42 tons. 
3x15, 5x4 


: 5 
Reaction at A = 


Similarly 


NG g : 

il+ : 

Shear Force - Re Ps. Diagram 
LOL A 


Wd 
a Ole 
Bending | : 
Moment a a aA 4 Diagram 


Fig. 149. 


Shear Force. From these figures we may set out the shear 
diagram as shown. 


Bending Moment. At any section, say #, 8 ft. from D, take 
moments on the right; then 


Bending moment at EH = 12 x 138 —3 x 8, 
or B, = 184 ton feet. 
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Now consider the area of the shear foree diagram up to section BZ, 
expressing this “area” in terms of tons (vertical ordinates), and 
feet (horizontal distances). Then the area of the shear diagram 
from the left-hand free end up to H 


= (43 x 4) ton ft. — (4 x 3) ton ft. 
me LOPbOD ts Rk a (b) 


Similarly, the area of the shear diagram from the right-hand free 
end up to # 
= — (Ex 8) — 3} x 5) 
mae Oe bon ft. eae (c) 


Comparing (a), (b) and (c) we see that the magnitudes so obtained 
are identical. . 

This relation will be found to exist no matter where H is chosen. 
Similarly, it will be found to be true of any of the examples which 
we have already dealt with or may deal with later. We may 
therefore state that: 


I. The magnitude of the bending moment at any section of a 
beam is equal to the area of the shear force diagram between that 
section and a free end of the beam. 


B. General case—lIsolated loads. Let us now consider a more 
general case such as that illustrated in Fig. 150, which represents 
a portion of a beam between two W i W. 
sections A and B a distance x 4, ‘x 2 ) 
apart, loads W, and W, being ap- | \ 
plied at A and B respectively. (Csr 
The magnitude of the shear force |A io Cc 


(S,) and the bending moment (B,), a SPACE LIAGEAN] 
at the section A, being indicated 7 aie 
on the corresponding portions of feria ol 
the shear force and _ bending ie 1 73 ie 


moment diagrams. qi gt ee 


a 
Now B, represents the moment HEAR RCE DAC 
of all the forces to the left of A, oe 
while S, represents the sum of all | tere | 

these forces up to and including  ~Fo  B | 

the force W,, and it is possible ~ 4, . | 

to show that the total bending { | 
moment at B will be equal to the es DB ¢ 
bending moment at A, plus the BENDING ental 7 DIAGR” 
moment about B of a force equal ig 100, 

in magnitude to the shear force S,, or, B, = B, + (S, x x). In other 


words, the increase in the magnitude of the bending moment at B 
over that at A is (S, x x). It will be seen that the quantity 
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(S, x ) is equal to the area of the shear force diagram between 
the two points A and B. 


Rate of change of Bending Moment. Since the change just 
ascertained is spread over the distance « between A and B, the rate 
at which the magnitude of the bending moment is changing 
between the two points will be given by the expression 


total change 


rate of change = SFR Oo 
(oe : S 
which in this case = a 
which equals S,, the shear force at A, —_ (d) 


An actual case will make this clearer. 


Example. In the case illustrated in Fig. 149 the bending moment 
at C is 19 ton ft., while at D it is 16} ton ft. ; 
Then, to check the statement made above, we may write 


Bending moment at D = (bending moment at C) + (S, x distance DC) 
19 ton ft. + (— ¢ ton x 11 ft.), see Fig. 149, 
= 19 — 23 = 164 ton ft. 


as before, which confirms the statement. 

The change of magnitude in the bending moment between C and D 
is — 23% ton ft., and this takes place over a distance of 11 ft. The rate 
of change is therefore — (2? + 11), or — + ton, and this, as we see, is 
equal to the shear force. 


I 


C. General case—Distributed loading. If we examine the case 
illustrated in Fig. 150, we see that under the conditions indicated 
the relation between the rate of change of bending moment and the 
magnitude of the shear force is unaffected by the magnitude of 
the distance x. If then the loading on this portion of the beam 
ABC is a uniformly distributed load, we can assume it divided up 
into a large number of equal parts, of which the loads W,, W, and 
W, may represent consecutive portions. Over this section the 
outline of the bending moment diagram would then be made up 
of a number of short straight lines, which would approximate to 
a continuous curve, since the change from. the slope of one line 
to that of the one next to 1t would be regular. 

If we took a very large number of these equal portions, that is 
to say if we made x extremely small, this outline curve would, as 
we already know, be a parabolic curve in the case of a uniformly 
distributed load. 

The rate at which the bending moment ordinates are increasing 
(or decreasing) may evidently be measured by the inclination or 
slope of the outline of the bending moment diagram, and, as will 
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be understood from a knowledge of geometry, the slope of a curved 
line at any point is given by the slope of the tangent drawn at 
that point. There need therefore be no difficulty about ascertaining 
the changes of slope at successive points on a curve. Hence, 
remembering that the points A and B on the outline of the bending 
moment diagram in Fig. 150 can be taken so close together that 
they practically become one and the same point, we may put the 
statement (d) above into a general form, which is independent of 
the exact manner of loading, as follows: 


II. The rate of change of the bending moment at any section of 
a beam is given by the shear force at that section. 


D. Position of maximum bending moment. It follows from 
statement II that, when the shear force at a section is zero, then 
the rate of change of bending moment at that section is likewise 
zero. In such a case the outline of the bending moment diagram 
will be neither rising nor falling, that is, it will be horizontal or, 
more correctly, it will be parallel to the base line of the bending 
moment diagram. For example, in Fig. 145 the shear force has 
zero value between the points A and B on the beam and, between 
the same points, the outline of the bending moment diagram is 
horizontal. 

Let us, however, examine a case in which the shear values pass 
through a zero value at a point. In Fig. 151 such a case is illus- 
trated, the shear force being zero at the point f. Following the 
outline of the bending moment diagram from the end A, since 
the shear force remains constant and is positive between the 
sections A and C, therefore the rate of change of bending moment 
is likewise constant, and the outline of the bending moment 
diagram is a straight line inclined wpwards to the nght. 

From C the value of the shear force falls off uniformly to the 
section D, hence the rate of change of the bending moment, that 
is the rate of change of slope of the outline of the diagram, will 
also fall off uniformly, so that between c’ and d’ the outline of the 
bending moment diagram must be a regular curve; see also para. 86. 

Now up to the point f on the shear force diagram the shear force 
is positive, so that the magnitudes of the bending moments, 
which are given by the area of the shear force diagram, must go 
on increasing up to this point f. As we pass beyond point f the 
shear force has a negative value, so that from f onwards to the 
right the total sum of the area of the shear force diagram, that is 
the magnitude of the bending moments, must decrease. It is 
therefore clear that at section F the bending moment reaches a 
maximum value, point f’ being the point at which the outline of 
the bending moment diagram is horizontal. This can be shown 
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to be so by drawing a line parallel to the base line ab of the 
diagram, this line will touch or be tangential to the curve at /’, 
the position of maximum bending moment. J 

From the above analysis, it is clear that the value of the bending 
moment will reach a maximum when the shear force has zero 
value, that is wherever the outline of the shear force diagram crosses 
the base line of the diagram. In certain cases, such as that shown 
in Fig. 146, there may be several such points in the length of 
a beam. 

We may now put the above statement in more general form 
as follows: 


III. Maximum bending moments in a beam occur at those 
sections at which the magnitude of the shear force is zero. 

In designing beams it is necessary that we should know both 
the positions and the magnitudes of the maximum bending 
moments. As the following worked example will show, we can do 
this without much trouble by utilising the statements set out in 
this chapter. 

Example. The beam shown in Fig. 151 carries a uniformly distributed 
load over a portion of its length. Pind the magnitude and position of 
maximum bending moment. 

In this case the loading is at the rate of 2 tons per foot of length from 
C to D, a distance of 6 ft. The 
total load thus imposed is there- 2étons fer fe 
fore (6 x 2) or 12 tons. We can 
look upon this as acting at LH, 
the c.a. of the load, from which 
we have 


a3’! 
12x 15_ 60 | las 


aes eG TONS Cetion 

It 21 7 84 tons a | | 
Similarly the reaction at Bis  Yf& Ke 
R, = 32 tons. :S | 


| | 
. | fl GE LS 
The bending moment at C is \ 


’ 

given by | 
B= 32x 3 — 190 = 255 toni: 

Similarly | 


By=?* x 12 = 288 = 411 ton ft. 
Solution by drawing. With 
the above values both the shear 
force diagram and the bending 
moment diagram can be com- 
pleted, in the manner already 
explained in para. 86. 

The outline of the bending @ 
moment diagram is ac’e’d’b; if 
this has been carefully drawn Fis, 161 
the magnitude of the maximum ee 
bending moment, which is given by the ordinate If’, may be obtained 
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with considerable accuracy by measurement. In any case it is perhaps 
advisable, as an additional check, to calculate this value and to find 
the exact position at which it occurs. 


Solution by calculation. As we have shown, the maximum bending 
moment will be found at the section # over the point f on the shear 
diagram, at which the shear value is zero. Now the shear force at C 
is 84 tons. From that point onwards to D it decreases at the rate of 2 tons 
per foot. It therefore reaches zero value at J’, which is (6 + 2) or 42 ft. 
from C..Then F is 7? ft. from A. 

The maximum bending moment, which occurs at /’, is therefore 


B, = (84 x 72) — (4% x 2) (43 x 4) ton ft. 
= 84 (7} — 24) = 8 x 5} 
44,4, ton ft. 


93. Beams carrying loads which increase at a uniform rate from 
one end to the other. This form of loading, which is not so unusual 
as might at first appear, occurs when the gable-end of a lean-to 
building is carried by a beam, see Fig. 152 (A); when a floor 


eee, 
Saad sleet 


finishes against a wall which is not at right angles to the length 
of the floor, see Fig. 152 (B), where the load-area carried by 
the beam AB is enclosed in the figure acdb; when a pyramidal 


M&DII fais 
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form of roof is supported on the corner by a hip or angle rafter, 
see Fig. 152 (C); or when the side of a tank, subjected to water 
pressure, may be considered to be supported at the top and 
bottom edges. The same form of loading may occur on cantilevers, 
including the case of a reinforced concrete retaining wall and the 
side of a water tank unsupported at the upper edge. 

It will be seen that these cases are of general importance. They 
also afford interesting applications of the relations between bending 
moment and-shear force which we have discussed in this chapter. 
We will discuss the two principal cases, the cantilever and the 
beam, in general terms. 

Case I. A cantilever carrying a load which increases uniformly from 
the free end. See Fig. 153. 

Shear Force. Starting at B, where the load is zero, let it be assumed 
that the loading increases at the rate of w lbs. per inch of length as we 
approach A. Then at C, which is, say, 

a distance a from B, the intensity of Dt Massed load 
the loading will be wa lbs., and the total Seni = wlYp 
load on this length will be 


af wx? 
WE XG) OF p+ eevee (a) 


Similarly the intensity of loading at 
A will be wl lbs., while the total load 
over the whole length of the cantilever 
will be 
L wL? 
(wx x x) or — VO Sais eee (b) 


This value (b) evidently gives the 
maximum shear force at A, just as the 
smaller value (a) gives us the shear 
force at C, or 


Itis clear from (c) that the ordinates 
of the shear diagram vary as the 
squares of their distances from B; the i 


curve is therefore parabolic, being &, 
tangential to the base line at 6 and a COO NO TeN re 
reaching its maximum value at a 


Fig. 153. Cantilever with uniformly 


where 4 : 
increasing load. 


S, = wL?/2. 

Bending Moment. It will be interesting to obtain the bending moment 
diagram in two ways. (1) Proceeding from first principles, we see that 
the load on the portion BC is given by the small triangle in the load 
diagram. The total weight of this is wx?/2 Ibs. and this may be taken 
to act at the c.G. of the triangle, or z/3 ins. away from C. Hence we have 


WH esc? 


Be 5 x 3 5 lb. ins, 
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From (d) it is clear that the ordinates of the bending moment diagram 
vary as the cubes of their distances from B; this gives a curve which 
is part of a “‘cubic” parabola and which is tangential to the base line 
at (eee reaches its maximum value at a, at which, since x becomes L, 
we have 


3 
Bae = [Deise! 0 bey. & ose (e) 


(2) Let us now proceed to find the ordinates of the bending moment 
diagram by means of the methods outlined in this chapter. The bending 
moment at C will be given by the area of the shear diagram up to that 
section, that is by the area bcc’. 

Now the small rectangle, of base bc and height cc’, which encloses this 
figure is divided into two portions by the outline of the shear diagram 
between b and c’, which we know to be part of a parabolic curve. By the 
rules of mensuration we know that this curve divides the rectangle into 
two portions, the larger of which is just twice the area of the smaller, or 
the area of the small figure bcc’ is one-third of the containing rectangle. 
Therefore 

B, = bending moment at C 
= area of shear diagram up to C 
( Cee 
TK ay 


wu? 
meron, 
which is the same value as in (d) above. 
Sumilarly, the maximum value of the bending moment (B,,,..) occurs 
at A, and is equal to the total area of the shear diagram, or 


wl? 1 
1B sa. = Die x L x 3 
wae 


|G? as in (e) above. 


Case II. A beam carrying a load which increases uniformly from one 
end to the other. See Fig. 154. 

Reactions. We will use the same nomenclature as in the last example. 
As before, the total load will be wL?/2. This can be taken to act at the 
c.G. of the load diagram at a distance of L/3 from A. Hence the reaction 
at A is given by 

Ups L Lace? 
(oe VED Yak ae ah OR aE 

Similarly the reaction at B will be 


GLP IG Al 
Ry go a XT 
eke 

eG 


These values give the magnitude of the shear force at each end of the 
beam, that at A being positive, while that at B is negative. 


Shear Force. Consider the shear force at section C, giving due regard 
to sign. This will be 


F(a ce Taos (a) 


inlosee 
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This expression varies as the square of the distance from B, hence the 
curve will be parabolic as in the last example. The curve passes through 
a zero value which we will presently ascertain, and then continues until, 
at A, it reaches the maximum value of wL?/3. 


Bending Moment. Now consider bending moment at C. This will be 
equal to the sum of the moment of the reaction at B about Cand the 
moment of the weight of the portion of the load between C and B 
about C. Hence we have 

wl Ohig” i  Gnilay Osea 
Go EES aa ge 

This expression shows that the value of the bending moment will 
vary as the cube of the distance from 
O, hence the curve will be that of a a 
cubic parabola as before. Since the 
beam is freely supported, the end 2,/ 
bending moments will in each case 
be zero, so that the bending moment 
diagram may be completed by join- 
ing the points a and b. 


Maximum Bending Moment. From 
what we have done already, we know — 
that the maximum bending moment yy/% 
will occur at the section where the “3 
shear force is zero; if therefore we —~— 
put S equal to zero in expression 


ve rite a = 

(a), we shall obtain the position of 1a & 

point e at which the outline of the | } DHEA \LIAGRAM. rt 
' 


ve 
LaaD DIAGRAM 


shear force diagram crosses the base Hl 3 
line. a 
on Oe 
bezeo C Manoa 
a wa? wl? 
ane 
. wl Fig. 154. Beam with uniformly 
or te ae a increasing load. 
whence n= eas = 0-577L, 
V3 
Substituting this value of x in the expression (b), we have 
Ee 
shy oe (O-577L) — © (0-577L)3 
0-577 3 
= E07) 


0-096wL? x 0-668 
= 0:064wL'. 


_ 94, Sum Curves. If the load, shear and bending moment diagrams 
in the two preceding examples, Figs. 153 and 154, are examined, 
it will be seen that in each diagram the ordinate of the curve at 
any section represents the area of the preceding diagram up to that 
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section. Curves so related are known as sum or integral curves (see 
any text-book on mathematics). It may be shown, both graphically 
and mathematically, that in all cases the outline of the shear 
diagram is the sum curve of the load diagram, while the outline 
of the bending moment diagram is likewise the sum curve of the 
shear diagram. 

If in the two examples just completed the same values had 
been given to Z and w in each case, not only would the relations 
between the curves have been as stated, but the curves would 
actually have been identical. The completed diagrams would then 
have differed only in the positions of the base lines. In Case II, for 
example, the position of the base line in the shear force diagram 1s 
settled by the known reactions at each end. In the case of the 
bending moment diagram it is settled by the fact that the bending 
moment is zero at each end, and therefore the base line merely 
joins the ends of the curve. Occasionally this affords a convenient 
method for constructing the bending moment diagram; see 
also Chap. Xvti. 


Problems X 


1. If the rate of loading over CD in Fig. 151 be 8 tons per ft., what 
would be the maximum bending moment and where would it occur? 


2. If the cantilever AB in Fig. 153 carries a brick gable 9 ins. thick, 
weighing 120 Ibs. per cu. ft., state the rate of increase of loading per foot 
if the span (Z) is 15 ft. and the height of the gable at A is 5 ft. Draw 
the shear force and bending moment diagrams and indicate the maximum 
shear force and bending moment. 


3. If the gable described in Prob. 2 is carried by a beam over the 
same span, ascertain the positions of the ends of the new base lines so 
that you may complete the shear force and bending moment diagrams 
by using the curves obtained in Prob. 2. What is the value and position 
of the maximum bending moment? 


CHAPTER XI 


SHEAR FORCES AND BENDING MOMENTS IN FRAMED 
STRUCTURES 


95. Framed structures subject to Bending Moment and Shear 
Force. All framed structures which are used to span openings may 
be looked upon as beams. We should therefore expect to find that 
there exist definite relations between the forces acting in the 
members of such structures, and the shear forces and bending 
moments which may act upon them from point to point in their 
length. These relations are numerically very simple in the case of 
framed structures, such as girders, having parallel top and bottom 
members; see Figs. 155-158. To deal with such cases we shall 
develop in this chapter a method—known in its more general form 
as the “‘method of sections” or “ Ritter’s method ’—of ascertaining 
by calculation the forces acting in the members. In some cases the 
method is easier to apply than the graphical methods already 
described; see Chap. v. In other cases the method is useful if we 
wish to ascertain the forces in a few selected members or to check 
results obtained graphically. 


96. Method of Sections. If in the framed cantilever shown in 
Fig. 155 we imagine the cantilever to be severed at the section 
X-X and the outer portion re- 
moved, we can consider the part acca A 
played by the forces acting in — Ix 
the three severed members AB, 
AK and FE, in supporting the 
forces acting on the cantilever be- 
yond the section. A little thought 
should make it clear that the two 
loads W, and W,, which acted 
upon the cantilever to the right 
of X—X, must have been balanced 
by the three forces acting in the 
three severed members. In other 
words this system of five forces 
must have been a system in 
equilibrium to which the usual 
conditions of equilibrium would 
apply, so that we have: Fig. 155. Method of sections. 

ys 
a =O; 
and xM=0 (see para. 10). 
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It is possible to use these expressions and to write down three 
equations from which, if no more than three members have been 
severed, we can ascertain the unknown forces acting in them; but 
in practice, instead of proceeding in this way it is usually easier 
to write down three equations as equations of moments about 
some convenient point or points. In triangulated structures the 
point common to two of the forces (which intersect at a joint) may 
be taken in two of the cases. Any other point may be taken in 
the third case, but a joint lying in the line of one of the forces is 
usually selected as most convenient. 

Taking the case shown in Fig. 155 the procedure would be as 
follows (see second figure, in which the outer portion beyond the 
section X—X has been removed). 


(a) Since the force in AB and that in AH pass through point A, and 
therefore have no moment about it, if we take moments about A we 


have 
TORE) thay JVI! S21), = (in SK DY te (WE, Se PAID = Bann (a) 


from which we can find the magnitude of the force acting in FH, 
(6) Similarly, taking moments about point #, through which the force 
W, and both AE and FE pass, we have 
Itoeey mim Aly 103 (Ui SS By sh (b) 


from which we can find the force in AB. 


(c) Finally, taking moments about /’, through which only #’E passes, 
we have, where p is the perpendicular distance from / to AEH, 


(Force in AH x p) + (force in AB x h) = (W, x 1) + (W, x 21), 


from which, knowing the force in AB (see (b)), we can find the force 
acting in AZ. 

(Note. If in the expression (c) we should obtain a negative result, it 
would indicate that the force acting in A # acted in the opposite direction 
to that which we had assumed in writing down the equation.) 

(d) At any joint, such as A in Fig. 155, the total moment of the external 
forces about that joint is equal to the bending moment at the joint. Thus 
we could write the equation (a) as 


Horcein fi h = B,. 


In using this latter method it is important to obtain the bending 
moment at the correct section. Thus to find the force in bar AB, the 
bending moment at section BH must be taken, i.e. the «ection at wh ich no 
inclined member is attachzd to AB in the bay being considered. Then 


Trower: 1m, AWB) 34 1). Wein (d) 


Experiment. The correctness of the above analysis may be verified by 
means of the apparatus described in para. 79; see also Fig. 156 (B). 
The outer and inner bays are made rigid, and the forces acting in the 
members 4B, AH and FE# are obtained in the manner already described, 
by replacing the bars successively by others capable of measuring the 
forces acting in them; see para. 79. For example, Fig. 156 (B) shows the 
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arrangement for finding the force acting in bar AZ, the length of AB 
being adjusted until points A, B and C lie in the same horizontal 
line. ; 

The results so obtained should then be compared with those obtained 
by calculation or graphically. The inner bay may be similarly dealt 
with though no new point arises which makes it necessary. The load 
W,, does not affect the forces in the centre bay. 


97. Forces in a framed girder obtained from the shear force 
diagram. If in Fig. 156(B) we consider what is the vertical force 
acting over the second bay from 
the end we see that it must be 
equal to the sum of W, and Wg, 
but this is equal to the shear 
force S, (see Fig. 156 (A)) over 
that bay. Now, since the 
members AB and HF are 
horizontal, the forces in them 
have no vertical component. 
Hence, since AF is the only in- 
clined member in the bay, the 
vertical component of the force in 
AE must be equal to the shear 
force acting over that bay. This 
relation is true for all framed 
structures whose top and bottom 
members are parallel and, as we 
shall presently show in a series 
of examples, it may be used as 
the basis of a method of com- 
puting the forces acting in all 
the members of such structures. 


(Note. The method can be ex- 
tended to include framed struc- 


tures of any outline, but such SHEaAr DIAGRAM 
applications are considered to be Fig. 156. 


beyond the scope of this volume.) 


Experiment. In the preceding experiment we found the magnitude of 
S,, which is the shear force acting over the centre bay, see Fig. 156 (C), 
and this is clearly equal to (W, + W,). 

We also obtained the magnitude of the force acting in the inclined 
member AH, If the above relation holds, then the vertical component 
of the force in AH must be equal to S,. In Fig. 156 (C) the small 
triangle aef has its sides parallel to the lines AH, EF and FA in the 
space diagram of the cantilever. If the angle aef be 0, then we have that 


af 


p= Oe SN Bie of = =a. 
sin 6 
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But aef may be used as a force triangle for the force in AZ, together 
with its vertical and horizontal components, hence 


; shear force across the 

Been Ag : the centre bay 
sin 0 

shear force across bay 


sin (angle of inclination)’ 


Or, Force in diagonal = 


If, as in this experiment, the angle 0 is 45°, then, since sin 45° is 1/V 2, 
we have 
Force in AE = shear across bay x V2.0 ve (11) 
(It is of interest to note that the force in bar HF will be greater than 


that in AB, by an amount equal to the horizontal component of the force 
in the inclined member AZ.) 


Forces acting in the verticals of a framed girder. If in the 
experiment described above the forces acting in the verticals 
are also obtained, it will be found that the force acting in each 
vertical member is equal to the shear force acting over the adjoining bay. 

Some difficulty may, however, be experienced in deciding 
whether the shear value in the bay to the right or to the left of the 
member should be read. The difficulty is resolved by noting how 
the sloping member is attached to the vertical member. For 
example, take the vertical BE in Fig. 156, to which the sloping 
member BD is attached at the top. At the joint B the vertical 
member BE must supply the whole of the vertical force to balance 
the vertical component of the force in BD, since the other two 
members AB and BC are horizontal. But the vertical component 
in BD equals the shear force S, over the first bay, therefore the 
force in the vertical equals S,. Similarly the force in the vertical 
AF will equal the shear force S, acting over the second bay. 


98. Footbridge truss or girder with parallel top and bottom 
members. The truss, which is shown in Fig. 157, carries equal loads 
at each of the bottom joints, these joints dividing the length into 
four equal portions. The height of the truss is equal to the length 
of one bay, the diagonals being therefore inclined at 45°. (Note. 
The actual dimensions of the truss are not given, being unnecessary 
for our purpose.) The shear force diagram, which should not need 
explanation, is given below the space diagram for reference. 

Vertical forces and components. Starting at the right-hand end we 
may write vertically across the diagonal /'H# the magnitude of the shear 
force in the first bay, viz. 3 tons; this is the vertical component of the 
force acting in FE. Since the diagonal is in compression—if /H were 
eut then the points F and # would move towards each other—we prefix 
the “3 tons” with a plus sign. (A minus sign is used in the case of 

_ tension.) In all such trusses the diagonals which slope up towards the 
centre are in compression under symmetrical or uniform loading, and 
im tension when sloping downwards towards the centre. 
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The same method is followed in the second bay, where we write 
“1 ]” vertically across the diagonal GD. 

The force in the vertical /D must be — 3 tons, since it has to balance 
the vertical component of the force in the diagonal PH. Likewise 1t 
must balance the vertical component force of 1 ton in the diagonal GD 
together with the load of 2 tons at D; this again gives — 3 tons and is 
a check upon the first estimate. 

The force in the vertical CG must clearly be — 2 tons, since the 
horizontal members BC and CD can take no part in supporting the 
load of 2 tons at C. 


2 tons 


ae 


SHEAR DIAGRAM 


3lons 


Fig. 157. Forces acting in a footbridge truss. 


Horizontal components. Since the truss and the loading are both 
symmetrical, we need not trouble to write any more vertical components 
on the diagram and, proceeding this time from the left-hand end, we 
may now write down the horizontal components of the forces in the 
diagonals. 

Since the diagonals are all inclined at 45°, the horizontal components 
of the forces acting in them must be equal to the vertical components 
of the forces acting in corresponding members. Thus it follows that the 
horizontal component in the diagonal AH is + 3 tons, while in the diagonal 
BG it is + 1 ton; these magnitudes are written horizontally across the 
member. 


Forces in horizontal members. These may now be readily obtained 
from a consideration of the horizontal components of the forces in the 
diagonals. Thus the force acting in HG must be + 3 tons since it has 
to resist the horizontal component of the force in 4H. The force in AB 
is likewise one of 3 tons but it is a tensile force and hence we write — 3 
tons against AB. Since at joint B the force in AB pulls to the left while 
the horizontal component of the force in BG pushes to the left, then the 
force in BC must be equal to the sum of these two forces, hence we 
write — 4 tons against BC. 
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Forces in the diagonals. These may now be obtained by the use of 
the expression (ii) in para. 97, from which we have 
Force in HF = 3 tons x V2 
= 4-24 tons. 


This result may also be obtained by calculation from the horizontal 
and vertical components; see the next Example. The latter method is 
useful where the inclination of the diagonals is fixed by the dimensions 
and not given in degrees. 

Experiment. Such a truss as that shown in Fig. 157 may be fitted up 
from the apparatus described in para. 79, or from that shown in Fig. 1574. 
All the forces acting in at least one bay should be obtained experiment- 
ally and compared with the calculated values. After the next example 
has been worked the experiment may be repeated with unsymmetrical 
loading; see Fig. 1344. 


99. Example. A special roof truss based on the Warren girder. 
The type of truss indicated in Fig. 158 is occasionally used to 
support, over a wide span, a “‘north-light” or “saw-tooth” roof, 
the roof surface following the lines of the diagonals. The shorter 
pitches are glazed while the longer pitches are roofed in the 
usual way. 


QHEAP LYAGR4M. 


Fig. 158. Forces acting in truss supporting north-light roof. 


For the sake of simplicity intermediate members and load points 
have been omitted. The loading is given in tons and, in order to 
make the case of more general interest, the loading is made 
irregular by introducing ceiling loads. The inclinations of the 
pitches are fixed by the dimensions of the truss. 
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Reactions. These should present no difficulty, though care is needed 
owing to the large number of load points. Taking moments about F, 
we have 


64k, = 1x60+4+ 2x 48+ 1x44+4+ 2x32+4+1x2841x16+4+1x12, 


from which ee - = 5 tons. 
Similarly 

64Ry=1x524+1x 48+ 1x 364 2x32+1x204+2x164+1x4, 
from which Ry = 4 tons. 


From these values the shear diagram can be readily constructed and 
should need no additional explanation; see Fig. 158. 


Vertical components. These may be written direct from the shear 
force diagram, commencing with the end diagonals. The work is 
simplified by the absence of vertical members. The two inclined members 
intersecting at H clearly support between them the load attached at 
that point, they must therefore be in tension. 


Horizontal components. The ratio between the vertical and the 
horizontal components of the forces in the inclined members is the same 
as the ratio between their vertical and horizontal dimensions; thus, the 
horizontal component of the force in AB is (5 x 4/8) tons or + 24 tons. 
Similarly the horizontal component of the force in BK is — (4 x 12/8) 
tons, that is — 6 tons. These and the horizontal components of the 
other diagonals—obtained in a similar manner—are written horizontally 
across the diagonals. 


Forces in horizontal members. At joint A, to produce equilibrium, it 
is clear that the member AK must supply a force of 24 tons acting away 
from the joint, to balance the horizontal component of 24 tons acting 
towards the joint. The force in AK is therefore — 2} tons. 

At joint B the horizontal component of the force in AB is pushing 
towards the right, while the horizontal component of the force in BK 
is pulling towards the right. The force in BC must therefore be a com- 
pressive force equal to the sum of these two, that is + 8} tons. 

At the joint K there are two horizontal components pulling towards 
the left—in AK and B&—while in KC there is a third horizontal force 
pushing towards the left. The force in KH must therefore be a tensile 
force equal to the sum of these three, that is — 9} tons. 

The remaining forces may be obtained in a similar manner. As a 
check a few of the forces may be calculated independently by starting 
from the right-hand end. 


Forces in the inclined members. These may be obtained from the 
‘rectangular components” which we already know; see also para. 3. 
Thus Force in BK = 1/42 + 62 = V52 
7-21 tons. 


I 


100. Example. A French truss. See Fig. 159. In addition to 
illustrating the application of the method of sections to a truss of 
different outline from those which we have already dealt with, the 
following example will show how the method may be used to 
supplement the graphical method in those cases where the latter 
method is difficult of application. The type of truss shown in 
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Fig. 159 (A) is a case in point. When the force diagram 1s being 
drawn it will be found that the work cannot proceed beyond the 
joints at C and M, since there are more than two unknown forces 
at each of these joints. The work can, however, proceed if one of 
the unknown forces be found; this can be readily done either (a) by 
the Method of Sections, or (b) the Method of Substitution. 


8 , 
Space DIAGRAM. rion 
1\&Z 
METHOR nae 
OF 
JECTIONS. 


Seace DIAGRAM Wo 
2 


OF 
SUBSTITUTION. 
Fig. 159. Forces acting in a French truss. 


(a) Solution by the Method of Sections. To find the force in the tie ML. 
If we imagine the tie ML to be severed by a vertical section passing 
through #, then, taking moments about #, the apex of the truss, we have 
Force in ML x height of truss = B,; 
see para. 96 (d). 


But B, = (3% x 32) -(1 x 8+ 1x 16+1 x 24) 
= 64 ton ft. 
Therefore Force in MZ = 64/16 = 4 tons. 


This is sufficient to allow us to proceed with the graphical solution. 
If desired, however, the forces acting in the members DH and EN may be 
found in a similar manner, by assuming a vertical section to cut through 
the members to the left of H. 
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To find the force in DE. Taking moments about M we have, since HN 
passes through M, 


Force in DE x (perp. distance from M to DE) = B 


as 

Now B,, = (33 x 44)-— (1x 4+1x 124 1x 204+ 1x 28+ 1x 36) 
= 54 ton ft. 

Perpendicular distance of DE from M is 9 ft. 

Therefore Force in DH = 54/9 = 6 tons. 


To find the force in EN. Take moments about D, then we have 
Bg = (84 x 40) -— (1 x 8+ 1x 164 1x 244 1-x 382) 
60 ton ft. 


I 


The perpendicular distance of ML from D is 11} ft., while the per- 
pendicular distance of HN from D is 4 ft. Both the members ML and 
EN are in tension (this is obvious from an examination of the truss); 
hence, noting the direction of the forces in these two members about 
the point D, we have, since force in ML is 4 tons, 


(4 x 113) + (force in HN x 4) = B, = 60 
or (force in HN x 4) = 60 — 46; 
that is, Force in HN = 14/4 = 33 tons. 


The above method, which is of quite general application, can be 
applied to any case for which the dimensions of the structure are fully 
given or can be found. The following method is only applicable where 
the forces in the members of this particular type of truss are being 
found by graphical methods 


(6) Solution by the Method of Substitution. The method is also known 
as “‘Barr’s method”. In it we substitute a new member DM for the 
two members DN and NC, see Fig. 159 (B), and thus obtain in this 
portion of the truss a series of joints at each of which there are not 
more than two unknowns, so that the graphical solution may proceed. 

Having drawn the new member DM, see lower space diagram, proceed 
up to point g on the force diagram and then draw qs through q parallel 
to Q-S (using new space lettering in diagram). Through point s thus 
obtained, draw st parallel to S—Z and thus obtain point ¢. Through 
t draw tu parallel to 7—U and thus obtain w on the horizontal through gq. 
Since w is a point on the completed force diagram, we can now replace 
member DM by the original members CN and ND and complete the 
force diagram by working backwards from w. 


Problems XI 


(Note. The results obtained in the following problems may be checked 
by experiment in the manner described in paras. 96 to 98.) 

1. If in Fig. 155 the weight W, = W, = 14 lbs. and the distance 
AB = BE = BC = 10 ins,., calculate the magnitude of the forces acting 
in the members AB, AH and FE. 

2. Using the same values as are given in Prob. 1, find the forces 
acting in the vertical members BH and AF and check the force acting 
in the inclined member AH. (Use the methods given in para. 97.) 
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3. The truss shown in Fig. A is known as an N- or Pratt truss. It is 
occasionally used tc support a series of roof trusses in the manner shown 
in the small sketch, where a large area is to be roofed over without 
intermediate supports. Assuming for simplicity that the truss 1s loaded 
as shown in Fig. A, find the magnitude of the forces acting in the members 
AF, EB, EF, FB and DE. (See experimental truss in Fig. 157 a.) 
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Fig. A. N-truss supporting roof. 


4. If the truss shown in Fig. 157 has two additional loads of 2 tons 
each, placed at points C and D respectively, find the forces acting in 
the members radiating from point G. 


loads tn lbs 


/5000 /$000 45000 45000 
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Fig. B. Truss supporting gallery. 


5. The truss shown in Fig. B is used to support a gallery or baleony 
resting on its upper surface. As the gallery may be only partially loaded, 
the centre panel is counterbraced to deal with the unsymmetrical 
loading so produced. The inclined members are only capable of resisting 
tensile stresses. For the loading indicated find the forces acting in the 
members forming the centre panel. 
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6. The truss shown in Fig. C is known as a Howe truss and is suitable 
for construction in timber and steel. The truss is to be used to 
carry a flat roof above and a ceiling below. For the loading given, 
calculate the forces acting in the members 4B, BO, AC and CD. 


Fig. D. Side of derrick tower subjected to wind pressure. 


7. Fig. D gives the dimensions of one side of a derrick tower, which 
is divided into three equal bays by horizontal members, each bay being 
counterbraced with stays which are only capable of resisting tensile 
forces. If the effect of wind pressure on the tower is to subject this 
frame to horizontal forces at the joints B, C and D as shown, calculate 
the forces acting in each horizontal member (excluding AH), and in 
each inclined member brought into action. 
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CHAPTER XII 


STRESS AND ELASTIC STRAIN. STRENGTH AND ELASTICITY 
OF STRUCTURAL MATERIALS 


101. The deformation of structural materials. It is a matter of 
common experience that forces may be transmitted through solid 
materials and that those materials are deformed or strained in the 
process, being either lengthened, shortened, twisted or bent. We 
also know that, if the forces so transmitted be not excessive, then 
the deformation which is produced will disappear on the removal 
of the forces. To this latter property has been given the name of 
Elasticity (see Vol. 1, Chap. v1). 

In certain building materials, such as steel or stone, the 
amount of deformation due to the application of external forces 
may be very slight, so slight in fact as to be invisible to the 
unaided human eye; but, by the use of powerful testing machines, 
together with highly sensitive measuring instruments, we know 
that even the most rigid materials are strained in this way. 
By the same means we are able to measure the amount of that 
strain (even in cases where it is extremely small), to ascertain the 
magnitude of the force producing the strain, and to prove that in 
common with more flexible materials they also possess this property 
of elasticity. This and similar facts have furnished the experi- 
mental basis upon which has been built up scientific knowledge 
concerning the relations between stress and strain in “elastic” 
materials. These relations form an important and essential link 
between the work which we have already done on the distribution 
of forces in the members of structures and that which we propose 
to do, in the later stages of this volume, on the strength of structural 
materials and the manner in which applied forces are resisted 
by them. 

Though the subject of elasticity must for practical purposes be 
closely associated with experimental work, it is a subject which 
has been developed during the last 250 years with great fullness on 
the mathematical side in relation to an imaginary and ideal elastic 
substance. While it is not necessary in a sectional treatise of this 
kind to enter into the more complex aspects of the subject, it is 
important that we should be acquainted with some of the 
elementary conceptions of it, before proceeding to deal with 
practical building problems in which a consideration of elasticity 
is involved. 
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102. Stress. When a body is held in equilibrium by a simple 
system of external forces acting upon it, then it is clear that the 
effects of those forces must be transmitted through the material of 
the body. If we consider a plane surface within the body, at any 
convenient section of it, then equal but opposite forces must be 
produced within the material of the body and must act on either 
side of such a section, for, if not, then the body would either be torn 
apart or crushed by the relative movement which would take place, 
and equilibrium would be destroyed. 

These equal and opposite forces can only be supplied by the 
material of the body, which is therefore said to be in a “state of 
stress”. Hence we may say that Stress is the resistance set wp within 
the substance of a body which is transmitting external forces. 

Though stresses may, as we shall see, be very complex, they can 
be analysed into three simple stresses, viz. tension, compression 
and shear stresses. . 
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Tensile stress. If CD in Fig. 160 (I) be part of a tie bar which is 
subjected to a pull P at either end, then the stress at the section 
a-a, taken at right angles to P—P, is a tensile stress which is 
resisting the tearing of the portion C from the portion D. The 
resistance of the material across the section a—a must evidently be 
such that the portion C is held in equilibrium by the force P to 
the left and an equal and opposite force acting at the other end; 
this latter force is the result of the stressing of the substance of 
the bar. The equilibrium of the portion D may be similarly stated. 

When, as in this case, the stress is a simple one, the intensity of 
stress or the stress per wnit area is obtained by dividing the total 
force acting across the section by the area of the section; thus, if 
the area of the section at a—a be A, we have: 

12-2 
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E ; total force 
Intensity of stress = stress per unit area = merarene 


or Stress = _ a i ree (1) 


If P be measured in pounds and A in square inches, then the 
stress will be given in pounds per square inch or, abbreviated, 
“Ibs. per sq. in.”’. 

In future we shall use the word “stress” to mean “intensity of 
stress” or “stress per unit area”’, the force acting across the whole 
area being referred to as the “total stress” or merely “the force”. 

In those cases where the stress is not uniformly distributed over 
an area the “stress at a point” may be taken to mean the stress 
over a small area situated at that point. 


Compressive stress. If in the case shown in Fig. 160 (II) the bar 
DE is subjected to the action of two equal forces P acting at 
either end and towards each other, then the stress at the section 
b-b will be a compressive stress and its intensity will be given as 
before by 


, P 
Compressive stress = Fi 


Shear stress. A case of shear stress is illustrated in Fig. 160 (IID). 
A forked tie bar is connected to another by a pinned joint at AB. 
A pull P is applied to each of the portions of the bar. If, as we may 
assume, half of the pull P is transmitted to the pin by each half 
of the fork, then at the sections CD and HF the pin AB is subjected 
to a force of P/2 which tends to slide one portion of the pin past 
the other; such a stress is known as a shear stress and its intensity 
is obtained by dividing the total force by the area of the section 
across which it is acting, 1.e. in this case the area of the cross section 
of the pin. If this be A, then 


Je? 
Shear stress in pin, at CD and EF, = HOR os 
area A 


103. Strain. All bodies alter in shape when subjected to stress; 
this alteration in shape is known as “Strain”. For every kind of 
stress there is a corresponding strain. Thus the tie bar CD shown 
in Fig. 160 will be lengthened under the action of the tensile stress, 
while the bar DE will be shortened under the compressive stress. 
(Shear stress and strain is dealt with in Chap. xv and will not be 
further defined here.) 
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The term strain may with advantage be used to indicate the 
extension (or compression) per unit of length. Thus in Fig. 161 if 


= 22 (eames 
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Fig. 161. 


the original length of the bar ABis L units and, after being subjected 
to a pull P, it extends to (L + x) units in length, then the total 
extension is evidently z. If then we define “strain” as “extension 
per unit length”, then 
Spe total extension - 
oer ae T, original length® (1) 


104. Limits of elasticity. It may be shown experimentally for 
most materials that if the stress due to applied forces does not 
exceed a certain magnitude, then the strains which are produced 
will disappear entirely on the removal of the stress. The limiting 
stress in such a case is known as the Elastic Limit. At any stress 
below the elastic limit stress, such a material is said to be truly 
elastic. 

If the material be subjected to a stress above the elastic limit 
stress, all the strain does not disappear; the strain remaining after 
the removal of the stress is known as the Permanent Set. 


105. Hooke’s Law. One of the most fundamental laws of 
elasticity was that first enunciated in the seventeenth century by 
Hooke, who showed that for many materials the extension was 
proportional to the force producing i. 


For our present purpose we can now put this in a more general 
form as follows: Within the elastic limits for any material the strain 
is proportional to the stress. 


106. Coefficients of elasticity. Young’s Modulus. If Hooke’s 
Law be true for a material, and the strain is proportional to the 
stress, then we may express the relation in the following form: 


Stress = Strain x Constant. 


The constant in the above expression is known as the Coefficient 
or Modulus of Elasticity; hence we have that 
stress 


Coefficient of elasticity = ——. eu... (111) 
strain 
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The coefficient of elasticity varies for the different kinds of stress 
and strain and also for the various materials. Fortunately for our 
purpose this coefficient is practically the same in tension and com- 
pression for most structural materials. This is the coefficient with 
which we shall be most concerned in this volume; it 1s known as 
Young’s Modulus, after the English physicist who first established 
it. It is usually expressed in abbreviated form by the letter E. 

The value of Young’s Modulus for any material is ascertained 
experimentally, using the equation, 

Young’s Modulus = E = sia prediiis atkres (iv) 
strain 

It should be noted that, since “strain” expresses deformation 
as ‘“‘a fraction of unit length’’, while stress is measured as “‘a force 
per unit area” (e.g. lbs. per sq. in.), then the “‘ coefficient’? must be 
expressed in the same terms as the stress, i.e. force per unit area. 

(The Shear or Rigidity Modulus (G) is referred to in Chap. xv. 
The Bulk Modulus (K), which is not of importance to us at this 
stage, applies to the case wherein a body is subjected to three 
mutually perpendicular and equal stresses, being reduced or 
enlarged in volume thereby.) 


107. Experiment. To find Young’s Modulus for a piece of iron wire. 
In Vol. 1, Chap. vi. particulars of an experiment are given in which 
gradually increasing loads were suspended from a length of iron wire. 
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Fig. 162. Relation between load and extension in an iron wire. 


The increases in length over an original length of 84 ins. were carefully 
measured and a graph plotted showing the relation between the load 
and the extension. For convenience this graph is reproduced in Fig. 162. 
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Since the graph is a straight line within the limits chosen, the strains are 
evidently elastic strains, since they bear a constant relation to the stresses 
by which they are produced. 

The LES Ces (d) of the wire was 0-05 in. 

Reading off the force at any convenient point, say 40 lbs., we find 
that the resulting extension was 0-059 in. Hence we have 


force 40 40 x 4 


Stress at 40 lbs. = orcs abe 00-0005 “P* per sq. in.......(a) 
A 
Also Sirain-apAddbess SE 
original length 
0-059 
eae? doar (8) 
Then 
stress 
8 3 (#) = —— 
Young’s Modulus (/) ae rene 
which, from (a) and (b), > 
40x 4 0-059 


~ at x 0-:0025 ° 84 
28,800,000 lbs. per sq. inch, 


I 


108. Lateral strain. Poisson’s Ratio. If a piece of rubber be 
subjected to a tensile stress it will be stretched or drawn out, and 
close observation will show that its lateral dimensions, i.e. its 
dimensions at right angles to the direction of the pull, are reduced. 
Correspondingly if a piece of rubber be compressed its lateral 
dimensions will be increased. In other words the strain which takes 
place in the direction of the principal stress is accompanied by 
certain lateral strains, usually opposite in nature, 1.e. tensile in the 
first direction results in compression (or “negative extension’) in 
the second and wice versa. Such accompanying strains are known 
to exist in most structural materials, though they are naturally 
very minute and difficult to measure directly. Bor each elastic 
material the amount of the lateral strain bears a definite ratio to 
the longitudinal strain. This ratio (usually between one-quarter 
and one-third) is called Poisson’s Ratio, 
or Poisson’s Ratio = — ee eee : 

longitudinal strain 

It is of importance to note that Young’s Modulus, since it is 
deduced from experimental results, takes this lateral straining into 
account. It is, in fact, a practic: al constant and is not based 1 upon 
what might be termed ‘ ‘pure strain’’, 1.e. strain in one direction 
unaccompanied by strain in another direction. 


109. Ultimate Strength. Factor of safety. If a piece of material 
be stressed in a testing machine until it fails, the greatest stress 
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which it carries is known as the Ultimate or Breaking Strength. 
As will be seen when studying the testing of materials, it is not 
always easy to decide the value of the ultimate strength, and 
certain conventions have grown up which must be taken into 
account. For our present purpose, however, we may assume tha 
for each material it has a definite value. 


Working Stresses. It is the commen practice, when designing 
structures, to use for each material certain definite stresses which 
long practice has shown to be safe stresses for those materials. 
These are known as Working Stresses. 


Factor of safety. The ratio between the ultimate strength and 
the working stress is known as the Factor of Safety or 


ultimate strength 
working stress ~ 


Factor of safety = 


The term “factor of safety” is also used at times to express the 
ratio between the theoretical (or actual) load at which a structure 
might be expected to (or does) fail, and the load which it is designed 
to carry. A common value given to the factor of safety is 4, but 
so many considerations affect this value, most of them of too 
complex a nature to be discussed in this volume, that it would be 
unwise in the majority of cases to use this method alone for deciding 
the magnitudes of the working stresses. 


110. A complete tensile test of a piece of mild steel. Of all the 
modern structural materials steel is the one which approaches most 
nearly to the ideal elastic material. Practically all its characteristics 
are well-defined. It has a well-marked elastic limit, below which 
it is almost perfectly elastic. Beyond the elastic limit its nature 
changes steadily and it becomes more and more plastic—strain 
increasing more rapidly than stress—up to the point of failure. 
These facts are well brought out by the stress-strain curve, shown 
in Fig. 163, which is obtained when a specimen of mild steel is 
tested in tension in the manner described in para. 113. 

On the graph shown in Fig. 163 the portion from A to B re- 
presents that part of the test during which the relation between 
stress and strain is constant, AB being a straight line. The point 
B indicates the Elastic Limit for this specimen. Beyond B the line 
curves steadily for a little distance and then suddenly moves in 
an almost horizontal direction. The load or point at which this 
occurs is known as the Yield Point and the accompanying stress 
as the Yield Stress. The strain is relatively so large at this point 
that it is possible to detect the load at which it occurs by the 
large and sudden movement of the lever of the testing machine. 
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Being a clear and easily noted indication of the limit of ordinary 
elastic conditions, it is generally known as the Commercial Elastic 
Limit. 

Owing to the large strains which take place from C onwards, it 
has been necessary to draw the complete graph to a very small 
scale. The portion ABC has therefore been re-drawn to a larger 
scale, see AB’O’, Fig. 163, so as to indicate more clearly the nature 
of the relations between stress and strain over this section. This 
graph should make quite clear the difference between the true 
elastic limit and the commercial elastic limit. 
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Fig. 163. Stress-strain graph for a tensile test on a piece of mild steel. 


Beyond C the strains increase more rapidly than the stress, the 
graph being thus curved. This goes on until, at D, the material 
becomes almost perfectly plastic, strain increasing with only slight 
increases in the stress. 

Up to D the diameter of the test piece will have been reduced 
owing to the lateral straining to which we have already referred. 
At or near D, however, there is a sudden and marked reduction in 
the diameter of the test piece over a short length, a “waist” being 
formed which is clearly visible to the eye. This is shown by the 
small sketch in Fig. 163, in which the two pieces of the test piece 
have been placed together again after fracture. This local reduction 
is so considerable that the actual load at # required to fracture the 
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test piece is less than the load carried at D. It, therefore, the stress 
at fracture be calculated by dividing the fracture load by the 
original cross-sectional area of the test piece, then the stress at 
fracture would appear to be less than that borne by the material 
at D. If, however, the load carried at fracture be divided by the 
actual area of the specimen at the reduced section, it will give 
a stress which is greater than that borne at D. Since, in practice, 
it would be difficult to measure the dimensions of the fractured 
surface of the test piece, the so-called ultimate strength is found by 
dividing the maximum load carried by the specimen by the original 
area of the cross section of the specimen, 


maximum load 
original area © 


or Ultimate strength = 


111. Elongation and reduction in area. The total strain which 
a tensile test piece shows in such a test as that described above is 
known as the Elongation. We have seen that the elongation includes 
the steady strain which took place in the early part of the test, as 
well as the sudden ‘“‘local” straining which took place when the 
“waist”? was formed. Since this latter strain is both considerable 
and localised, and is not seriously affected by the total length of 
the test piece, 1t 1s important, if comparable results are to be 
obtained between one specimen and another, that the length over 
which the elongation is to be measured should be specified. A “gauge 
length” of 8 ins. is commonly adopted or, alternately, this length is 
fixed in proportion to the diameter of the specimen (usually at least 
eight times). Whatever length be selected, it is marked on the 
specimen by means of a steel punch. The first and smaller strains 
are measured by means of an extensometer, as already noted. The 
greater strains which take place after the elastic limit has been 
passed, as well as the total elongation, may be measured directly 
with a rule. 

If the elongation measured as described ‘above be considerable, 
then the material is said to be Ductile. An elongation of 20 % is 
a common value for structural (mild) steel, a value which is not 
reached by any other structural material. 

Since, as will be obvious, the one is related to the other, it will 
be seen that the reduction of the area of the cross section of the 
specimen at the point of rupture is also a measure of its ductility. 
A common value for this reduction of area for structural steel is 
approximately 60 %. 

Materials such as cast iron, certain high carbon steels, and steel 
which has been “hardened” by heat treatment, show only a slight 
elongation and no measurable reduction in area and are therefore 
usually classed as Brittle materials. The same remarks apply to 
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materials such as brick, stone and concrete, though it is obviously 
impracticable to apply to them such tests as have been described 
above. 


112. The elastic limit stress. A mild steel, such as that used in 
structural work, is characterised by a comparatively low elastic 
limit stress (usually about three-fifths of the ultimate strength). 
As we have already seen, the “elongation” in the case of such a 
material consists mainly of the strain which takes place at stresses 
beyond the elastic limit stress. We may therefore say that a ductile 
material is characterised by a relatively low elastic limit stress and 
a considerable extension at higher stresses. With most steels the 
elastic limit stress may be raised by ‘‘cold-working” or, what is 
probably the same thing, by “over-strain”. If a test piece be 
subjected to a stress above the elastic limit stress, it will of course 
show a certain amount of permanent set. If, however, it be re- 
stressed, it will be found to exhibit the property of elasticity (that 
is, stress and strain will be proportional to each other) up to the 
highest stress to which it has already been subjected; this latter 
stress has in fact become the new elastic limit. (This process cannot 
of course be repeated indefinitely, as will be readily seen if we bend 
a bar of mild steel to and fro for a number of times; in the end 
it will break, though the amount of bending may not have been 
greatly increased.) This is a valuable property in connection with 
structural work. If, by reason of inaccurate construction or fixing, 
a member of a steel structure be subjected to a severe local strain 
which produces a stress m excess of the elastic limit stress, then, 
provided of course that the stress be not altogether too high, the 
material will adjust itself to new conditions and continue to 
function satisfactorily, so long as it is not then subjected to further 
stresses beyond the new elastic limit so produced. 

There is, however, this accompanying disadvantage that, as a 
rule, a high elastic limit stress is associated with a reduction in 
ductility. This is found to be so when the elastic limit is raised 
by cold-working, by heat treatment (“hardening” and “tem- 
pering’’), or by an increase of the carbon content of the steel, 
though certain alloy steels have now been produced of considerable 
ultimate strength, which show both a high elastic limit stress and 
considerable ductility. 


113. Experiment. A tensile test of mild steel. In para. 124 a 
complete bending test is described, which was carried out upon a 
mild steel beam. In order to find the strength of the steel and the 
correct value to use for #, the modulus of elasticity, the following 
tensile test was carried out on a piece of steel cut from the beam. 
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Testing machine. Though, owing to the relatively large diameter. of 
the test piece, see Fig. 164, this test was carried out on a testing machine 
of considerable capacity, the testing machine illustrated in Fig. 165 
should be capable of completing such a test, provided the specimen 1s 
turned down to such dimensions that the rupture or breaking load is 
within the capacity of the machine. 


tie eR Fe 


| GAUGE BENGTH | 


Fig. 164. Steel tensile test piece. 


Test piece. This is shown in Fig. 164. The centre portion was turned 
down to a diameter of 0-798 in., thus giving a sectional area of (7/4 = 0-798?) 
or 0-5 sq. in. 

This portion was about 12 ins. in length in order to provide for a 
gauge length of 10 ins, (see note below on the Extensometer). 


Fig. 165. Testing machine. 


Ultimate strength. The test piece broke at a load of 12-1 tons, then 
rupture load 12-1 
original area 0-5 
= 24-2 tons per sq. in. 


Ultimate strength = 
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Yield point stress. This occurred at a load of 7:8 tons. 
load 7:8 
area 0-5 
= 15-6 tons per sq. in. 


Then Yield point stress = 
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Fig. 166. Load-extension graph within the elastic limit, 


To find E, using an Extensometer. An extensometer is an instru- 
ment used to measure small ‘‘extensions’’. Similar instruments are 
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used to measure compressive strains, and are referred to as “‘compresso- 
meters”. The extensometer used in this experiment—and which can 
also be used to measure compressive strains—is illustrated in Fig. 175 (B) 
and described in para. 124. The advantages of this type of extenso- 
meter are that it is simple in construction and its action is easily 
understood. It can, however, only be used satisfactorily on large speci- ~ 
mens, since a gauge length of 10 ins. is necessary; see Fig. 164. Changes 
in length of the test piece as small as 0-0001 in. can be read if the 
instrument is carefully set up and used.* 

The results obtained in the present test are indicated in the table 
below. From these figures the graph shown in Fig. 166 has been plotted. 
In drawing this graph it will be found that the points obtained lie close 
to a straight line. Having drawn the straight line which appears to 
interpret the results as fairly as possible, this line is then used to furnish 
the values required to ascertain the magnitude of L. 

Thus we find from Fig. 166 that, for an increase in extension of 
0-004 in., there was an increase of load of 2-7 tons. Then 


stress 

strain 

_ 2-7 x 2240 1 

= Oo i 20-004 

= 30,000,000 lbs. per sq. in. (approx.). 


I 


HE = modulus of elasticity 


Readings by extensometer (gauge length 10 ins.). 


Load (tons) ie Il 0 | 0-84 tly iee lace oh soeeeeoammlnta ss 


Extensions in Up 0 6 Hes | PAD. |) P47 36 | 44 | 52 
1/10,000 in. Down 1 7 RE) Al | PAD) | aN Busy |] Se 


Note. Readings were taken as the load was increasing (“Up”), and 
also as the load was decreasing (“‘Down’’). The elastic limit stress was 
not exceeded. 


114 Strength characteristics of structural materials other than 
steel. The question of the strength and elastic properties of the 
other structural materials need not be gone into in detail at this 
stage, since they will be dealt with more fully in Section mr, in 
connection with the various types of construction. As will presently 
appear, the tests described in this chapter are not suitable for 
materials other than steel and wrought iron, and other tests are 
used, of which the “Compression Test”, see Chap. xx11, is perhaps 
the most important. 

Materials such as cast iron, stone and concrete, all of which are 
weak in tension but strong in compression, have no well-defined 
elastic limit. Usually they show small amounts of permanent set 
at low stresses on being first loaded, practically no part of the 

* Readers desiring more complete information on the subjects of testing machines 


and extensometers should consult Unwin’s Testing of Materials, Popplewell and 
Carrington’s Materials of Construction, or Smith’s Handbook of Testing Materials. 
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stress-strain curve being really straight. It is thus usual to adopt 
some convention as to the portion to be used in determining the 
value of #; see stress-strain curve for concrete, Fig. 225. 

The strength of steel and cast iron in compression (also of other 
materials) is dealt with in Chap. xxtt. 

Timber, see Chap. xxv, is a material which is flexible but not 
ductile. It has, however, a fairly well-defined elastic limit. This 
is most readily obtained from a bending test, from which also the 
value of H may be most suitably obtained; see Exper. in para. 143. 


Problems XII 


1. Ifin Fig. 160 (IIT) the pull P is 90,000 lbs., calculate (a) the net area 
of the tie bar if the tensile stress is not to exceed 16,000 Ibs. per sq. in., 
and (b) the diameter of the pin AB if the shear stress is not to exceed 
12,000 lbs. per sq. in. 


2. If the tie bar in Prob. 1 is 20 ft. long, find the total extension when 
the bar is subjected to the pull P of 90,000 lbs. if # is 30,000,000 lbs. 
per sq. in. 


3. In the test illustrated by Fig. 163 the following values were 
obtained: Elastic limit stress 35,000 lbs. per sq. in., strain at point B’ 
0-0012 in.; breaking load 5-9 tons, original diameter 0-5 in., final diameter 
0-34 in., gauge length 8 ins., final length between gauge points 9-5 ins. 
Using these values, find (a) the modulus of elasticity (£), (b) the ultimate 
strength, (c) the reduction in area, and (d) the elongation. 


4. What would be the actual stress at fracture of the test piece 
described above in Prob. 3? 


5. Ifabeam be made from the material tested in experiment, para. 113, 
and then loaded, the material will be strained differently at different 
layers. This strain was measured at two layers X—X and Y—Y;; find the 
stress in each layer if the following results were obtained: (a) at layer 
X-—X the original gauge length of 10 ins. extended to 10-0066 ins., (b) at 
layer Y—Y the original gauge length of 10 ins. shortened to 9-996 ins. 


6. A short reinforced concrete column has on the section an area of 
concrete of 100 sq. ins. and an area of steel of 1-5 sq. ins. If on a length 
of 20 ins. the column is found to shorten by 0-006 in. when subjected 
to a certain load, calculate (a) the stress in the steel and the concrete, 
(b) the portions of the total load carried by the steel and by the 
concrete, and (c) the total load on the column. The value of # for the 
concrete may be taken to be 2,000,000 lbs. per sq. in., while that for 
the steel may be taken to be 30,000,000 Ibs. per sq. in. 


CHAPTER XIII 
THE THEORY OF ELASTIC BENDING 


115. Simple bending. In Chaps. vit, rx and x1 we considered the 
fundamental principles upon which the study of the present chapter 
is based. 

Chap. vir dealt with the equilibrium of forces in a loaded beam, 
and showed the general relations which exist between the external 
and internal forces. 

Chap. 1x explained methods of analysing the principal forces, 
and of estimating and representing shear forces and bending 
moments, special attention being given to the common cases of 
practical loading. 

Chap. xi dealt with the property of elasticity and established 
the relations which exist between stress and strain in elastic 
materials. 

The object of the present chapter is to study in detail the internal 
action of the material of a loaded beam, and to ascertain the 
distribution of the elastic strain and of the related stress in the 
fibres of the beam. 


Experiment. In Chap. vit we obtained a rough conception of the way in 
which the material of a bent beam is strained, by means of a short deep 
rubber beam (see also Fig. 167). 
Before bending, a horizontal lne N 
was marked along the middle of 
the depth of the beam, and also a upace BEAM 
series of equidistant vertical lines. MARKED For Exe? 

If a load be applied at the centre x! | 
of the beam sufficient to produce 
a considerable deflection, see Fig. 
167 (6), it will be seen, from the 
relative positions of the originally FTI" = 7 
vertical lines, that the upper layers RusBER Beam EXPERIMENT. 
of the beam have been compressed 
while the lower layers have been 
extended. Fig. 167. Rubber beam. 

Further, the amount of this 
change—or strain—will be found to be greater the farther the layer is 
from the middle layer NL. 

Lastly, while the line NL has been bent in following the curvature of 
the beam, its actual length will be found to be unaltered. This layer 
would therefore appear to have suffered no longitudinal strain. 


From this rough conception of what takes place in the material 
of a loaded beam we may now proceed to build up a more exact 
statement. 
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We shall limit our investigations in the first place to what is 
called “simple” or “pure bending”. Such a case is shown in 
Vig, 164, in which a beam RS of uniform section is loaded with 
two equal loads, W and W, at points M and N, which are equi- 
distant from the ends of the 
beam, If the distances RM and 
SN are both equal to |,, then, 
since the reactions at each end 
are equal to W, the bending 
moment (B), between M and N, p.|y SPACE DAGRAT phy 

| 
| 


will be constant and equal to | 
W x \,, Betweenthesetwo points — f 
the shear force (S) will be zero. 
(The case is similar to the one 
dealt with in para. 88, the direc- COAL, | 
tions of the loads and reactions | 
being reversed.) 

Any short portion of the bear Benoine Moraent LYAGRAIM 
between thetwo points M and N Fig. 168, Cade of simple bending, 
will be subjected only to two 
equa) and opposite couples, cach of which are equal to B, the 
bending moment; see Fig. 169. The effect of these applied couples 
will be to bend this portion of the beam to the form shown (exag- 
gaated) in the second figure in Fig. 169. 


: Inear Ferece D 
| 
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116. Assumptions in the theory of simple bending. Before 
considering the straining actions which take place in a loaded beam, 
certain conditions and assumptions must be stated which, as the 
discussion proceeds, will be seen to be of fundamental importance. 


Assumption I. That the beam has the same cross section through- 
out and is at Jeast symmetrical about a vertical axis. (The 
majority of the beam sections are symmetrical both about their 
vertical and their horizontal axes but, for the present, we will 
limit our assumption to the case mentioned. The beam is assumed 
to bend in a plane parallel to that containing the vertical and 
longitudinal axes of the beam.) 


Assumption Il. That, for the material of the beam, strain is 
proportional to stress, i.¢. the limits of elasticity are not exceeded; 
and the value of Young’s Modulus (/) is the same in tension and 
COMMPLABON. 


Assumption IIL. That each layer in the beam is free to expand 
or contrac Jaterally under stress, being unaffected by adjacent 
layers which may not be subjected to the same stress intensity. 


UsZoU 13 
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Assumption IV. That cross sections of the beam which are plane 
and at right angles to the axis of the beam before bending, remain 
plane and normal to the axis after bending. That is, if the lines 
AB and CD in Fig. 169 represent such plane sections of the beam 
before bending, then the lines A’B’ and C’D’ may similarly be 
taken to represent the corresponding plane sections in the bent 
beam, their surfaces being normal to the curve which the axis of 
the beam has assumed. This is known as“ Bernoulli’s Assumption”, 
after the eighteenth century mathematician who enunciated it. 
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Fig. 169. Simple bending. 


117. Relation between stress and the shape of the bent beam. 
Keeping in mind the assumptions just stated, let us consider two 
plane sections, represented by AB and CD on the drawing of the 
unbent beam, which are at right angles to the axis of the beam 
and which are assumed to be a very short distance apart. By Assump- 
tion IV these plane sections remain plane after bending and may 
be represented in the second figure by the lines A’B’ and O’D’. 
From this figure it will be seen that the upper surface or layer of 
the beam has been shortened or compressed, the length A’D’ 
being less than AD, while at the same time the bottom layer has 
been extended. It will also be seen that intermediate layers will 
range from one extreme to the other so that some layer FE will 
have been neither extended nor shortened, that is the layer will 
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not have been strained longitudinally, the length of E’F’ being the 
same as the original length HF. The layer will of course have bent 
to follow the curvature of the beam. The layer or surface repre- 
sented by the line #¥—which continues (see line NZ) throughout 
the length of the beam—is known as the Neutral Layer or Surface. 
The line X—X on the section of the beam through which this plane 
passes is known as the Neutral Axis; see Fig. 169. 

Now let the section planes represented by A’B’ and C’D’ intersect 
in some line, of which the point O is the vertical trace in the plane 
containing the vertical axis of the beam, and let the angle so 
formed be 6, and the distance from O to the neutral surface EH’ F’ 
be R. This distance R may be taken to be the “‘radius of curvature” 
of the curve to which the short length FE has been bent. The 
length R will usually be considerable, the actual distortion of the 
beam being small. 

Let y be the distance between the neutral layer FE and some 
other layer HG which is nearer to the tension edge. Then the 
original length of HG is equal to FE, and also to F’#’, since the 
iver fat 18 nObstralmed.. 1° | sth ese 9 *Fe* Deere (a) 

The strained length of HG is given by H’G’. If then F’H” be 
drawn through F” and parallel to OL’G’, then HG’ will evidently 
be equal to F’ LH’, that is to FH, thatis to HG (see (a) above), which 
is the original length of HG. 

It follows that H’H” represents the total strain on HG. ...... (b) 


Now since the figures OF’E" and F’H'H” are similar figures, 

corresponding sides will bear the same ratio to each other, so that 
a aoe = ates (see (a) above) 

total strain in HG 


Se nenchicnie = unit strain in WG. ...... (c) 
But, from (iv) para. 106, we have 
stress pemes we stress 
Koa of sane 


Then if f be the flexural stress or stress due to bending in the 
layer HG, and £ is the modulus of elasticity for the material of 
the beam, we have f 


unit strain in HG = Botts (d) 
Then, combining (c) and (d), we have f/# = y/R, 
le I ela a ee (i) 


or y PR 
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which is the first important result in this discussion. (Note that y 
may be measured either above or below the neutral layer.) 


118. The Distribution of Stress. By Assumption IV the lines 
A'B’ and C’D’ in Fig. 169 are straight lines, and the strain in each 
layer is therefore proportional to the distance of each layer from 
the neutral layer, that is to the 
distance y. This is true both on 
the tension and on the compression 
side of the neutral layer. Hence if 
we draw a diagram to show the dis- 
tribution of stress between layers, 
as in Fig. 170, on which f, and f, 
represent the flexural stresses at 
the tension and compression edges 
respectively, the lines bE and ali 
must be straight lines, since the strain, 


a 
: LDIAG: 
and. therefore the stress, in any layer Cross Decrion Gee a 


B | 
ly 
is proportional to its distance from 


Fig. 170. Distribution of stress. 
the neutral layer. 


Hence we have that, the longitudinal strains and also the stresses 
in the layers of a loaded beam, are proportional to the distances of 
those layers from the neutral layer. 


_ Again, since by Assumption II, we have that H is the same 
in tension and compression, it follows that stress and strain are 
similarly related in tension and in compression, and the inclina- 
tions of the lines DH and a# to the line AHB in Fig. 170 must be 
a same. Hence the line akb must be one continuous straight 
ime. 

Further, it follows from the last statement that, if y, and y, be 
the distances from the neutral layer to the compression and tension 
edges respectively, then 

fo_ Si 


i gs , ee (a) 


Also, at this section in the beam, f, and f;, are clearly the 
maximum flexural stresses in compression and tension respectively. 

The greatest value of the relation expressed by (i); para, 11% 
(f/y = E/R), lies not in its immediate practical value to us, but in 
the fact that an important and essential step in building up the 
theory of bending has been established. The following example 
will serve to show how the various units must be consistent with 
each other, and will emphasise just what are the limitations of this 
expression. 


XIIT] THE THEORY OF ELASTIC BENDING 197 


Example. Calculate the radius of curvature (R) to which a mild steel 
bar, 1 inch in diameter (ad), may be bent so that the maximum stress (f) in 
the bar reaches but does not exceed 30,000 lbs. per sq. in. The value of E 
may be taken at 30,000,000 lbs. per sq. in. 


_In this case since the section is symmetrical the neutral axis will 
divide it into two equal parts, so that y, = y, = d/2 = 0-5 in. 


(Note. All quantities being in terms of inches and lbs. we should 
expect the answer to be given in the same terms.) 
From para. 117 (i) we have 


f_# 
y BR’ 
Ey 30,000,000 x 0:5 
R aa = > ’ 
a? a 30,000 
= 500 ins 


119. Position of the neutral axis. The foregoing example illus- 
trates the relations included in expression (i), viz. f/y = H/R, but 
does not enable the stresses to be related to the bending moment 
(B), or to the dimensions of the beam, other than the depth in 
the case of a symmetrical section. Before we can extend the 
expression an important step is necessary, and that is to find 
the position which the neutral axis must occupy on the section of 
a beam. 

In Fig. 171 is given a pictorial representation of the type of 
beam section which we are here considering, together with a 
graphical representation of the manner 
in which the stresses are distributed 
over such a section. We shall call this 
a ‘‘Distribution-of-stress Diagram”’. 
From this it will be clear that, while 
the stresses vary uniformly in the layers 
between the neutral layer and the top 
and bottom surfaces of the beam, the ( 
stress will be uniform in each layer across 
the breadth of the beam. 

On Fig. 171 the single large forces 7 
C and 7 may be taken to represent 
the total of all the compressive forces rie! 
and all the tensile forces respectively _ cs 
which may be acting on the section. (For Hig. 171. Diagram of distribu- 

jon of stress across a beam 
the present we need not concern our- _ gection. 
selves with the exact magnitude or loca- 
tion of these two forces.) 

In Fig. 172 is given a drawing of the section AB together with 
the accompanying diagram of stress, the terms used having the 
same meanings as in the preceding figures. 
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Let us consider a small element of area a on the section, situated 
at the distance y from the neutral axis X—X. If the intensity of 
stress acting on this area be f, 
then the total force acting on 
this small area a will be a x f. 

But from the figure we see 
that, by similar triangles, 


Tease 
arts: 


AD 
whence f= (Z x y). E eee BE 
SECTION. — DIAGRAN of ITRESS 
Fiz. 172. Position of the neutral axis. 


=a(#x y), eee (a) 


c 


Therefore the total force on the 
element a =a x f 


and the total compressive force C, on the area above the neutral 
axis X—-X, which may be found by obtaining the sum of all the 
forces on these small units of area, may be found from 


G=3 c ee x )]. 
Yc t 
which, since f,/y, 1s a constant, gives 


BAL 
C= i Gs ey): 
But the quantity & (a x y) is the first moment of the area about 
X—X, the neutral axis; see (iii) para. 15. Hence we have that, 


total compressive force on the area above X—X 


== _f x (first moment of this area about X—X). ...(b) 


Similarly, if we consider the force acting on the area below X-X, 
we get 


total tensile force 7’, on the area below X—X, 
= =i x (first moment of this area about X—X). ...(c) 
t 


Now we know that, since this is a case of simple bending, there 
is no shear force acting across this section, and the external forces 
reduce to a couple equal to the bending moment (B) at this 
section. Then, for equilibrium, this bending moment must be 
exactly balanced by the internal resisting couple, i.e. the moment 
of resistance (R), or B = R; see para. 73. 
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The internal resisting couple is clearly formed by the two forces 
C and 7, that is by the two forces defined in (b) and (c) above, 
and since these are the only two horizontal forces acting across 
the section, and they act in opposite directions, they must be 
equal to each other. Hence, giving due regard to sign, 7 + CO =0, 
or UH = 0, see para. 10. 

Then, substituting from (b) and (c) above, we have 


f x (first moment of area above X—X) 


Si 


+ i < (first moment of area below X—X) = 0, 
t 
but, as we have seen, para. 118 (a), 


tah 
Ye Ye 
hence, dividing through by either quantity, we have 
(first moment of area above X—X) 
+ (first moment of area below X—X) = 0. 


That is, the total first moment of the section about X—X is 
equal to zero. But we saw in para. 15 (v), that the first moment 
of an area could only be zero about an axis which passed through 
the centroid of that area, hence we have that, 


In simple bending the neutral axis passes through the centroid of 
the section. 


120. Moment of Inertia (I) and Moment of Resistance (R). We 
have already seen that the external bending moment (B) = internal 
moment of resistance (R), see para. 73*, so that it only remains 
for us to relate the latter term to those representing the stresses 
acting in the strained beam and to the dimensions of the section. 

As we have already shown, the total force carried by a small 
area a, see Fig. 172, which is situated at a distance y from the 
neutral axis X—X, is given by a (f,/y, x y); see (a), para. 119. 

The moment of this small force about X—X will be given by 


(oxy) 
te 


which =axs x y?. 
Cc 


* The term R is commonly used to represent the moment of resistance; we have 
also used it to represent the radius of curvature. It is not often that these two 
terms occur together in the same expression. To avoid confusion, however, since 
the moment of resistance (R) =the external bending moment (B), the latter term (B) 
will be used instead of & wherever possible. 
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Now the total moment of all these forces over the whole area 
of the section, which must evidently be equal to the moment of 
resistance (R), is given by 

Moment of resistance (R) = X (a x f,/Ye 9), 


which, since f,/y, is a constant ratio, 


=i: (Gay) ees (a) 


Moment of Inertia. The expression (a x y?) is known as the 
“Second Moment of the small element of area a about the axis 
X-X”’, the Second Moment of a very small area being the product 
of the area into the square of its distance from some particular 
axis. 

The quantity denoted by & (a x y?) should therefore give the 
sum of all the elements of area (a), multiplied by the squares of their 
distances (y) from the axis X—X. Since, in this case, the axis X-X 
is the neutral axis of the area, we thus obtain “‘the Second Moment 
of the whole area of the section about the neutral axis”’. 

The quantity & (a x y?) is usually referred to as the Moment of 
Inertia of the Section, and is denoted by the letter J.* 

As will presently be explained (see Chap. xv), it may be necessary 
to find the moment of inertia of an area about other axes than 
the neutral axis. 


Moment of Resistance. Substituting J for the quantity & (a x y?) 
in expression (a) above, and remembering that the ratios f./ye and 
fi/yt are identical if E has the same value in compression and tension, 
we have 


Nomenvotresiance Ree ee fs Toe rare (ii) 
Cc t 
We may put expression (ii) in a more general form as 
Poli 
i] 
where f is the stress at any distance y from the neutral axis, from 
which we have 
ieee} is 
7 =i( (111) 


If we now combine this expression with (i) in para. 117, viz. 
fly = E/R (where R is the radius of curvature), we have an im- 
portant and complete statement of the relations between the 


* The term “moment of inertia” is borrowed from Dynamics and is not properly 
applicable in this case, but it is convenient and in common use and will therefore 
be retained. 
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stresses, strains and dimensions of a beam and the external moment 
(B) applied thereto; thus 

Time DLOE : 

y = ¥ = R Go 8 Ee GSS (iv) 


121. Modulus of the section. The expression (il) in the preceding 
paragraph can be arranged as follows: 


B=4.(7)-4(): 


The. quantities within the brackets depend entirely upon the 
dimensions and shape of the cross section of the beam and are 
known as the Compression Modulus of the section (I/y,) and the 
Tension Modulus of the section (I/y,) respectively. 

The letter Z is generally used to denote the Section Modulus, 
hence the above expression may be written: 


Siva eva ie ae (v) 
inwhich Vio (-) and -Z, = (=). 
Ye Yt 

In these expressions f, and f, stand for the stresses at the com- 
pression and tension edges respectively. 

In those cases where the beam section is symmetrical about the 
neutral axis (see later examples) then y, = y, and f, = f;, and we 
can put the expression in the general form 


B77 ae (vi) 


where f is the stress at either the compression or the tension edge 
of the beam, and Z is the section modulus (there being only one 
value since the section is symmetrical). 

Since there are a number of practical problems which resolve 
themselves into finding a suitable beam section, when the external 
bending moment (B) and the maximum working stress (f) are given 
or can be found, expression (vi) is of very general use. 


122. Examples. (1) Find the value of the section modulus (Z) for a 
rectangular beam section which has to resist a bending moment (B) of 
288,000 1b. ins., the stress (£) in the outer layers of the beam being limited 
to 16,000 lb. per sq. im. 

In this case, since the neutral axis will be at the centre of the depth of 
the beam section, y, will equal y;, and we may therefore use the expression 


1B fh 
Hence we have 288,000 = 16,000 x Z, 
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288,000 
whence = 16.00 


18 inch units?.* 


(2) If the beam in the preceding question has to be 8 ins. deep, what should 
be the value of the moment of inertia (1)? 


We already know that Z = I/y, where y is in this case half the depth 
of the beam, that is 4 ins. 


Hence T= Zea 
18 x 4 


= 72 inch units?.* 


(3) If the beam described in Questions 1 and 2 is used to span an © 
opening of 10 ft. and to carry a central load of 4 tons, see Fig. 173, what 
stresses would be induced at the centre of the beam (a) in the upper and 
lower layers, and (b) in the layers situated | in. from these surfaces? 

We must first find the bending moment 
(B). 


W=4lons 
Here = 
B= a see para. 83, 
_ (4 x 2240) x (10 x 12) ae cee 
4 Fig. 173. 


= 268,800 lb. ins. 


Now from the expression f/y = B/I we have that the stress at the outer 
edge, where y is 4 ins., is given by 


_ 268,800 x 4 


72 
= 15,000 Ib. per sq. in. (approx.). 


Similarly the stress 1 in. from the outer surfaces, where y is 3 ins., is 
given by 
p= 268,800 x B 
i (D 
= 11,200 Ib. per sq. in. (approx.) 


(Obviously we could have proceeded more directly because, since 
the stress is proportional to the distances of the fibres from the neutral 
axis, the second stress must be just three-quarters of the first.) 


(4) Given that E for the material of the beam described in the above 
Example is 30,000,000 lb. sq. ins., find the strain in the outer layers of the 
beam at the mid-section in the case given in Example 3. 

__ stress 
~ strain’ 

* The significance and meaning of these units are explained in the next 
chapter. 
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‘ stress 
Hence Strain = 


_ 15,000 
~ 30,000,000 
= 0-0005 inch, per inch of length. 


123. Simple or pure bending and ordinary bending. If the cases 
of beam loading dealt with in Chap. rx are reviewed, it will be seen 
that in practice cases of simple bending are comparatively rare and 
that, in the majority of cases, bending moment at any section is 
accompanied by shear force at the same section. The effect of 
this latter force on the distribution of stresses in the beam will 
presently be investigated in a simple manner (see Chap. xv), but 
it is possible to show at once, that the shear force is not usually 
a serious factor at that section at which the values are taken from 
which to calculate the size of the beam. 

In practice, beams are usually of uniform section throughout, and 
the sizes of that section are usually designed so as to resist the 
maximum bending moment. Now, as we have already seen, the 
shear force is zero at those sections at which the bending moment 
passes through a maximum value (see Chap. x), so that at those 
sections the theory which we have outlined cannot be seriously at 
fault. The relations given above are in constant use by designers, 
and give results for ordinary cases which are not markedly different 
from those obtained by other methods, which may be theoretically 
more exact. 


124. Experiment. A complete bending test. The following test has 
been devised so as to include a demonstration of the truth of each 
of the more important statements, contained in this and the suc- 
ceeding chapters, concerning the conditions set up in the material 
of a loaded beam. The test is neither difficult nor lengthy, and does 
not require a high-powered testing machine. (So large a span as 
8 ft., the one adopted in this case, is not absolutely essential, so 
that the test may be carried out on a machine only capable of 
accommodating a smaller span.) The various calculations are given 
below and in the following paras.: 113 (to find the value of £), 126 
and 127 (to find the value of Z and J), 126 (to find the stresses acting 
in the beam), 149 (to find the deflection), 144 (to find the slope). 

Beam and loading. A mild steel beam was used, the section being 
b = 2ins.,d = 4ins. (The value of Z was 5:33 inch units, and the value 
of IZ was 10-66 inch units; see para. 126.) 

The beam was carried on rounded supports, see Fig. 174, over a span 
of 8 ft. and, by means of the arrangement shown in Fig. 174, two equal 
loads of W Ibs. (each equal to half the load transmitted from the testing 
machine head) were applied at points C and D 2 ft. apart, and 3 ft. 
from each end A and B. 
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For any pair of loads it will thus be seen that there was a constant 
bending moment of (36 W) lb. ins. between the points C and D; see 
also Fig. 168. 


Strain. The strain was measured at four different layers spaced as 
shown in Fig. 175 (A). It will be noted that these layers are symmetrically 
placed about the neutral axis. 


Measurement of strain. The measurement of the strain in these layers 
was carried out by means of the Extensometer shown in Fig. 175 (B). 
This particular extensometer was intended for use on fairly large 
specimens in tension and in compression, the ‘‘gauge length” (AB) of 
10 ins. is therefore somewhat larger than usual. The advantage of this 
particular type is that the extensometer may be easily applied and held 
to the specimen in various positions. In this case it was held up to the 
specimen by means of stout rubber bands passing over the two pins 
M and N and so round the specimen, the weight of the extensometer 
being taken by blocks of wood placed beneath it. 


2Wlos 
Training Head of Testing Machine 


Fig. 174. Test beam and loading. 


The principle of construction should be easily understood. The two 
points 4 and B being placed in punch holes exactly 10 ins. apart, any 
strain occurring in this length will result in the movement of the pivoted 
pin A relative to the fixed pin B. This movement actuates the lever 
AD, which is pivoted at C so that at point D the movement of A is 
multiplied 10 times, 

The movement of D is shown on a dial micrometer capable 
of reading to 0-001 in. It will thus be seen that movements of 
1/10,000 in. between A and B will be indicated on the dial of the 
micrometer. 


Graphs. The strain was measured at each layer for changes of the load 
W of 500 Ibs., both as the load was being increased and also as it was 
being reduced. 
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From these results the graphs shown in Fig. 176 were drawn, the 
continuous lines showing the measured strains in the corresponding 
layers, d—A, B—B, etc. in the beam. 


Comparisonwith calculated strains. Using the value of Z (30,000,000 Ibs. 
per sq. in.) obtained for the material of this beam (see para. 113), the 


| Gauge length =10" 


& Comhressiwon 


3 Tension | ; 
(A) Postion of Layers in which 
5 


tre Was measured. 


Lhal Micrometer 


EXTENSOMETER. 


[ Aluminium Body 
|| 
Mt ec 


SHeel Conical faints. 


Fig. 175. Measurement of strain in a beam. 


strains in these layers have been computed from the calculated stresses 
given in para. 126; from these values the dotted graphs shown in Fig. 
176 have been plotted. The two experimental graphs (tensile and com- 
pressive strains) practically coincide in each case, and only depart slightly 
from the calculated graphs. Allowing for experimental errors, these 
results confirm our statements regarding strain in a loaded beam. The 
value of His also shown, by the inclination of these lines, to be the same 
for compression and tension, and to have the same value as used in 
calculating the strains. 
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Dinan ir 7000 inch 
Fig. 176. Measured and calculated strains in a loaded beam. 


(In para. 126 the stresses at different layers are similarly compared, 
as obtained by calculation from the bending moment (B), and also from 
the measurement of strain in the layers.) 

Finally in Fig. 177 is shown a diagram of the depth of the beam, 
drawn to scale, on which has been plotted the strains in the four layers 
at a given bending moment (B) of (3000 x 36) or 108,000 Ib. ins.; 
compressive strains being plotted above X—X and to the right of Y—Y, 


Y Gmhression 


Fig. 177. Strain at different layers in a loaded beam. 
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and tensile strains below and to the left. The line drawn through the 
points so found (a, 6, c and d) will be found to be a straight continuous 
line (similarly for other values of B), thus demonstrating that plane 
sections before bending remain plane after bending, the strains being 
proportional to the distances of the layers from the neutral axis. 


(Note. It is important to remember that the whole of the discussion 
given above is based on the assumption that the material is not strained 
beyond the elastic limit.) 


Problems XIII 


1. Ifthe beam KS in Fig. 168 is of I-section and 8 ins. deep, calculate 
the radius of curvature (f£) to which the beam will be bent between the 
points M and N, when the stress in the outer layers is 16,000 lbs. per 
sq. in. and # = 30,000,000 lbs. per sq. in. 


2. What will be the stresses in the layers 1 in. and 3 ins. respectively 
from the upper or lower surface of the beam in Prob. 1? 


3. Ifthe moment of inertia (J) for the beam in Prob. 1 be 56 inch units?, 
calculate the value of the bending moment (B) which produces a stress 
of 16,000 lbs. per sq. in. in the outer layers. 


4. Calculate the total strain over a gauge length of 10 ins. at the 
outer edge and at | in. and 3 ins. respectively from the outer edge, in 
the beam in Prob. 1. 


5. Calculate the safe uniformly distributed load which the beam in 
Prob. 3 would carry over a span of 12 ft. if the bending stresses are 
limited to 74 tons per sq. in. 


6. A cast iron beam has a section similar to that shown in Fig. H, 
Probs. III. (a) If the distance from the neutral axis X—X to the com- 
pression edge (y,) is 6-5 ins. while the distance to the tension edge (¥;) 
is 3-5 ins., find the value of Z, and Z, respectively if the moment of 
inertia is 200 inch units*. (b) If the tensile stress is limited to 14 tons 
per sq. in., calculate the maximum moment of resistance (R) for the 
section. (c) What would be the maximum compressive stress when 
the tensile stress was 1} tons per sq. in.? 


CHAPTER XIV 
THE COMPARISON AND DESIGN OF SOLID BEAM SECTIONS 


125. To find the value of the modulus of section (Z) for a rect- 
angular section. Let a beam be subjected to a bending moment 
(B), the section of the beam being represented by the rectangle 
AABB in Fig. 178. The neutral axis X—X will divide the rectangle 
into two equal portions as shown, so that the stress diagram will 
also be symmetrical, f, and f, being equal to f, the maximum stress 
induced (tension or compression) by the bending moment B. 

Since the stress on the compressive area AA XX varies uniformly 
from zero at the neutral axis to f at compression edge, the average 
stress will be f/2. Then the total compressive force acting on the 
area AAXX = (area) x (average stress) 


-( 9-0) 


which expresses the magnitude of the compressive force C, or 


o=s(¥). ee (a) 


In the same way we may show that the total force (7) acting 
below X—X has also the same value, hence 


ras(~). oe (b) 


As before, the distribution of stress across the section may be 
represented by a pictorial diagram, from which it is seen that, since 
the stress acting across any layer parallel to X—X is uniform, the 
distribution of stress diagram consists of two wedge-shaped figures 
or “solids”, see Fig. 178. It is not difficult to show that the 
magnitude of the forces C and T is in each case equal to the 
“volume” of the “solid” and acts at its “centre of gravity”, 
that is at a distance of 2/3 (d/2), or d/3 from X—X in each case; 
see Fig. 178. 

The distance between the lines of action of C and T is thus 2d/3, 
and, since C and 7 are opposite and equal forces and form a 
couple, then the moment of this couple, that is the moment of 
resistance (R), = C x 2d/3 = T x 2d/3. 
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Then, substituting for C (or 7) from (a) or (b) above, we have 
bd\ 2d 
v) 


Moment of resistance = R =f ( 3 


S7eE3s DIAGRAM 


OEFCTIOL. 


Dacram or DISTRIBUTION of OTRESS 


Fig. 178. Rectangular beam section. 


Now from expression (vi), Chap. x11, we have R = B = fZ, and 
comparing this expression with (c) above it is evident, by similarity, 
that the quantity in brackets expresses the value of the section 


modulus (Z) in the case of a rectangle. Then 
2 


The modulus of section (Z) for a rectangle = pean (1) 


Units. Since the value of Z is obtained from (b x d x d/6), if 
6b and d be measured in inches, then the answer will be in (inch 
units)? or “inch units?”. 

Modulus Figure. If, as is shown in Fig. 178 a, the rectangle CHPG, 
representing the section of a beam, be divided by drawing the two 


M&DII 14 
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diagonals CF and GE, then the two shaded triangles so produced will 
have areas each equal to 


a il bd 
(6 «5 x5) or to (=): 


If we imagine a uniform stress equal to f, the maximum stress acting 
in the beam, to act over the whole of the shaded area, compressive stress 
acting above X—X, and tensile stress below, as indicated in the special 
‘diagram of uniform stress” shown in Fig. 178 a, then the total com- 
pressive force acting above X-X = f (bd/4) = C. Similarly the tensile 
force = f (bd/4) = 7. 


G fae ea iss 
Modulus Fie , «for Ub 
PER Gee ae niedilas" 
Figure. 
Fig. 178 a. 


Again these forces will act at the 0.G.’s of the triangles, or d/3 from X—X. 
The forces C and 7 are thus 2d/3 apart, so that the magnitude of the 


couple thus formed - bay od ; bd? 
~1(G) 3-1 Ge): 


This is identical with expression (c) above for the moment of re- 
sistance. The figure CHOGI’, over which the imaginary uniform stress f 
acts, is known as the Modulus Figure for this section. Graphical methods 
are available for drawing the modulus figure both for simple and complex 
sections, and the method is occasionally used for finding the value of 
Z in cases where a direct solution by calculation is not easy. 


126. Experiment. To find the stresses acting in the beam tested in 
the Complete Bending Test described in para. 124. 

In the table given below are tabulated values obtained in the 
above test. Column | gives the bending moments acting on the 
portion CD, see Fig. 174, and corresponding to successive increases 
of W of 500 Ibs. Columns 2 and 3 give the measured strains 
(in thousandths of an inch) in the two layers B—B and D-D. In 
Columns 4 and 5 the corresponding stresses have been calculated 
using the value of E (30,000,000 lbs. per sq. in.), from the expression, 
stress = H x strain; see para. 106. 
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In Columns 6 and 7 are given the stresses in the same layers as 
calculated from the expression B = fZ, as follows: 

The value of Z in this case can be found from the expression (i) in 
this chapter bd? 2x 42 


BAL SE RE = JER DY 4 ee 
Z G 7 5:33 inch units 


(the dimensions of the beam section being b = 2 ins. and d = 4 ins.). 
Then the stress at the compression or tension edge will 


B B 
OES ae 


from which we are able to find the stresses at the outer edges for each 
value of B. Now the outer edges are 2 ins. from the neutral axis. The 
stresses in the other layers will be proportional to their distances from 
the neutral axis. The distances from the neutral axis to these layers are 
1-875 (A—A and D—D) and 0-625 (B—B and C-C) respectively. 

It is then only a simple exercise in proportion, to calculate the stresses 
acting in these layers for the corresponding stresses at the outer edges. 
These values for B—B and D—D are shown in Columns 6 and 7. 


Stress and Strain in a Loaded Beam, see Experiment, para. 124. 


Measured strain et Stress, from f 3 
: “A, F x strain 

ete eo 00L ae) (lbs. per sq. in.) (lbs. per sq. in.) 
ne) Layer Layer Layer Layer Layer Layer 

B-B D-D B-B D-D B-B D-D 

(1) (2) (3) (4) (5) (6) (7) 
18,000 0-375 1-065 1,125 3,225 1,055 3,165 
36,000 0-75 2-15 2,250 6,450 2,145 6,430 
54,000 1-125 3-2 3,375 9,600 3,165 9,495 
72,000 1-5 4-275 4,500 12,825 4,287 12,860 
90,000 1-875 5:36 5,625 16,080 5,275 15,820 
108,000 2-25 6-4 6,750 19,200 6,330 18,990 


The closeness of the values given in Columns 4 and 6 and also 
in 5 and 7 is sufficient to confirm the statements made above, 
regarding the relations between stress and strain in loaded beams, 
and between the external bending moment (B) and the internal 
moment of resistance (R), which as we have seen is equal to fZ. 


127. To find the value of J from a known value of Z. If we are 
given the value of Z for any particular symmetrical section, we 
may find the value of J for the same section from the relation 
Z = I/y (see para. 121), from which we have 


MCL eI eaten (11) 
For example, in the case of the rectangle, y = d/2 and Z = bd?/6; 
then d_ bd? bd 
T=yxZ=5%x ee 


I4-2 
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This gives the value of the moment of inertia for a rectangle 
about an axis through its centroid, or 


The moment of inertia of a rectangle about an axis 
through its centroid is given by 
bd® 
12) 
Units. Since J is found from (b x d x d x d/12) if each of the quantities 
b and d are in inches, then the answer will be in ‘“‘inch units*”’. 
Example. Find the value of I for the section of the beam in para, 124, 
where b = 2 and d = 4 ins. 
I bd? 2 x 4° 
12 12 
128. To find the moment of inertia of a rectangle by means of 
the calculus. This is the most generally 
useful method for finding J for any 
section bounded by a geometrical out- 
line.* 


= 10-66 inch units?*. 


(a) To find the moment of inertia of 
a rectangle about one side. See Fig. 
179 (A). Let CEFG be a rectangle, of 
which we desire to know the moment 
of inertia about the axis S—S, passing 
along the side GF. We will refer to I 
about S—-S as Igy. 

Taking a thin strip of thickness dy, 
at a distance y from S—S, then the 
moment of inertia of this strip about 
S-S 

= (area of strip) 
x (square of distance from S—S) 


Fig. 179. 


= (b x dy) y? = by? dy. 
Then the moment of inertia of the whole figure about S—S will 


be given by the sum of the moments of inertia of all the small 
strips into which it may be divided, or 


I, = moment of inertia of rectangle about S—S 


y=ad d3 d 
=[" “tysy = 6 S| 
0 3 Jo 


y= 
__ bd* ; 
my ig Se oe ee (iv) 


* Those readers who are not familiar with the mathematical methods adopted in 
this paragraph may omit the paragraph. 
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(6) To find the moment of inertia of a rectangle about an axis 
through its centroid. See Fig. 179(B). In this case the axis 
X-X divides the rectangle into two equal parts; hence we may 
find the moment of inertia by the method employed in (a) or, 
using expression (iv), find it by adding together the moment of 
inertia of the two rectangles of which the figure is composed. The 

3 
moment of inertia of rectangle CHKN about X-X eG) 


3 
(where breadth = 6, and depth = d/2 in this figure) 


ng oye 
Similarly for rectangle NA FG. 
Adding these two quantities together to get the moment of 
inertia for the whole figure about X—X, we have 


3 
Vie ee as in (iil) above. 


129. To find J for compound rectangular sections. The sections 
shown in Fig. 180 are called a “‘ Box section” 
and an “I-section” respectively. For the Sox Secrnorn 
sake of simplicity similar terms have been 
used to indicate corresponding dimensions 
in the two sections. If we consider the box 
section it should be obvious that its moment 
of inertia will be equal to the difference 
between J for the whole figure and J for the 
inner figure, the subtraction of which leaves 
the form of the box section. This must also 
be true for the I-section, since the area of 
the section and also the disposition of the 
material about the neutral axis X—X are the X-.—_- 


same; indeed, considered solely as beam D 
sections, the two figures are identical. | 
Then ae 


Ta IECTIOSY. 
I, for I-section = Iy, for box section Vie. - 
= (I for outer figure) — (J for inner figure) 
ETO ik 

12 i 
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130. Circular and hollow circular sections. The moment of inertia 
(ly) for a circular section may be shown to 


pepe 
ary 
where D is the diameter of the circle; see Fig. 181. It therefore 


follows that for a hollow circular section, 
such as that shown in Fig. 181, 


De ee: (vi) 


wT oe 
Igx= 64 (Ded) eee (vil) 
Example 1. Jf in Fig. 180 the dimensions 


of the box section are as follows, B = 10 is., CIRCULAR DECTION 
b = 9 ins., D = 12 ins., and d = 10 ins., find 
the value of I. 


Fe Boe oe 
Xx 27 72 


xf 
10 x12 6 12 ele ee 10D 0 10 ae, 
12 12 
= 1440 — 750 


| 


= 690 inch units? HOLLOW CIRCULAR 
Example 2. Jf in Fig. 181 the dimensions of de 
the hollow circular section are D= 10 ins. and Fig. 181. 


d= 9 ins., find the value of 1 about the neutral axis. 


Here Iyxy= a (D4 — d*) 


B (D? + d?) (D® — d?) 
TT 
64 
= 169 inch units* (approx.). 


I 


(ist =-19) 


131. Finding J for built-up sections and for sections which are 
not symmetrical about a horizontal axis. The Principle of Parallel 
Axes. In dealing with such sections as may be included under the 
heading to this paragraph the following principle, which is known 
as the Principle of Parallel Axes, is of great value. Let any figure, 
such as that shown in Fig. 182, have an area A and let its moment 
of inertia about its neutral axis X—X be J,,. If now an additional 
axis Z-Z be taken, which is parallel to X—X and at a distance y 
from it, then it may be shown that, the moment of inertia of the 
area A about the parallel axis Z-Z is equal to its own moment of 
imertia about its neutral axis (Ixy) plus the area (A) of the figure 
multiplied by the square of the distance (y®) between the two axes. 
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Thus, if I, be the moment of inertia of the figure about the axis 
Z-Z, we have 


Li = Iyx + Ay?. eocaee (vil) 


The following worked examples will suffice to show how the 
principle may be applied in various cases. 


Fig. 182. The principle of Fig. 183. I-section. 
parallel axes. 


Example 1. Yo find I for an I-section using the principle of parallel 
axes. See Fig. 183. : 

To find Iyy by this method, we consider the moment of inertia of 
each portion of the section about the neutral axis separately, adding 
the results together to obtain Jy for the whole figure. There will be three 
separate portions as follows: 


: ‘ F ; = Od? 
(a) The moment of inertia of the centre section or web which, using T° 


. 1 +53 
= se = 38-5 inch units‘. 


(6) The moment of inertia of the top and bottom flanges about their own 
neutral axes (situated at the middle of the thickness in each case) 
6 x 0-75? 
2 (°° 


9 ) = 0°421 inch units‘. 


(c) (A x y?) for the top and bottom flanges 
= 2(6 x 0°75 X 5:6257) = 284-76 inch units*. 


(Note. The statements (6) and (c) are of course based on the principle 
of parallel axes.) 


Then, adding (a), (b) and (c), we have 
Ixx = 38:5 + 0-421 + 284-76 = 324 inch units (approx.). 


(Note. The value of Iyy may also be found by the method described in 
para. 129.) 
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Example 2. Find I for the cast iron girder section shown in Fig. 184. 


The position of the centroid of this section was found in the worked 
example given in para. 15, where it was shown to lie on the centre line 
and 3-4 ins. from the bottom. This and the 
other dimensions necessary in the following 
calculations are indicated on the figure. 

The work may proceed along two lines, 
(a) by utilising the principle given in this para- 
graph, or (b) by means of a method similar to 
that used in finding I for box and I-sections. 
Since the method in the first case is exactly 
the same as in the example just worked— 
the only difference arising out of the necessity 
for dealing with each flange separately—only 
the outline is given here. The calculations 
involved have been included as a problem at 
the end of this chapter. 

(a) To find I by means of the Principle of 
Parallel Axes. The work is divided into the 
following parts: (1) the value of I for the two 
portions of the web (about X—X), (2) the value 
of I for each flange about its own neutral axis, 
(3) the value of (A x d?*) for each flange about 
XX. The value of [yx for the whole section is 
then given by the sum of the quantities thus 
found. 

(b) To find I by the second method. This 
method is frequently the easier to apply and 
is therefore worked out fully. The procedure is 
first to find the sum of the moments of inertia 
for the two enclosing rectangles AA and BB Fig. 184. Cast iron section. 
about X—X. This is then reduced by the value 
of the sum of J for the two pairs of shaded rectangles about X—X, the 
result giving the value of Jyy for the whole figure. 


Moment of inertia of AAAA about X—X (using bd?/3) 


2x 7-13 : ; 
= = = 238 inch units’ (approx.). 


Moment of inertia of BBBB about X—X 
= a = 91°6 inch units* (approx.). 
Moment of inertia of upper shaded rectangles about X—X 
ae es ==) = 58:5 inch units* (approx.). 
Moment of inertia of lower shaded rectangles about X-X 
== 2 eS = 5°5 inch units* (approx.). 


Then Iy,y for the whole figure 
238 + 91-6 — (58-5 4+ 5-5) 
265°6 inch units* (approx.). 


I 


ll 
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Example 3. To find an expression for the moment of inertia of a 
triangle about its neutral axis. 


While this example should be omitted by those readers who are not 
able to follow the mathematical 
methods which are used, the results 
should be noted by all. 

We shall first ascertain the moment 
of inertia of the triangle about an 
axis Z-Z, see Fig. 185, which passes 
through the apex A and is parallel to 
the base of the triangle. Taking an 
exceedingly thin strip, of a thickness 
dy, situated at a distance y from A 
and lying parallel to the base BOC, 
then its area will be given by (6, x Sy), 
where b, is the breadth of the figure 


at this level. Fig. 185. J for a triangle. 
Now, by similar triangles, we have 
by _Yy = yb 
Hie a whence 6, = a: 


Substituting this value of b, in the expression giving the area, we have 


Area of strip = (¥ - *) se (aR), 


Then the moment of inertia of the strip about Z—Z 


= area x distance? 


b , by 
-(4& ) x Gy) ] x yt = SF by. 


Then the moment of inertia of the whole figure about Z—Z will equal 
the sum of these small quantities, or 


b []- b S: d} 
dl 4) da 4 
_ bd! 
Sai 
To find the moment of inertia of the triangle about the neutral axis 
X—X we employ the principle of parallel axes. 


Since X—X passes through the centroid of the triangle it evidently lies 
at a distance of two-thirds d from A; hence, from 


2d 
Igz = Ixx + Ay*®, where y=(5) A 


bd? bd 4d? 
we have Dewees +($x4), 
3 9), d3 3 
or jes ee Be esse (x) 


4 9 36° 
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The moment of inertia of a triangle about its base S—S is 
bd*® j 
Tyg = T2 a dacs: (x1) 
The proof of this is left as a problem for the reader; see Problems at the 
end of this chapter. 


132. An approximate expression for the J and 
Z of an I-section. If the quantities (a) and (0) 
in Example 1, given in para. 131, be considered, 
it will be seen that they are relatively small 
compared with the quantity (c). This fact en- 
ables us to devise approximate expressions for [ 
and Z, which are of considerable value where 
rough preliminary calculations are to be made. 
In these approximate expressions the quantities 
(a) and (b) are ignored, and (y) in the expression 
(A x y?) is replaced by (d/2), or half the total yyy 186, Approxi 


depth of the beam; see Fig. 186. Then mate moment of in- 
ertiaforan I-section. 


I (approximate) for I-section 

= 2 (area of flange) x (half depth of beam)? 

2 2 

= 94 (5) _ Ad" 

_ 2 

From this we may find an approximate expression for the section 
modulus Z of such a section. 

Since Z = I/y, where y = d/2, we have 


Z (approx.) for I-section = J (approx.) 


bo] Q 


— Ad, ......(xiii) 


or, in words, the value of the section modulus (Z) for an 1-section is 
approximately equal to the area of one flange multiplied by the 
depth of the beam. (In practice the approximate expression for Z 
is more often used than that for I.) 


Example. [ind the approximate expressions for I and Z for the I-section 
gwen in Example 1 in para. 131. 


Here A = 6 x 0-75 = 4:5 sq. ins., 
Gh MPeiirey, 
2 
Hence Iyx (approx.) = Aus 
_ 45 x 12 x 12 


5 = 324 inch units. 
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Also Z (approx.) = Ad = 4:5 x 12 
= 54 inch units. 


_ (The values in this case are thus seen to be identical with those found 
in Example 1, para. 131.) 


133. The comparison and design of solid beam sections. It should 
now be clear that, apart from the question of shear stress and 
strain, with which we shall deal in the next chapter, the problem 
of designing beam sections resolves itself, in general terms, into 
one of applying the expression f/y = B/I in one or other of its 
forms, including in particular the expression B = fZ. We shall deal 
at a later stage with certain practical points which must usually 
be observed in such work, but it will be useful to note at this stage 
the value of the terms J and Z as a means of comparing the strengths 
of two or more beams of given sections. 

Taking a simple rectangular beam in the first instance, it will 
be seen, from the expression B= fZ = fbd?/6, that the strength 
of a beam of rectangular section varies directly as the square of its 
depth (d), and also directly as its breadth (b); a statement which 
emphasises the importance of the vertical dimensions of a beam 
where strength is the main consideration. 

If we remember that the quantity J is built up from the small 
quantities (a x y?), see para. 120—in which the significance of the 
term y is clearly indicated—it is possible to realise how much 
more effective is the box or I-section, as shown in Fig. 180, from 
the point of view of strength in bending, than one in which so 
much of the material is not placed near the upper and lower edges 
of the beam. It is on this fact that the special design of the box or 
I-section is based, in which the bulk of the material is placed near 
the upper and lower edges of the beam, where the flexural stresses 
f, and f, reach their greatest values. 

The following examples will show how the principles dealt with in 
this chapter are applied in the solution of various practical problems. 


Example 1. In an experiment (see *‘Complete Bending Test”, para. 124) 
a solid mild steel beam, 4 ins. (d) by 2 ins. 
(b) in section, was loaded as shown in 
Fig. 187. Using the dimensions indicated 
on the figure, determine the value of the 
two equal loads W (lbs.) so that the maxi- 
mum stress in the beam just reaches 
20,000 lbs. per sq. in. 

Here the maximum value of the bend- 
ing moment (B) is reached at both C Fig. 187. Test beam loaded at 
and D and remains constant between two points. 
those two points, or 

[Syn 1By == Jan, Se 
= WY x thy = WY xe SO Ills wavs, 


pee 


-| 
B 
Ks 


220 THE COMPARISON AND DESIGN OF [CH. 


3 3 
bd Zee eee inch units*. 


Again Ixx = 


12 “1 3 
Also y = 4 = 2ins. and f = 20,000 Ibs. per sq. in. 
lap Sif 
Then from Tay 
see (ili), para. 120, we have 
yx 
B= r) 
¥ 
32 
or 36W = 20,000 x < X 9p 
whence W = 2968 lbs. 


Example 2. Jf the maximum stress on the material of a timber beam 
is to be limited to 1000 lbs. per sq. in., find the maximum distributed load 
which a 9 in. by 2 in. timber joist would carry across a span of 12 ft. At 
what maximum spacing could these joists be placed if they are to form part 
of a floor which is to carry a load of 100 lbs. per foot of superficial area? 

In this case B = wL?/8, where L = 12 ft. = 144 ins. and w is the load 
per inch of length of the joist. Also 


bd? 2x9x9 


f = 1000 lbs. per sq. in., and Z = 6 7 27 inch units’. 
: TL? 
Then from B= - =z. 
we have Sees S pele 1000 x 27, 
27,000 x 8 : 3 
whence ea are 10-4 lbs. per inch linear, 
or 124-8 lbs. per foot linear. 


This value indicates that the floor would carry 124-8 lbs. per square 
foot if the joists were spaced one foot apart, but the floor is only required 
to carry 100 lbs. per square foot; hence the spacing may be wider. 

124-8 
100 
14-976, or say “‘15 ins. centres”’. 


IP SZ 


I 


The spacing will 


I 


Example 3. Compare the strengths of two timber joists, both 8 ins. by 
3 ins. in section, when one is placed as a beam resting on its edge and the 
other on its side. 

From the expression B = fZ we see that, if f has the same value in 


two cases, then the strengths of the beams will be to each other as the 
value of Z in each ease. 


In the present instance the joist which is placed on edge will have 

Se BE 8 
6 

The joist placed on its side will have 


Se Se 8} 


ea 12 inch units?. 


Z = 32 inch units?. 


Z= 
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Hence the strengths of the two joists will be as 32 to 12. This shows 
how important it is to place a beam of rectangular section so that the 
larger dimension of the section is vertical. 


Example 4. Cast iron is much weaker in tension than in compression 
and the strength of a cast iron girder is usually limited by the maximum 
safe tensile stress which the material can bear. 

Using the dimensions of the section of a cast iron girder shown in Fig. 184, 
Jind what central load such a girder would carry over a span of 8 ft. if the 
stress on the tension edge must be limited to 14 tons per sq. in. Find the 
maximum compressive stress induced with this loading. 


Using the values given or found in Example 2, para. 131, we have 
Yy, = distance to tension edge from X—X = 3-4 ins. 
Y, = distance to compression edge = 7-1 ins. 
Ixyx = 265-6 inch units*. 


Hence we have 


I 265-6 F : 
SS Sa SS Se 3 
2, Th 3-4 78 inch units’. 
Now 
B = max. bending moment = = = 3 2 24W ton ins. 


And from B = f,Z,, see (v), para. 121, we have 
24W = 1-5 x 78, 


or W= A = 4-875 tons. 
We know that 
stress on compression edge _ y,__ 7:1 
stress on tension edge Y, 84 
Hence 
Stress on compression edge = S x 1-5 = 3-13 tons per sq. in. 


Problems XIV 


1. Find the values of J and Z for a rectangular beam section of breadth 
3 ins. and depth 11 ins. 


2. What uniformly distributed load would a timber beam of the 
section indicated in Prob. 1 carry over a span of 15 ft., if the stress in 
the beam must be limited to 1000 lbs. per sq. in.? 


3. Using the dimensions shown in Fig. 184, find the value of the 
compression modulus (Z,), given that [yx = 265-6 inch units. 


4. Find Igg for the triangle shown in Fig. 185, given that Izy = bd?/4. 


5. Find Ixy x for the cast iron beam section shown in Fig. 184. Use the 
Principle of Parallel Axes. 


6. Find the safe load per sq. ft. which could be carried on a timber 
floor constructed of 9 in. by 3 in. joists, spaced at 15 ins. centres over 
aspan of 12 ft. The stress in the joists to be limited to 900 Ibs. per sq. in. 
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Table V 


Moment of Inertia (I), Modulus of Section (Z) and Position of Centroid 
for various Sections. 


chee Moment of Modulus of 
vere inertia, I section, Z 
I. Rectangle. 
d bd? 
TXx= 9 6 
I 3 
SS ant a. 
BD? — bd BD* — bd? 
12 ; 6D s 


III. Cu¢rcle. 


aD4 7D? 


IV. Hollow Circle. 


Note. The axis X—X passes through the centroid in each ease, while 
the axis S—S passes through or is tangential to one side. 


CHAPTER XV 


SHEAR STRESS AND STRAIN. THE DISTRIBUTION 
OF SHEAR STRESS IN BEAMS 


134. Shear stress and strain. The Modulus of Rigidity. In 
para. 102 we explained briefly what was meant by shear stress, and 
showed how the intensity of shear stress might be calculated in 
a simple case; see Fig. 160. As indicated in that example, shear 
stress is produced on a plane surface when a force acts across, or is 
tangential to, that surface. 

The kind of distortion or strain which accompanies such a 
stress may be represented in the following manner: if the dotted 
rectangle ABCD in Fig. 188 represents a 
very small block of some material which 
is subjected to a force S acting across its 
upper surface AB, then the block will 
tend to assume the form shown in solid 
lines, the surface 4B moving relatively to 
DC a distance of, say, x. Then the shear 
strain on the block is measured by the 
angular displacement 6. If h be the distance between the parallel 
surfaces AB and CD then, since the angle @ is usually very small, 
its value will be given in radians by the ratio x/h, or 


Fig. 188. Shear strain. 


Shear strain = @(radians)=x/h. _—_...... (i) 


The shear modulus, which we shall denote by the letter G, is 
then given by the expression: 
shear stress 


shear strain ’ 


Shear modulus = G = 


the result being given in lbs. per sq. in. or tons per sq. in. according 
to the units employed. 

The constant G, which has a value of about 12,000,000 Ibs. per 
sq. in. for structural steel, is not required in the ordinary range 
of structural calculations. Its value is usually obtained experi- 
mentally from bars subjected to torsion (twisting). 


To illustrate the preceding explanation the following experiment may 
be conducted. 
Experiment. Vo find G for a block of rubber. 


A block of rubber, of which the length is considerable when compared 
with its depth, is secured by means of a suitable cement to a board as 
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shown in Fig. 189. To its upper edge a metal bar is similarly attached, 
and from the end of the bar a cord passes over a pulley; varying weights 
are attached to the cord. The movement of the upper surface of 
the block in relation to the lower is measured by a vernier attached to 
the upper surface, which slides past a fixed scale. To obtain good values, 
the averages of the readings of the scale are taken as the loads increase 
and again as the loads decrease. The values of h, x and W are then 
tabulated. The shear stress at any load is obtained by dividing the 
load W by the area of the upper surface of the block. G is calculated 
from the average values using 
stress 


‘strain * 


FIXED SCALE Vs Cg 


Fig. 189. Finding G@ for a block of rubber. Fig. 190. Complementary shear. 


135. Complementary shear stress. If we consider the equilibrium 
of the small rectangular block ABCD shown in Fig. 190 (a), which 
is subjected to a shear force S, acting over its upper surface, we 
may assume—remembering the small dimensions—that the force S,, 
acting to the right is balanced by another and equal force S, acting 
to the left on the lower surface CD of the block. But, if the 
altitude of the block be a, these two forces will constitute a couple, 
of which the moment will be equal to S, x a, and this will be 
insufficient to maintain the block in equilibrium. Now we know 
that the couple just defined can only be balanced by another couple, 
of equal value but opposite effect, so that there must exist equal 
tangential forces, of magnitude S,, acting over the vertical surfaces 
BC and DA, see Fig. 190 (b). If 6 be the width of the block, then 
for equilibrium the couple formed by the latter two forces must 
have a value equal to the original couple, that is 


iS, DiS, x CO: 


Now we have spoken of ABCD as a very small block of material, 
and if J represents its length, see Fig. 190 (c), and s be the shear 


xv] DISTRIBUTION OF SHEAR STRESS IN BEAMS 225 


stress acting over the upper and lower surfaces, while s, be that 
acting over the two vertical surfaces, we have that 


S, = total horizontal shear force 
= area x stress = 6.x s. 


Similarly S, = total vertical shear force 
=U ie 


But, as we have seen, the couples which these forces form must 
be equal, so that S, x a= 8, x 6, and, substituting the values of 
S, and S, obtained above, we have 


(s x bl).a@ = (s, x al) 6, 
whence s (bla) = s, (bla), 
so that S655 


that is, the intensity of shear stress on 
the surfaces at right angles to each other 
are equal. Such a state of stress is known 
as Simple Shear, so that: 


I. In a state of simple shear, a shear 
stress acting in one plane is accompanied 
by a complementary shear stress of equal 
intensity in a plane at right angles to the 
first plane. 


Next let us consider a small cube of 
material, such as ABCD in Fig. 191, 
which is in a state of simple shear, the 
shear intensity over each surface being 
equal to s. Then if the dimensions of 
each surface of the block be equal to 
unity, the total shear force acting over 
each surface will be equal tos x 1x l=s. 
Now consider the equilibrium of the 
portion ABC, which is obtained by 
imagining the block divided along one of 
the diagonals AC. Then the two shear forces s and s acting to- 
wards B may be resolved into their rectangular components acting 
in the directions of the diagonals OB and AC. 


Now since angle BCA = angle BAC = 45°, 
BO AB al oe 
therefore Wee Ae) cos 45° = Ws = RC° 


M&DII 15 
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Then the force R, which is equal to twice the component of s along 


OB, 
= 258 (=) = 28 (=) wes or R=V2.5.......(a) 
BC V2 2 
This force must evidently be balanced by an equal force, say 7’, 
acting in the opposite direction and which is the result of a tensile 
stress, say t, acting over the surface AC, or T = ¢ x (area of AC). 
Also the area of the surface AC will equal 


area BC iI J9. 


cosdn ale = 

/2 
Then forced) =). tn ner (b) 
Then since, for equilibrium, the forces R and T must be equal, 
or Vip be 
we have, from (a) and (b) above, 

V2..8=V2.t, 

so that evidently Se, 


or the intensity (¢) of the tensile stress across AC is equal to the 
intensity (s) of the original shear stress. By a similar process of 
reasoning we may show that the intensity of stress across the 
other diagonal BD is also equal to s, but is compressive in this 
case; see Fig. 191. Finally, by resolving the forces s along the 
diagonal surfaces AC and BD, we may show that in each case they 
balance each other, and that the shear stresses on these surfaces 
are Zero. 


II. Hence we conclude that, in a state of simple shear of intensity 
s, tensile and compressive stresses of the same intensity are induced 
on planes at 45° to those of pure shear. 


III. The converse statement, which is also true, is sometimes 
useful; we may thus say that, if a material be subjected to com- 
pressive and tensile stresses of equal intensity acting on planes at 
right angles to each other, then pure shear stresses of the same 
intensity will be induced on planes at 45° to the original planes. 


A knowledge of these relations is important when we come to 
consider the failure of certain materials subjected to compressive 
stress, and also when dealing with the strength of reinforced 
concrete. 


136. Shear stress in beams. We have seen (Chap. vit) that in 
a loaded beam or cantilever the action of the load, see Fig. 128, 
produces at any vertical section first a couple (the moment of 
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resistance, which is made up of two equal and opposite horizontal 
forces T and C), and second an internal vertical shear force S, 
which is evidently the result of vertical shear stresses acting over 
the section of the beam, and resisting the tendency of the 
external loading to shear one portion of the beam from the other. 
In addition, we know that such vertical shear stresses must be 
accompanied by horizontal shear stresses of equal intensity at each 
horizontal section (see I above). 

It may be imagined that, in order to obtain the intensity of the 
shear stress across any vertical section of a loaded beam, we need 
only divide the total shear force by the area of the section; this, 
however, is not the case. The distribution of the shear stress is 
not uniform and, as will presently be seen, a somewhat lengthy 
investigation is necessary before we can say how the shear stresses 
are distributed over the section. 


Mean shear stress. The value obtained by dividing the total 
shear force (S) by the area (A) of the section has, however, some 
practical value; it is usually called the Mean Shear Stress and we 
may denote it by s,,, so that 


Ss ney 
Sm = Mean shear stress = Ti me (111) 


Shear stress at the neutral axis of a beam. Let 4B and CD in 
Fig. 192 be two vertical sections of a loaded beam, the sections 
being a very short distance x apart, and the cross section of the 
beam being uniform between the two sections and symmetrical 
about the vertical axis YY. If the bending moments at 4B and CD 
be B, and B, respectively, then the change between the bending 
moment at AB and that at CD is B, — B,. Then, since the 
distance z is very small, the rate of change of bending moment 
between these two sections will be given by (B, — B,)/xz, and this 1s 
equal to the shear force (S) over this portion (see II, para. 92), or 

ee ee (a) 


Lv 


If f, and f, be the maximum compressive stresses induced at 
sections AB and CD respectively, we may set out two stress 
diagrams as shown in Fig. 192, the magnitudes of f, and f, being 
obtained from the expression f = By/I, where y is the distance 
from X—X to the compression edge, and J is the moment of inertia 
of the section. 

Let A be the area of the section at AB above the neutral axis 
X-X. Since the section of the beam does not change, A is also the 
area above X—X at section CD. Let the total forces acting on 
these areas be C, on area NA and C, on area at CL, as indicated 
in the stress diagrams. 

15-2 
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Now consider the horizontal equilibrium of the portion of the 
beam ANLC. Since C, and C, are not equal (otherwise S, the shear 
force, would be zero), there must, for equilibrium, be a horizontal 
force acting over the surface at NZ, the neutral layer, equal to the 
difference between O, and O,. Let this force be C,. Then the force 
C,, is evidently supplied by the horizontal shear stresses acting over 
the area at NL; this area being equal to xb,, where 6, is the width 
of the section at X—X, the neutral axis; see Fig. 192. 


E ly 
| AREA’ 
f xi y x 
Y 


Sreess” DIAGEAMS. JECTION. 
Fig. 192. Shear stress at the neutral axis of a beam. 


Then, if s, be the intensity of shear stress at the neutral axis, 
we have 
Cp C= Cys (2). rn ee (b) 


To find the magnitude of the forces C, and C,, consider a small 
element of area a, situated on the section AB at a distance y, from 
the neutral axis. The intensity of stress on this area will be given by 


te <S ByYa 


if > 
and the total force on the small area 


=aXfo—a(—0"). 


So that the total force C,, acting on the area above the neutral 
axis at section AB, will be given by 


i Byy,\ _B,YA 
C,=2a( 7 Is 7 


where Y is the distance to the centroid of the area A from the 
neutral axis X—X. 


Similarly the force O,= ae , 
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Then, substituting these values in (b) above, we have 


C25 CO Se Ee 
if if 
1 by. By= = (By — By), 
from which we have 
ones YA /B, — B, 
PS a ( L i? 


But from (a) we have that (B, — B,)/x is equal to S, the shear 
force over the section; hence we have 


Shear stress at neutral axis = s, = ue. : 
n 


where S is the total shear force acting at the section, A is the area 
of the section above the neutral axis, Y is the distance from the 
neutral axis to the centroid of the area, J is the moment of inertia 
of the section, and 6, is the width of the section at the neutral axis. 
This is a general expression and may be applied to sections of any 
shape. 

Example. To find an expression for shear stress at the neutral axis of 
a rectangular beam section. See Fig. 193. 


In this case A = area above neutral axis = b x d/2; 
Y = distance to the centroid of this area = d/4, see 
Fig. 193; 6, = 6, and I = 6d?/12. Then s,,, the shear 
stress at the neutral axis, 


SYA Sx d/4x bd/2_ 38 


Lb, 6 x bd3/12 2bd’ 
but the mean shear stress on this section (see (1i1) 
above) = s,, = S/bd; hence we have that Fig. 193. 
The shear stress at the neutral axis of a rectangular beam 
Eh eS : 
= sbda asm oe (v) 


where s,, is the mean shear stress. (See also V, para. 137.) 


137. Distribution of shear stress in beams. Taking, as before, 
two sections in a beam, AB and CD, a short distance x apart, for 
which the stress-distribution diagrams are as shown in Fig. 194 (A), 
consider the equilibrium of the portion of the beam AHFC above 
the layer EF, where EF is at a distance y, from NL the neutral 
layer. 

Tf O,/ and C,’. represent the total forces acting on the vertical 
surfaces of this portion, to the left and right respectively, then the 
magnitude of these forces will evidently be given by the “volume” 
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of the stress-distribution diagrams above the plane of HF; see 
para. 125. Also, for equilibrium, since C;’ and Cy are not equal, 
there must be a horizontal shear force (say C,’) acting along the 
surface at EF, which is equal to the difference between the two 
forces C,’ and C,’, or 


Total shear force on plane BF = C,’ = (Cy’ — Cy’). ...... (a) 


The area of the surface at HF will equal (6,7), where 6, is the 
width of the section at the level of HF. 
Then the intensity of shear stress at HP 


shear force C,’ 
area Bios 


mer ZX 
L lie a | Tenscor | _Y 
er eae Biegcany showing ¢ 


Fig, 194. Distribution of shear stress in beams. 


To find the magnitude of C7’ let a new stress-distribution diagram 
be constructed as at (B) Fig. 194, in which the maximum stress 
(fa) is equal to the difference between the stress f, and the stress fy, 


or fa = (fi — fa). 


(Note. Since the stresses f, and f, were obtained from B, and 
B,—the bending moments at sections AB and CD respectively— 
using the expression f = By/I, then f, may be obtained conveniently 
from the expression 


By 
ta =f >, Gee (c) 


where B;, = (B, — B,) = the change in the bending moment over 
the distance x. Also, from this, Bz = f,Z.) 

This new diagram may be called the Diagram showing distri- 
bution of stress-difference (f;); thus at any horizontal layer such 
as EF, the stress-difference (f,') represented on this diagram must, 
by the construction of the diagram, be equal to the difference 
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between the corresponding stresses (f;’ and f,’) on the original stress 
diagrams at (A) Fig. 194, or 


ta oa (fA = 

From this it follows that the total force, represented by the 
“volume” of the stress-difference diagram above the plane of EF, 
must be equal to the difference between the forces CO,’ and O,’, and 
represented by the corresponding portions of the stress distribution 
diagrams at (A). As indicated in (a) above this force is evidently 
equal to the shear force Cy’ acting over the surface at HF, and 
we may conclude that 


IV. If a diagram showing the distribution of stress-difference be 
drawn as explained above, then the total shear force acting on any 
horizontal layer in the beam, between the two selected vertical 
sections, will be represented by the “volume” of the stress-difference 
diagram above that layer. 


This is a general statement and may be applied to sections of 
any shape. Having obtained the total horizontal shear force on 
the plane HF in this way, we may find the intensity of shear stress 
on this plane from 
horizontal shear force (C,/' 


area be 


Shear stress = 


It will usually be convenient to make # equal to unity, either 
1 ft. or 1 in. The following Example will explain the method of 
procedure. 


Example. Find the distribution of shear stress at any section F between 
points A and C on the loaded beam shown in Fig. 195 (A), if the section of 
the beam is a rectangle 6 ins. broad (b) and 12 ins. deep (da). 


In this case the shear force S is constant between A and C, so that it 
is immaterial where the two sections are taken. 
The selected sections A and Ff are | ft. apart. Then 
B, = bending moment at A = 0 
and B,; = bending moment at / = 1500 x 12 = 18,000 Ib. ins. 
Then 8, = difference in bending moment over | ft. 
= rate of change of bending moment over 1 ft., or 12 ins. 
= 18,000 lb. ins. 
For this section the value of Z 
bd* s 6x 12? 
6 6 


Then from By = f;4, we have 


= 144 inch units*. 


‘ ‘ B 18,000 
fq = maximum “‘stress-difference” = A ae 


= LZoilbss per sq.1n. 
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The diagram showing the distribution of stress-difference may now 
be 2h uues shown marie 195 (B). Since the section is symmetrical 
we need only consider the upper half. On this we may take three parallel 
planes at HZ, GG and XX, 2 ins. apart in each case. 


Orear lorcé DIAGRAM a) 


| 
= 6 
BenoinG Moment LWAGRAM 


4) BEAM aro LOADING. 


6s era” 


LISTRIBUTION oF @ LWAGRAM oF 


STRESS DIFFERENCE DQHEAR STRESS. 


Fig. 195. Distribution of shear stress on a rectangular section. 


On this diagram the length Aa represents f,, that is 125 Ibs. per 
sq. in. Hence on plane HE the length He will represent (125 x 4) or 
83} lbs. per sq. in., and on plane GG the length Gg represents (125 x 2) 
or 41% lbs. per sq. in. At XX the stress-difference is zero. 
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Then the total horizontal shear force acting on plane HH is represented 
by the “volume” of the stress-difference diagram above this plane, that 
is by the “‘solid” HHA Aaa. 

Hence the total force acting on plane HH 


125 + 833 
za (5) (6 x 2) = (208% x 6), 
and this acts over an area of (b,x), i.e. (6 x 12) or 72 sq. ins. 


Then shear stress on plane HH = 208} x 6/72 = 17} lbs. per sq. in. 
Similarly on plane GG the shear stress 


12 
= a) (6 x 4) _ = 27% Ibs. per sq. in 
And the shear stress on plane XX 
= a (6 x 6) ss = 314 lbs. per sq. in. 


Let these values be now plotted on a Shear Stress Diagram as shown 
in Fig. 195 (C), on a base line-A—B representing the depth of the beam, 
the same values being used below the neutral axis at X; then the points 
will be found to lie on a smooth curve and the maximum value will 
occur at X. This curve may be readily shown to be a part of a parabola. 

Checking by the expression (iii), found above in para. 136, we have 


8, = Shear stress at neutral axis = S 
3 1500 ; 
= ee = 314 lbs. per sq. in. 


(ale 


The following general statement may be based upon the results 
of the above Example: 


V. In a rectangular beam section the distribution of shear stress 
_is given by a parabolic curve, having zero values at the top and 
bottom edges respectively, and a maximum value at the neutral axis 
of one and a half (3/2) times the mean shear stress (S/A) over the 
whole section. 


Other sections. In the case of a circular section it may be shown 
that the shear stress varies in a similar way, the maximum value 
at the neutral axis being one and one-third (4/3) times the intensity 
of the mean shear stress (S/A). In the case of a thin circular pipe 
the maximum shear stress at the centre is twice the mean shear stress. 


138. Distribution of shear stress in I-section beams. Using 
statement IV above we may construct a shear stress diagram for 
I-section beams, the procedure being explained by the following 
worked Example. 

Example. Draw a diagram showing the maximum shear stresses in a 
beam of the section shown in Fig. 196 (B), the beam being loaded with a 
uniformly distributed load of 2 tons as shown in Fig. 196 (A). 

In this case the maximum shear forces occur at the points of support, 
and fall off uniformly to zero at the centre. The maximum shear stresses 
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will therefore occur in the sections immediately over the points of sup- 
port. At these sections the shear force is 2240 lbs. Evidently this force 
also gives the rate of change of the bending moment (per unit of length) at 
the same section (see II, para. 92), which must likewise be a maximum 
at this section; or Bg = maximum change in bending moment = 2240 lb. 


in. (per inch of length). 


LDIAGRAM 
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Fig. 196. Distribution of shear stress in an I-section beam. 
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The moment of inertia J for the section, by the method explained in 
para. 129, 


_ 4x 83 3-75 x 73 


= 64 inch units! (approx.). 


12 12 
Then fq = max. stress-difference = Bay 
a nee 
= ee = 140 lbs. per sq. in. 


The diagram of distribution of stress-difference may now be con- 
structed as shown in Fig. 196 (C), only one-half being necessary. Its 
shape may be looked upon as made up of a wedge-shaped solid aad A X’X’, 
from which is taken the smaller wedge-shaped solids, indicated by dotted 
lines; the volume of the solid thus formed may be most readily calculated 
by dealing with it in the following order. 

The length Aa represents a stress-difference (fg) of 140 Ibs. per sq. in., 
so that the stress-difference (fg’) at HH will be (140 x 3-5/4) or 122-5 Ibs. 
per sq. in. Taking a third plane at #/’, 2 ins. from XX, the stress- 
difference (fq) at #F will be (140 x 2) or 70 lbs. per sq. in. 

(a) The total shear force acting on the plane HH is represented by the 
“volume” of the stress-difference diagram above this plane, or, otherwise, 
is equal to (the area of the flange) x (the average stress acting thereon), 
the average stress being given by 


ee) 


/140 + 122-5 
9 


a 


Therefore 
Total force on HH 


) (4 x 0-5) = 262-5 Ibs. 


If we consider the shear stress on the plane just above HE, the area of 
whichis (4 x 1) or 4sq. ins. (since the distance @ in this case is | in.), then 


262-5 
Shear stress just above HH = pathoste 


= 65-6 lbs. per sq. in. 
(6b) Similarly the shear stress just below HE, where the width e’eé’ is 
only 0-25 in. and the area (1 x 0-25), is given by 
262-5 


Shear stress just below HH = 0-55 


= 1050 lbs. per sq. in. 


(c) The total shear force acting on plane #F will be given by the total 
force acting on the flange plus the force represented by “‘volume” of 
the stress-difference figure between the flange and the plane /F. Then 


122- 70 
Total force on plane FF = 262-5 + Cae =) (1-5 x 0-25) 
= 262-5 + 36 = 298-5 Ibs. 
This is spread over an area of (1 x 0-25) or 0-25 sq. in. Therefore 


298-5 
0-25. 


Shear stress at FF = = 1194 Ibs. per sq. in. 


(d) The total horizontal force acting on the plane XX will be given 
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by the total ‘“‘ volume” of the stress-difference diagram above XX, which, 
using the letters and dimensions given in Fig. 196 (B) and (C), 


i d 1; (need: ? 
= 9 (6 x 5) x fa) Cope 2 (0 x Dy x fa 
(- x 4x =) = (= SE Bua) XX =") 


2 2 
= 1120 — 804 = 316 lbs, 
This acts over an area of (1 x 0-25) or 0-25 sq. in.; hence 
316 
0-25 

The shear stress diagram can now be constructed as shown in 
Fig. 196 (D). It may be shown that the curves amoph and lkq are 
identical curves, both being parts of the same parabolic curve; this fact 
may sometimes be used in setting out the curves. 

(It may be noted here that the reason for bevelling the flanges, and 
rounding the internal angles of beam and other steel sections, is not 
merely to reduce the difficulties of rolling—by providing “‘clearance” 
for the mill rollers—but also to avoid sudden and therefore undesirable 
changes in the shear stresses, which would otherwise occur at each sudden 
change of section; e.g. in Fig. 196, if the section actually had sharp angles 
as therein shown, there would be a sudden alteration of stress at the 
plane HH from 65 to 1050 lbs. per sq. in. The rounding of the internal 
corners ensures a more gradual change.) 


Shear stress at XX (the neutral axis) = = 1264 lbs. per sa. in. 


139. Approximate expression for the mean shear stress in the 
web of an I-section or built-up beam. The total shear force which 
is borne by the web in the above Example will be given by the 
product of the area of the figure elgg into the width of the web. 
This product will be seen to be a very high proportion of the total 
shear force (S) carried by the whole section, the stresses in the 
flanges—found from the small parts of the shear stress diagram 
beyond em and gp—being very-small indeed. On this fact is based 
the following approximate rule, which is frequently used in practice 
and which assumes that the whole of the shear force (S) is carried 
by the web. 


VI. The approximate mean shear stress in the web of an I-section 
beam may be found by dividing the total shear force by the area 
of the web, or 
Ss 


area of web’ 


approximate mean shear stress 


By way of comparison we may find the approximate mean shear 
stress in the example above. 
shear force 
area of web 
os 22220 Se 1280 Ibs 
7x0957 1% S. per sq. in. 


(Result in para. 138 was 1264 lbs.; difference equals 1:3 %. 


Approx. mean shear stress in web 


I 
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140. To find the distribution of shear stress in beams by means 
of the Calculus*; see Fig. 197. 


Let two sections AB and CD be taken as before, a small distance 
6x apart, and let the bending moment at AB be B, while that at CD is 
equal to (B + 8B). Then the difference in bending moment equals 6B 
over a distance 5x7; hence 


S = shear force = rate of change of bending moment = = fuels weees (a) 


RECTANGULAR 
OECTION OECTION 


Fig. 197. 


Consider a very thin strip at HE on section AB, of a thickness Sy and 
at a height y, above the neutral axis X—X, the breadth of the figure 
being 6, at this height. 

The stress acting on this strip 


By 
=j,= rac Mereee (b) 
The total force acting on the strip 
B 
= ( He) (55) 7 ce ae (c) 
Similarly the total force acting on the corresponding strip at 
B+ 8B 
= ) ibe Gee © ee Geek (d) 


Now the shear force acting on the horizontal surface at H/F’, and due 
to the forces acting on the elemental strips at H and /’, must be equal 
to the difference between the forces defined in (c) and (d), and this 
difference 

= ee Bes BY Sones (e) 


The total forces C,’ and O,’, see Fig. 197, acting on the vertical surfaces 
AH and CF above the layer HF, may be obtained by summing the 
forces acting on the elemental strips, such as HZ, over each of these areas. 
Similarly the total difference between these two forces may be obtained 
by summing the quantities defined above in (e) over the same area 


* This paragraph may be omitted by readers not acquainted with the use of the 
Calculus, or for whom the methods already outlined are sufficient. 
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above FE (or FF). Then, if y, is the distance from the neutral axis X -—X 
to the compression edge, we have 
Total shear force acting on the horizontal surface HF 


nee dB.y.b,. dy _ or fey. be-by. ie (f) 
Y= Ve a f Y= Ve 
Since the force defined in (f) acts over an area of (b,6x), then 
shear force 8B Y=YA 
‘ Y = == = . A 3 
Shear stress on surface at HF’ Bee I Gest) ee y.b,. dy 


and, since §B/8x = S, see (a) above, then 
(Y= OP ; 
Shear stress on EF = a GolaCils — be0a0s (vi) 
Ini in = 


This is a general expression and may be applied to sections of any 
shape. By means of it we are able to find the shear stress on any 
horizontal surface such as HF at a distance of y, from the neutral axis. 

It should be noted that the second portion of the expression (vi), viz. 


Y¥=YA 
[ y.b,.8y, 
J Y=YVe 


should give the first moment of the area of the.section above HE (or FF’) 
about XX. Further, if the section of the beam does not vary uniformly 
in width from either edge to the neutral axis, but is subject to sudden 
changes, as in an I-section, then this portion of the expression should 
be split up into two (or more) parts, appropriate values being given to 
Y.> Y, and bz, in each case. 

The value of 6, outside the integral sign (S/Ib,) should be equal to 
the width of the section at the plane upon which the shear stress is being 
obtained. 

Example. Pind the distribution of shear stress on a rectangular section 
by the above methods. See Fig. 197. 

In this case 


d bd? 
On, = De, Ys= >> ronal JE c= 12° 
Then expression (vi) becomes 
Shear stress on layer at HE = = | y.b. oy. 
bd* xb ¥Y—Ve 
12 


From this it is easy to obtain the distribution of the stress over the 
whole section. To find the maximum value at XX the lower limit 
becomes 0, and we have 


d 
2 Ss 
Shear stress at neutral axis = rae |, — ; y.b. dy 
F12) 


, as in (v) above. 


bol w 
S| % 
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141. Deflection of a beam due to shear. If in Fig. 188 the block 
ABCD be considered to form part of a cantilever, projecting 
outwards from its support at DC, it will be seen that the effect of 
the shear force S is to cause the outer end AB to drop below the 
level of the inner end at DC. This movement is actually very slight, 
but it will be readily conceived that, if this effect is continued 
throughout the length of a cantilever, the drop or deflection at the 
end of the cantilever may be quite appreciable. Unless, however, 
the cantilever is both short and deep, this movement may be shown 
to be relatively small when compared with the deflection due to 
direct bending. In all ordinary cases the deflection due to shear 
both in cantilevers and beams may be ignored. 


Problems XV 


1. In the experiment described in para. 134 and illustrated in Fig. 189, 
the dimensions of the block of rubber were: length 12 ins., height (h) 
3 ins. and thickness 14 ins. For a load (W) of 20 lbs. the deformation 
(a) was 0:02 in. Calculate the value of G, the shear modulus of elasticity 
for the rubber, from these values. 


2. A timber beam of uniform rectangular section, 4 ins. broad (b) and 
8 ins. deep (d), carries a central load of 2 tons. Find the maximum 
shear stress induced in the beam. What is the value of the mean shear 
stress at the same section? 


3. If the longitudinal shear stress in a timber beam, 10 ins. by 4 ins. 
in section, is limited to 100 lbs. per sq. in., find the total shear force 
which the beam will carry. 


4, Find the greatest span over which the beam in Prob. 3 would carry 
a load equal to 2S, where S is the maximum shear force which the 
section will carry, if the flexural stress (f) in the beam is limited to 
1100 lbs. per sq. in. 


5. It is desired to design a timber beam for an experiment on longi- 
tudinal shear, the beam to fail if possible by longitudinal shear near the 
ends. If the section of the beam be 2 ins. (6) by 6 ins. (d), calculate a 
suitable span and central load so that, when the flexural stress reaches 
750 lbs. per sq. in., the maximum shear stress shall be 120 Ibs. per sq. in. 


6. Using the approximate rule (para. 139), find the maximum shear 
force (S) which the I-section in Fig. 196 will carry, if the shear stress in 
the web is to be limited to 2} tons per sq. in. 


7. Draw the diagram of shear stress for the beam illustrated in 
Fig. 195, if it is to carry a central load of 6000 lbs. What would be the 
maximum shear stress at this load? 


8. Using the method described in para. 138, draw the complete shear 
stress diagram for the I-section shown in Fig. 183, if the maximum shear 
force (S) is 6 tons. What is the maximum shear stress? 


9. Solve Prob. 8 by the calculus method described in para. 140. 


CHAPTER XVI 
THE DEFLECTION OF BEAMS 


142. Deflection and stiffness. As a matter of common experience 
we know that a beam bends on being loaded. In para. 117 we 
obtained an expression (i) in which was included a term R, repre- 
senting the radius of curvature to which the loaded beam had been 
bent over the very short length there considered. In practice, 
however, it is not so much the actual shape of the bent beam which 
we require to know, as the magnitude of the movement of each 
section of the beam away from its original unstrained position. 
In particular we wish to know the maximum movement which 
takes place in this way. 


Fig. 198. Beam bending to an are of a circle. 


If in Fig. 198 the line ACB represents a beam which is to be 
symmetrically loaded about its centre point C, while the line ADB 
represents the shape assumed by the beam after loading (these two 
lines may be taken to coincide with the neutral layer of the beam), 
then OD, which is the amount by which the centre section has 
moved from its original position, is obviously the maximum 
movement or deflection of any section of the beam. The term 
Deflection is usually used to denote this maximum deflection and 
is represented by the Greek letter 5 (delta). 

In order to keep our investigations within the limits of difficulty 
which we have set for this volume, we will confine our attention to 
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the maximum deflections of cantilevers and of beams symmetrically 
loaded. While the methods outlined below for dealing with such 
cases should prove to be reasonably simple, they are fundamentally 
sound, so that, should the reader desire to do so, it will not be 
dificult to extend them to cover more complex cases than are 
dealt with in this volume. 

It may be noted here that, in a beam which is not symmetrically 
loaded, the maximum deflection does not occur at the centre. In 
such cases the amount of the maximum deflection will be given by 
the distance between the line AB, see Fig. 198, and some line 77 
drawn parallel to 4B which touches or is tangential to the curve 
of the beam. The point of contact of this line with the curve is 
of course the point at which the maximum deflection occurs. 


143. Deflection of a beam bending to circular arc. In Fig. 198 
is shown a beam ACB which; when subjected to a constant bending 
moment (B) throughout its length, bends to the curve ADB; see 
example given in para. 115. Then, from the expression (iv) given 
in para. 120, we have 

jey lbh 
| hoped fe 


Now in the present case, if the beam be of uniform section 
throughout its length, then B, J and £ are all of constant value, 
and it follows from the above expression that the term R must 
be constant over the length of the beam. Jf a curve has a radius 
of curvature (R) which is constant, then the curve must be part of 
a circle. This circle has been completed in Fig. 198 and from it, 
using a well-known geometrical principle, we may show that 


ACCC B= CHO ein (a) 
but AC= CB = 1/2: 
Also, since the distance CD (that is 6) is usually very small compared 


with the distance CH, we may assume that CH = DE=2R. Then, 
substituting these values in (a) above, we have 


(5) = 2p 0; 
5) 
[2 Ht Es) 
or v= r*XoRp= 8 (3): maee (b) 
: I 16; 

But from TR: 

We I S. B 
we have jae 


M&DII 16 
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Hence by substituting this value in expression (b) we have 


Bie 


cori 


Experiment. Deflection of a beam bending to a circular are. 


Let a beam of uniform section, for the material of which the value of 
E is known, be supported at two points A and B as shown in Fig. 199, 
and loaded with equal loads W at D and C, where the distances CA 
and BD are both equal to L,; then, between the points A and B, the 


oe LVAGRAM 


BENDING MOMENT 
Fig. 199. 


beam will be subjected to a constant bending moment (B) equal to 
W x L,; see bending moment diagram. If the deflection at H, which is 
upwards in this case since the bending moment is negative, is measured 
for a number of differing loads W, then the measured deflections may 
be compared with the calculated deflections using expression (i) 
(Alternatively the experiment may be used to find the value of £.) 


Experiment. To find I for a tumber beam of red deal. See reference in 
para. 225. 

The experiment consists of submitting the timber beam to a constant 
bending moment, as explained above; from the measured deflection the 
value of # may be found by using expression (i) above. The test may 
be carried out on the form of apparatus ordinarily used for measuring the 
deflection of beams, the deflection being measured upwards at the 
centre. 

Using Fig. 199, the dimensions in a particular test were as follows: 
I = span = 48 ins.; L, = projection of beam at each end = 18 ins.; 
W = the load hung from each end = 200 Ibs. Dimensions of the beam: 
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breadth (b) = 2 ins., depth (d) = 3 ins. For the end loads of 200 lbs. the 
measured deflection (8) at point H at the centre was 0-19 in. Then 


B 


constant bending moment between A and B 
200 x 18 = 3600 lb. ins. 


bit 2 27, 27 


The moment of inertia (J) = 


125 S12 6° 
Then from expression (i) we have 
ae 
8.H.I’ 
org 183 1b 
whence # = modulus of elasticity = ES 


_ 3600 x 48 x 48 x 6 
fey se (ule) Se 27 


= 1,212,000 lbs. per sq. in. 


144, Slope of a beam. If at any point, such as B in Fig. 198, 
a line SS is drawn which is tangential to the curve of the beam 
at that point, then that line will evidently give the Inclination or 
Slope of the axis of the beam at that point. 

In the case illustrated in Fig. 198 we have, if @ be the angle 
which the line SS forms with a horizontal line (or, more correctly, 
with the original position ACB of the beam), then, by the geometry 
of the figure, the angle DOB is also equal to 0. Now, since @ will 
usually be very small, we may say that sin 6 = @ (radians), so that 

BC 


@ (radians) = sin 2 DOB = BO 


5| SN 


1 
ae 


and substituting this value of 1/R in (a), we have 


: : ; BL x 
§ (radians) = slope in radians = bE (11) 
which gives the slope at the point B (or A) in a beam subjected to 
a constant bending moment, or which is bent to a circular arc. 
(Z must of course be reduced if Bis inside the point of support.) 


But see para. 143), 


Experiment. To find the change in slope of a beam subjected to a constant 
bending moment. See Fig. 200. 

In the ‘““Complete Bending Experiment” described in para. 124 and 
Fig. 174, the load was applied to the beam from beneath by means of 
the straining head of the testing machine (an Amsler- Laffan Beam 
Testing Machine), which rose as the load was increased while the bearings 
of the beam at the ends remained stationary; these conditions are 
illustrated diagrammatically in Fig. 200. 


16-2 
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To measure change in slope at the point C, immediately over one of 
the loads W, a small mirror resting on three points of support was 
placed on the top of the beam at K, immediately over C. Ascale HG was 
then fixed at a considerable distance from the mirror, the distance KH 
(or M) in this case being 14-25 ft. A telescope was placed at H and the 
mirror tilted until, by reflection, it was possible to take a reading of the 
scale through the telescope, a cross-hair being fixed in the telescope for 
this purpose. 


ees asic 
Q ie aes 2’ LoaninG of BEAM. 


— > 4' 
TRiANGULAR DASE. | 
Fhoints of Support. ection of Beam. 


Fig. 200. Slope of a beam. 


; When the loads W, W are added—or better still when they are 
increased by a known amount—the beam bends and so becomes inclined 
at CG, the mirror making the same change in inclination, say 6. It is 
possible to show that, if the mirror changes its inclination by an angle 
of 6, then, in accordance with a well-known law of the reflection of light, 
the reflected ray KH will change to KG, so that the angle HKG is equal 
to 26. Since the distance M is considerable, while the distance m on 
the scale is usually small, the ratio m/M will give the value of the angle 
20 in radians, or 


6 (radians) = change of slope = i 


aM: seeees (a) 
In the experiment described in para. 124 the following results were 
obtained, the mirror being placed over C; see Fig. 200. 


Voad_ W (lbs. Imereasinig ee cectee eee 1000 1500 2000 2500 3000 
Change of reading on scale (m) in ins. 0-25 0:25 0-25 0-2 0-25 
Load W (lbs.) Decreasing ............+.. 2500 2006 1500 1000 


Change of reading on’scale (m) in ins. 0-2 Wer; (UG; 
Average change of reading for change of W = 500 lbs. is 0:225 in. 

Then, from (a) above, 

mi 0-225 ” : 

3M ~ 3% 14-95 x19 0-000658 radian. 


Change of slope = @ = 
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By calculation, since 
Ey BE MR. 
B= 500 x 36 = 18,000 1b. ins.; 
f = 10-67 inch units‘, 
E = 30,000,000 Ibs. per sq. in. (see para. 124), 
BL 18,000 x 24 


2HT — % x30,000,000 x 10-67  ° 000674 radian. 


we have 9 = 


145. Deflection of cantilevers. Although the case of deflection 
and slope dealt with in the two preceding paragraphs is of con- 
siderable importance, it is found 
necessary to approach the investiga- 
tion of deflection and slopein nearly @ 
all other cases along somewhat dif- 
ferent lines, since only in rare cases 
is a beam in practice subjected to a 
constant bending moment over any 
considerable portion of its length. 
The general principles underlying 
this method are given in the follow- 
ing statement. 


Deflection ofacantilever. (General 
case.) Let the line ADEB in Fig. 201 
represent a cantilever which, after 
loading in some manner (which need 
not for the moment be specified), 
bends to the curve Adeb, and let aab 
be the bending moment diagram for 
such loading. If two points d and e / 
be taken on the curved outline of / i 
the beam, so that the distance x be- i 
tween them is extremely small, then 
we may assume that the radius of / 
curvature is the same at each of i! 
these points and equal to R; see lo 
Fig. 201. (The distortion of the _, ‘ ; : 
beam Adeb is of course consider- "S701. Se ne ee ae 
ably exaggerated in Vig. 201.) 

If tangents db’ and eb’’ be now drawn from d and e respectively, 
reaching to the ordinate Bb at the end of the cantilever, then the 
distance b'b’’ is the portion of the deflection at the end of the 
cantilever which is due to the change of slope between the two points 
D and E. The magnitude of this change is given by the angle 0, 
between these two tangents. But by the geometry of the figure 


/ 
* BENT ee 
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the angle doe between the radii at d and ¢ is also equal to @, and, 
if 0, is measured in radians, then 
6, = 2 20'DE 
hoe 
where lL, is the distance from the end of the cantilever to the small 
portion de. If 5, stands for the small distance b’b”, we see that 
07 = Ole 
If now we desire to obtain 8, the total deflection at the end of 
the cantilever, it is clear that we shall get it by adding together 
all the small deflections such as 6,,, obtained in the manner -deseribed, 
from the changes in slope over the small lengths such as «. Now, 
as we have seen, 0, =2/R, and we also know that 
le 485 
R~ BD’ 
where B, is the mean bending moment between d and e at a distance 
of J, from B (see also para. 143). Hence we have 


0,=2(5)= as 

eee 7 qlee ars 

but the numerator of this fraction (B, x x) is equal to the area of 
the shaded portion of the bending moment diagram, see Fig. 201. 
If this area is called A,, then we have 


A, 
0, = =a aeeoe (a) 
Similarly, since 6, = 0, x l,, we have 
Ti Wesco oll 
Op Sas 2 cee i aca (b) 


To find the total slope we must evidently sum the first expression 
(a) over the whole length of the beam, in which case A, becomes 
the area of the bending moment diagram,'so that, if this be A, 
we have 


A, 
Total sl 
otal slope at B = 8 = Uy 
A area of bending moment diagram 
= FI ET mica (111) 


To find the total deflection at B we must obtain the sum of the 
second expression (b) over the length of the beam, so that 


Total deflection = 6 = & ae 


It 
a EI (Ale 
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but, since J, is the distance from B to the centroid of the small 
area A,, the term & (A,/,) must be equal to the first moment 
of the whole area (A) of the bending moment diagram about B, 
the free end of the cantilever. If G be the centroid of the bending 
moment diagram and the distance to G from B be I,, then we have 


: Al, 
Total deflection at B = 6 = EI 
__ first moment of B.M. diagram about free end of cantilever 


El 


ag BEn0/1" Diaceam 


wibs fer inch |B 
3 


BENT 
A CANTILEVER. 


EIYT 
NTILEVER 


Fig. 203. Cantilever with uniformly 
distributed load. 
Fig. 202. Cantilever with end load. 


146. Examples—Cantilevers. We may now proceed to apply 
these general expressions to particular cases. 


(a) Cantilever with end load W. See Fig. 202. 


In this case A, the area of the bending moment diagram, 


_WLxL_ WL? 


2 2 


“ 


Also l,, the distance from B to G, the centroid of the bending moment 
diagram, will be 21/3. Hence we have 


2 1 L2 
Total slope at B = 0 = ore ee WE (v) 


leo op ee Ire 
Similarly 


5 y, 2 9 3 
Total deflection at B = § = at .- (= x =) i WE ; 


248 THE DEFLECTION OF BEAMS [cH. 


(b) Cantilever with uniformly distributed load w lbs. per in. See Fig. 203. 
In this case the maximum bending moment is wL?/2, and the outline 
of the diagram is parabolic. The area A may be shown to be 


a L wl? 
= : (enclosing rectangle) = 3 (z x ) sare 


The distance from B to G, the centroid of the diagram, may be shown 
to be 2 in this case. Then 


A wh? 1 wL* a 
Total slope at B = 0 Fie ( G yi Ey (vil) 
Similarly i Pete ter he 
é Vas Ly W. B; x wl 
Total defiection at B = 8 EI (C =e) ep = SET 
or, if W be substituted for (wZ), then 
We eee wit 


(c) pantilevers with any loading. With other types of loading the 
work proceeds on exactly the same lines as those given above. If the 
bending moment diagram is rather complicated it can usually be divided 
up into several simple figures, for which the areas and the distances 
from the free end of the cantilever to their centroids can easily be 
obtained. The quantity (A x l,) will 
then be equal to the sum of the pro- 
ducts of each pair of such quantities 
as (A, x l,). The following worked 
example will make this clear (see also 
para. 149). 

(d) Worked Example. To jind the 
slope and deflection at the end of a canti- 
lever carrying a load at some other point 
than the end. 

We will use the dimensions and 
values given in Fig. 204 and assume 
that the value of # for the material 
of the cantilever is 30,000,000 lbs. per 
sq. in. and that J has a value of 150 
inch units?. 

Then the maximum bending moment BENT CANTILEVER. 
occurs at A and Fig. 204. Cantilever with load 

B, = 1000)x 60 not at the end. 
= 60,000 lb. ins. 

Between C and B the bending moment is zero. The area (A) of the 
bending moment diagram 

_ 60,000 lb. ins. x 60 ins. 
2 
= 1,800,000 Ib. inch units?. 

Also the distance oe B to G, the centroid of the bending moment 

diagram, is 40 + (} x 60) or 80 ins. Then slope at B 
Soe A 1,800,000 0-000 F 
HI -30;000,000.q180 a ous 
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(This can be brought to degrees by use of a table of radians or by 
multiplying by the constant 57-3.) 
Similarly the deflection at B 


Al, 1,800,000 x 80 


ees Ree 30,000,000 x 150 


=" 0-032 an. 


(e) To calculate the deflection of a cantilever by means of the 
integral calculus. To those readers who are acquainted with and 
are desirous of using the methods of the calculus, the following 
note will explain the slight modification necessary in the above 
methods to enable this to be done. Referring once more to Fig. 201, 
it is obvious that we may write down the small dimension « in 
terms of 1, the distance measured along the cantilever, as dl. The 
expression 
Axl, (B,#) |, 

EI EI 


Oy 


then becomes 
_B,xd xl, 
ae py, ; 


Summing these small quantities over the whole length of the beam, 
we therefore write 


t flee 
= ion = —- Beldi, 
§ = total deflection ET ie 
where, in the limit, Bis the bending moment at A (where the slope 
is zero; see note in para. 148), the point A being at a distance 
L from B. 


Example. In the case of a cantilever with an end load W, where 
B = W1, the above expression is then written 
W ft-L., 
Ser T seo Peal. 
ge 
~ ByBUT 


Sy 


8 


which 
as in (v1) in this paragraph. 

Other cases are dealt with similarly. 

147. Deflection of freely supported beams. If for the present we 
limit our consideration of deflection to those cases of beams which 
are symmetrically loaded about their centre point, then it is clear 
that the maximum deflection will occur at the centre section. 
Thus in Fig. 205, where we have a beam carrying a load W at the 
centre C, and also in Fig. 206, where we have a beam carrying 
a uniformly distributed load over its entire length, the distance 
OD gives the maximum deflection (8). In addition the shape of 
the bent beam must obviously be symmetrically disposed about 
the centre line at C, and it follows from this, that if we draw a 
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tangent to the curve at D, then this tangent will be parallel to 
the original line through AB, the points of support. In other 
words the slope at the centre of the bent beam in both these cases is zero. 

Hence it will be seen that, if we reverse the figure of the bent 
beam, as has been done in Fig. 205, we may look upon it as being 
made up of two cantilevers, starting with zero slope at D’ in each 
case, and extending for a distance (L/2) to A’ and B’ respectively. In 
each case the deflection at the end of each “cantilever” is equal tothe 
deflection § at the centre of the beam. When viewed in this way, 
the deflection at the ends of these imaginary cantilevers is evidently 
due to the reactions at A and B, which in both these cases is equal 
to half the total load. Utilising these relations, we are therefore 
able to arrive at the magnitude of the deflection in each of these 
cases. 


SPACE DIAGRAM 
ACE LAAGRAN. 


a " 

| Bend? Mom! Diagram | 
| ieee ce 
Ka ‘ Ks 


{ 
Says BenbinG Noren7__3()-- 
3 - A ; ae 
oh Fy Bre DiAGRaAr.| i 
| 
Bent Beam - Keversed. Fig. 206. Beam with uniformly distributed 


Fig. 205. Beam with load at centre. load. 


(a) Deflection of a beam loaded at the centre. See Fig. 205. Consider 
the portion D’B’ as a cantilever with a load W/2 at the end B’, then the 
bending moment diagram is given by the triangle ccb, so that A, the 
area of this figure, 

WIG, tle MW IEE 
ie oom 6a 


Also the distance (1,) from B to G, the centroid of this figure, is 2 (L/2), 
or L/3. Hence we have , 
ge WW Le tla ol WL?’ 


8 = deflecti = = EB 
eflection of beam El le SET 48EI° 


(b) Deflection of a beam with uniformly distributed load. See Fig. 206, 
In this case the outline of the bending moment diagram is parabolic, 
the maximum ordinate being equal to wL?/8. Again, reckoning DB as 
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a cantilever, the portion of the bending moment diagram with which 
we are concerned is the figure ccb. The area (A) of this is 

2 (wl? e LN nis 
SEES 2 24° 


Also the distance (J,) from B to the centroid of this figure may be 


shown to be 
8 (LG a 5L 
ae G 163 


Hence, from § = Al,/EI, we have 

wL* . 5D * i 5wLt 
24 1G) TBE een I 
or, if W be substituted for wl, 


§ = 


5WL’ : 
or SeAET) ee fess) 

148. Conditions of application of the general expressions given in 
para. 145 for the slope and deflection of a cantilever. If reference 
be made to Fig. 201 it will be seen that the line AB, which repre- 
sented the unstrained position of the cantilever, might be looked 
upon as a base line from which both slope and deflection are 
measured. It will thus be seen that both slope and deflection are 
zero at A. This latter point might therefore be called “the point 
of origin”. It follows that the general expressions for slope and 
deflection which were obtained in para. 145 can be applied to any 
case of a beam or cantilever provided that A, the point of origin, 
is taken at some point at which the slope is either zero or—which 
is the same thing—at which the slope and deflection of the beam 
are known. (In the latter case the calculated slope and deflection 
are merely to be added to that already known.) 

Further, it should be noted that the pomt B need not be at the 
end of the beam, and that we can, in fact, calculate the slope and 
deflection at any point between A and B from the general ex- 
pressions. 


Example. To find the slope at the point C in the cantilever shown in 
Fig. 204. 

Ignoring the portion CB of the cantilever beyond the point C we 
find the slope at C by means of the expression 6=A/EI, where A is 
the area of the bending moment diagram between A and C. But A in this 
case will have exactly the same value as before, so that, the other terms 
FE and I being the same, the slope at C is the same as at B. In other 
words the portion cb of the strained cantilever is straight. 


149. Experiment. To find the deflection and slope of a beam with 
two-point loading. See Fig. 207. 

(The values used below were obtained in the Complete Bending 
Experiment described in para. 124, the dimensions of the beam and 
loading given in Fig. 207 being the same.) 


252 THE DEFLECTION OF BEAMS [CH. 


Deflections. These were measured by means of a micrometer length 
gauge; see Fig. 207. A stout straight-edge (not shown) was placed upon 
the points of support of the beam, measurements being made from this 
straight-edge to points C, D and H on the beam, as the test proceeded. 
A large number of readings were taken for equal increases of the loads 
W (500 lbs. at a time being added), and the figures given below are 
the averages of at least ten such readings. 


Experimental readings. Deflection at C (and D) for a change of the 
loads W of 500 lbs. each = 0-0475 in. 
Deflection at # for a change of the loads W of 500 Ibs. each = 0:0549 in 


MICROMETER - length gauge. 


w= 500lbs. W=500 lbs. 


is eet | | Benoina MOMENT - 
aa DIAGRAM. 


| | 


CeO 
OHAPE exaggerated) of ee 


Fig, 207. Slope and deflection of a beam with two-point loading. 


Calculated deflections. See Fig. 207. Following the methods outlined 
in this chapter, the total deflection of the beam at H’ will equal the 
total deflections of the imaginary “‘cantilevers” at A’ and B’. 

_To find the deflection of the “cantilever” ECA. The bending moment 
diagram is as shown, the constant bending moment between OC and D 
being equal to (500 x 36) or 18,000 lb. ins. Divide this up into two 
portions A, and A, as shown, between the points a and e. 

Then the total deflection at A 


_ gran — Ala _ (Ar x 42) + (Ay x 24), 
HI IRIE. , 


see (c), para. 146. 
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Now the “‘area” of A, = (12 x 18,000) Ib. ins.2 

While the ‘“‘area” of A, = (36 x 18,000 x 4) Ib. ins.2 
E = 30,000,000 lbs. per sq. in. 
lao? se ip 


a wep 10-67 inch units‘. 


Then the deflection at A’ = 6 = deflection of beam at H’ 


_ (18,000 x 12 x 42) + (18,000 x 18 x 24) 
30,000,000 x 10:67 : 

To find the deflection of the beam at C. The total deflection at EH’ is 
equal to the distance CC’’; see Vig. 207. The distance C’C” is equal to 
the deflection of the “cantilever” at C, taking H’ as the “‘ point of origin.’ 
The deflection of the beam at C is therefore equal to (CC” — C’O”). 

Deflection of the “‘cantilever” at C 
A, x 6_ (18,000 x 12) 6 

EL ~ 30,000,000 x 10-67 
Then deflection of C on the beam 

= CC” — C'O” = 0-0526 — 0:00405 = 0-04855 in. 


To find the slope at C. The manner in which this was done experi- 
mentally has been explained in para. 144, the result obtained are 
0-000658 radian. As an additional check we may calculate the slope (6) 
from the area of the bending moment diagram (A,). Slope at C 


A, __18,000 x 12 
EI 30,000,000 x 10-67 


0-0526 in. 


= (C0 = 0-00405. 


= 6 


0-000675 (radian). 


150. Strength and stiffness. In Chap. xiv, where we dealt with 
the problem of ascertaining the dimensions of beam sections which 
were necessary to keep the maximum stresses within safe limits, 
we were really dealing with the Strength of the beams. In designing 
beams to be used in buildings, however, it is frequently of im- 
portance to ensure that the beams are also stiff, and do not 
bend or deflect to an excessive extent; otherwise cracks may 
occur in the walls which are carried by these beams, or in the 
plasterwork or other enrichments which may be attached thereto, 
or excessive vibrations may be set up in floors when subjected 
to moving loads. 

The term Stiffness is thus used to indicate the resistance of a 
beam against deflection. In order that comparisons may be made 
between beams of varying dimensions, stiffness is usually expressed 
in terms of the deflection and span of the beam, so that 

Stiffness = me cerecHols So edges (x1) 
span 

In ordinary building work this ratio is commonly limited to z4,, 
but the fraction may be smaller in the case of large and important 
beams. 
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If the various expressions used to find deflection be compared, 
it will be seen that they are of the form 


WL 
’ EI? 


where K is a constant which varies with the manner of loading 
and supporting the beam (see next chapter and also Table VI). If 
we consider beams of rectangular section, and substitute (bd?/12) 
for I in the above expression, we have 


: 12WL 
Deflection= K. hb? 
from which we see that the deflection of a rectangular beam varies 
directly as the load and as the cube of the span, and inversely as the 
breadth and the cube of the depth. (This statement should be com- 
pared with that given in para. 133.) The importance of the vertical 
dimension of the beam is thus seen to be considerable if stiffness 
is desired. 


Deflection = K 


Problems XVI 


1. Calculate the upward deflection at point H in the beam of 
Bios 1995 it =) 10 tte = 3) ft; W200 lbst i — 1 500000 tbs sper 
sq. in., the beam being of timber; the breadth (b) = 2 ins., and the 
depth (d) = 4 ins. 


2. Calculate the total change of slope at A in the beam described in 
Prob. 1; see also Fig. 199. 


3. Find the change in the value of W in Fig. 200 if, when M = 15 ft., 
the alteration in the scale reading (m) is 2 ins. Use the same values 
for # (30,000,000) and Z (10-67). 


4. A main floor beam AB carries two equal loads of 5 tons at points 
C and D, which are each 8 ft. from the ends of the beam. The total 
span AB is 30 ft. (Fig. 207 may be used, the lettering being the same.) 
Calculate the slope in the beam at A and C due to the stated loads, the 
beam being originally straight and horizontal. Take # = 30,000,000 Ibs. 
per sq. in. and J = 1200 inch units*. 


5. Calculate the deflections at points C and H in the beam in Prob. 4. 
Express the deflection at H# as a ratio of the span of the beam AB. 


6. A cantilever 10 ft. long carries a distributed load of 0-5 ton per 
ft. run throughout its length, and a concentrated load of 2 tons at 5 ft. 
from the free end. Calculate the slope and deflection at the free end of 
the cantilever, if H = 30,000,000 lbs. per sq. in. and IJ = 490 inch units?. 


7. A beam of uniform section, for which I has the value of 280 inch 
units’, carries a uniformly distributed load of 0-25 ton per ft. run 
throughout its length of 15 ft. It also carries a concentrated load of 
2 tons at the centre of the span. Calculate the total deflection of the 
beam at the centre, if H = 30,000,000 lbs. per sq. in. 


CHAPTER XVII 
FIXED AND CONTINUOUS BEAMS 


151. Fixed Beams. In dealing with the cantilever shown in 
Fig. 201, we assumed that the end at A was so secured or fixed 
that, even when the cantilever was loaded, it remained horizontal 
at A, that is the slope at A was zero. When the end of a cantilever 
or beam is so secured it is known as a Fixed End. In actual practice 
the fixing can never be so perfect as that here defined, but, as the 
difficulties of allowing for fixings which are less than perfect are 
so great that they would carry our investigations far beyond the 
limits which we have set ourselves in this volume, we will continue 
to assume that at a fixed end the slope remains at zero after 
loading. 


A beam with fixed ends. It follows from the above statement 
that a beam with fixed ends, or, more briefly, a fixed beam, is one 
in which the ends remain at zero slope when the beam is loaded. 
We will first consider the case of a beam in which this condition 
is produced in some other way than by “fixing”. 

Let the beam AB shown in Fig. 208 (a) have its ends prolonged 
by equal amounts (L,) to C and D respectively. If now a load W 
is placed at H, the centre of AB, then the beam will bend as shown 
in Fig. 208 (6) and a slope of 6, will be produced at B. If A, is 
the area of the shaded portion eeb of the bending moment diagram, 
we know from our previous work that the slope at B 


A 
ca 6, rs EL’ teeeee (a) 
We will call the complete bending moment diagram aebe the Free 
Moment Diagram. 

It will be clear, however, that, by adding equal loads (W,) at 
the points C and D, the ends of the beam could be bent down 
until, as shown in Fig. 208 (c), the slope of the beam both at A 
and B was zero. This result has evidently been achieved by 
applying at A and B moments of opposite sign to those pro- 
duced by the load W. 

But let us for a moment consider what effect the loads W, at C 
and D would have upon the shape of the beam if acting alone. As 
we already know, they would produce a negative and constant 
bending moment between A and B, the magnitude of which would 
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be — W,L,. (The complete bending moment diagram would be as 
shown in Fig. 208 (d), but we can disregard the dotted portions 
beyond A and B, since we are not at present concerned with the 
manner in which the bending moment diagram between A and B is 
produced but only with its effects.) The portion of the diagram 
between A and B we will call the Fixing Moment Diagram. 


a Sf 
Froung Momenir DIAGRAM 
Fig. 208. 


The shape which the beam would assume in the latter case is 
shown in Fig. 208 (d), the curvature between A and B being of an 
opposite kind to that produced by the central load W. If 6, be 
the slope produced in this case at B, it will thus be of opposite 
sign to that produced at B by the central load W. ! 

As already explained we can find 6, by considering the portion 
eB of the bent beam as a “cantilever” fixed at e, for which the 
bending moment diagram is given by the shaded portion eebb of 
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the fixing moment diagram. If A, is the area of this portion, then 
we have, as before, the slope at B 

Sy eee 

=Op= Fete (b) 

If now we imagine all the loads acting as shown in Fig. 208 (c), 

then, in order that the “combined slope” at B may be zero, the 
slope (6) produced at B by the load W, must just be equal to the 
corresponding slope (@,) produced by the central load W; so that 
we have 


0, =? 93, 
that is, from (a) and (b), 
A, as A, 
FI Er Ay us, 


But, since the loading is symmetrical, it is clear that in each 
case A, and A, represents half the complete bending moment 
diagram. Hence, calling AB a fixed beam, since its slopes at A and 
B are zero after loading, we have that: 


I. In a fixed beam the free and fixing moment diagrams will be 
equal in area and opposite in sign. 


(It should be noted that we have restricted our discussion to 
symmetrically loaded beams; it can be shown, however, that state- 
ment I is also true for beams which are not so loaded; in such 
cases other relations between the bending moment diagrams must 
then be known before the complete figure can be constructed.)* 

To find the magnitude of the fixing moment in cases of sym- 
metrical loading, since the shape of the fixing moment diagram is 
rectangular, it follows that its height may be obtained from the 
following relation: 
area of free moment diagram 


span 


Height of fixing moment diagram = 


Examples. The following examples will explain the application of 
these principles. 


(a) Fixed beam with central load. Let AB in Fig. 209 be the fixed 
beam carrying a central load W at C. 


Shear Force Diagram. Since we are not here concerned with the effect 
of the end fixing-moments upon the beam outside of the length AB, we 
may consider the two equal end fixing-moments (By) to be opposite 
couples in equilibrium; see Fig. 209(c). These applied couples will add no 
vertical force, hence the shear force diagram must be the same as for 


* For a fuller treatment of such problems the reader is referred to Morley’s 
Strength of Materials, Andrews’ Theory and Design of Structures, or Goodman’s 
Mechanics Applied to Engineering. “ 
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a freely supported beam, the two vertical reactions at A and B being 
each equal to half the total load (W); see Fig. 209 (a). 


Free Moment Diagram. This is shown at (0), the maximum bending 
moment occurring at the centre and being equal to WL/4. If Ay be the 
area of this free bending moment diagram, then 

WL a ake 


Ap = ee = 8 


Al 


or 
Complere “BENDING 
MomMENT" DIAGRAM, 


Fig. 209. Vixed beam with central load. 


Fixing Moment Diagram. This is shown at (c), being rectangular and 
equal in area to Ay. Then if B; be the fixing moment at A (and B) 
we have, from (i) above, 


WL? 


B, = fixing moment = = = a 
and is negative. 

Complete Bending Moment Diagram. This is obtained by super- 
imposing the free and fixing moment diagrams and omitting those parts 
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which overlap. From this it will be seen that, from a negative value 
of — WL/8 at each end, the bending moments pass through zero values 


at e and f to a maximum positive value of WL/8 at OC, the centre of 
the beam. 


Points of zero bending moment and contraflexure. As we have 
seen, there are two points, # and /’, on the beam in Fig. 209 at which 
the bending moment is zero, # and I’ corresponding to the points e and f 
on the bending moment diagram. Evidently the beam at these points 
is not bent; they are, in fact, the points at which the shape of the 
beam is passing from a curve of one sign to a curve of the opposite sign, 
and they are therefore called Points of Contraflecure. It is frequently 
important to know where such points occur. In the case of the beam 
just dealt with, it is easy to see (from symmetry) that they occur at 
points which are one-quarter of the span from each end; see Fig. 209 (d). 


| 
SHEAR [ORCE LYAGKAM | 
| a Cc 
pee ge 
Ta ine 
Bas wht 
ie af /2 
fii se 
2g COMPLETE 
BENDING | VIOMENT 
DIAGRAM. 


Fig. 210. Fixed beam with uniformly distributed load. 


(b) Fixed beam with uniformly distributed load. See Fig. 210. In this 
case the maximum bending moment for the beam freely supported is 
wL?/8, where w is the load per unit of length of the beam. The shape of 
the freemoment diagram being parabolic, then its area(A) will be given by 

wl? m4 OIG 
SO area Sane 
The area of the fixing moment diagram will also be equal to A;, so that 
B,, the negative fixing moment, 
_ Ay wl? 


Te BO 
With these values the complete bending moment diagram may be 
drawn; see Fig. 210. From this diagram we can see that the maximum 


17-2 
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positive bending moment, which occurs at CO, the centre of the beam, is 
equal to 
wh? wl? wl? 
8 12 24 ° 
The points of contraflexure will occur at points e and f, where the 
bending moments are zero, that is where the ordinates of the free 
bending moment diagram are equal to those of the fixing moment 
diagram, that is to wL?/12. 
To find the positions of these points, let x be the distance from C to F, 
then the bending moment at F will be given by 


which -— (= = x) . 


or Es eae 
rs ae TE 
" L? LT? L? 
whence ae 
4 6 ey 
os a ees 
12 273 
= 00-2892. 


Measuring from the end of the beam at A (or B) the distance to the 
point of contraflexure is 0-211L, see Fig. 210. 


152. The effect of imperfect fixing. If, by reason of the manner in 
which a beam is fixed, the slopes at the ends do not remain at zero, 
then it is not difficult to see that the “fixing moment” (B,) will 
not reach the full value given in the expressions in Examples (a) and 
(b), para. 151; the base line aefb of the bending moment diagrams 
will therefore be lowered and the values of all the negative bending 
moments reduced. The values of the positive bending moments 
will, of course, be correspondingly increased. 

In some cases the magnitude of the fixing moment (B;) which 
may be used is specified by regulation, or it may be estimated from 
a knowledge of the construction of the building and the character 
of the connections at the ends of the beam. The complete bending 
moment diagram can then be obtained by a suitable modification 
of the diagram for perfect fixing. 


153. Deflection of fixed beams. The simplest method for finding 
the deflection of a fixed beam is to look upon it as the difference 
between the deflection (6,) of a similarly loaded but freely supported 
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beam, and the deflection (8,) due to the fixing bending moment (B,). 
We will deal only with two cases. 


(a) Deflection of a centrally loaded fixed beam. See Fig. 211. In this 
case 8,, the deflection in the case of the freely supported beam, will be 
given by 


5. WE 
o 48h 


BE SCON (1) aay A/c feslelnes (a) 


@ Fixing © Moment 
DIAGRAM. 
Fig. 211. Deflection of fixed beam with central Joad. 


Also 8;, the deflection of the beam in an opposite direction when 
acted upon by a uniform fixing moment of — WL/8, see Fig. 211, will 
be given by BL? 


3B? 
see (i), para. 143, where B is equal to the fixing moment which, in this 
case, is WL/8. Substituting this value for 6, we have 
WL 3 SO eo: 

Seershiee C4 in 6 pe Gs 


oy 


by = 


Then, from (a) and (b), the deflection of a fixed beam with a central load 
ee WL WE 

48HI 64HI 192EI’ 
which is one-quarter of the deflection of a similarly loaded but freely 
supported beam. 


8 = 8, — = 


(6) Deflection of a fixed beam with uniformly distributed load. See 
Fig. 212. In this case the deflection of the beam when freely sup- 
ported 

5wL4 


= °s = 35407 
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Also, since the fixing moment in this case is wL?/12, see Fig. 210, we 
can substitute this value for B in the expression 


ee BL? 
SHI: 
wl? rT? wl 
whence 85 = 12 “ 8EI~ 96EI° 


wer unit length 
| é 


Fig. 212. Deflection of fixed beam with uniformly distributed load. 


Whence §, the deflection of a fixed beam with uniformly distributed load, 
5wL4 4wI* wilt _. WL? 

38407 | S84H7 S84HE ~384bI° ae. ; 
(by substituting W for wL), and this is only one-fifth of the deflection 
which the same load would produce if the beam was freely supported. 


154. Continuous Beams. When a beam is supported at more than 
two points it is known as a Continuous Beam. To investigate the 
subject of continuous beams with any fullness would be impractic- 
able within the limits of this volume. Since, however, by a simple 
extension of the work which we have already done, we may deal 
with a few simple cases of symmetrical loading, we will do so in 
order to get some notion as to how shearing forces and bending 
moments are distributed in such beams. 

Let the beam ACB in Fig. 213 be of uniform section throughout 
its length, and supported at three equidistant points A, B and C, 
these points being assumed to be on the same level, both before and 
after the beam 1s loaded. The span in each case equals L,. 


Reactions. If there were no support at C, then we could find the 
deflection (5, downwards) at C, for the uniformly distributed load, 
from the expression (x), para. 147, when 


5wLt 
6, (downwards) = 3841’ 
where L = 2L,. Then, since (2L,)4 = 16Z,4, we have 
80wL,4 
6, (downwards) = 384BT° ean) 


Now it will be evident to the reader that the force (R.), which 
is the reaction at C, must be just sufficient to remove this deflection 
5, so as to restore the point C to the level of A and B. Hence, if 
we imagine an upward force equal to R, acting at the support O, 
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then the deflection 5, (upwards) which it will produce over the full 
span of 2, must be equal to the deflection 6, (downwards) which 
we have just obtained. From this relation the magnitude of R, 
can be found. For a central load we have 


6, (upwards) see (ix), para. 147, 


WL 
~ 48E’ 
where W = R,, and L = 2L,; hence we have 
ses (b) 

7} ee 


Pe fer unit englr 


5, (upwards) = 


JS 
ela wie IL 
OHEAR /ORCE LDhacRa 


é 

a c B= 
an foul 3 mae 
(Bint of Contraflexure 
SHAPE of BEIT EEAM 


Fig. 213. Continuous beam. 


But since 5, (upwards) = §, (downwards), then (a) and (b) must be 
equal, so that 8R,L,3  80wL,! 


ASHI 384HI’ 
4 
Ee ee 10wL,’ 
é 8 
5wl, 


or R, = Reaction at C = rie 
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Since the total load on the beam is equal to 2wL,, and this is 
symmetrically distributed, it follows that R, must equal R, and 
each must equal } (2wL, — 5wL,/4), from which we have that 


3uL, 

3° 

Shear Force Diagram. With these values we are able to complete 
the shearing force diagram; see Fig. 213. At C, since half the total 
reaction is due to each part of the beam, the total reaction 1s 
divided into two equal parts as shown. The rate at which the 
values fall off is of course the same over each span, and no 
difficulty should be experienced in constructing the diagram in 
order to show the alternating positive and negative portions. 


R, = R= 


Bending Moment Diagram. To construct the bending moment 
diagram, first draw what may now be called the “free moment 
diagrams”, showing the magnitude of the bending moments over 
each span as if the beams were separate and freely supported. 
The maximum ordinate will of course occur at the centre of each 
span and be equal to wL,?/8; see Fig. 213. 

If AC and CB had been separate beams, then the outer reactions 
at A and B would have been equal to wL,/2, but this is reduced 
in the continuous beam to 3wL,/8, so that the outer supports are 
relieved in this way to the extent of wL,/8. This reduction is 
evidently due to the lifting effect of R,, from which it follows that 
there must be a negative “fixing moment” at C equal to [(wL,/8) Ly]. 
Hence the fixing moment at Cis wL,?/8, which is the same value 
as for the maximum ordinates of the free moment diagrams. Super- 
imposing the two diagrams we get the complete bending moment 
diagram shown in Fig. 213. 

It is easy to show that the outline of the shear force diagram 
will cut the base line acb at points g and h, which are 3Z,/8 from 
A and B respectively. These being the points at which the shear 
force is zero, they will also be the points at which the bending 
moments reach a maximum; see para. 92, III. By calculation this 
may be shown to be equal to 9wL,?/128. 

In the bent beam the points of contraflexure # and F, at which 
the bending moments are zero, may be shown to occur at L,/4 
from the centre point C; see Fig. 213. 

The above methods may be applied to all cases of continuous 
beams which are supported at three points and loaded symmetrically 
about the centre point. 


155. The “Propped Cantilever’’. If the cantilever CB in Fig. 214 
be supported or “propped” at B, so that B and C remain level with 
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each other before and after loading, then we may find the reactions 
at C and B and construct the bending moment diagram by an 
application of the above methods. 

Since the cantilever is fixed at O, the slope remains at zero 
after loading, and we may imagine the cantilever extended to 
A, an equal distance L, to the left of C, so that ACB forms 
an imaginary continuous beam, symmetrically loaded about C 
and uniform in section throughout its length. Considered in this 


oe fer unit length 


| | 


ie 
BenoinG Moment LYAGRAM 


Fig. 214. The “propped cantilever”’. 


way it is easy to see that the shear force diagram and the bending 
moment diagram for the cantilever will correspond to the half 
diagrams for the complete continuous beam; see Fig. 214. 
Cantilevers loaded in other ways and propped at other points 
may be dealt with in a similar manner. 


Problems XVII 


1. If in Fig. 208 the distance L = 12 ft. and L, = 3 ft., find the 
magnitude of W, in terms of W so that the slopes at A and B are both 
zero when the beam is subjected to the three loads W, W, and W,. 


2. Draw the shear force and bending moment diagrams for a centrally 
loaded fixed beam, as in Fig. 209, when L = 20 ft. and W = 5 tons. 
State the magnitude of the maximum positive and negative bending 
moments. 


3. Find the central deflection for the beam in Prob. 2 if J = 150 inch 
units and H = 30,000,000 Ibs. per sq. in. 
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4. Draw the shear force and bending moment diagrams for a fixed 
beam carrying a uniformly distributed load of } ton per ft. run over 
a span of 12 ft. State the maximum positive and negative bending 
moments. 


5. Find a suitable value of J for the beam in Prob. 4 if the deflection 
at the centre of the beam must be limited to 1/400 span, and 
E = 30,000,000 Ibs. per sq. in. Select a suitable section from the Table 
given in Appendix I. 


6. Draw the shear force and bending moment diagrams for a beam 
with two-point loading as described in para. 144 and illustrated in 
Fig. 200, using the same dimensions for the span of the beam, position 
of the two equal loads (W), and the dimensions of the beam, but 
assuming that the ends A and B of the beam are fixed. State the 
magnitudes of the fixing-moments at A and B, and of the bending 
moments between the points C and D, when the loads each equal 
3000 Ibs. (Note. Apply statements I and (i) from para. 151.) 


7. Draw shear force and bending moment diagrams for the con- 
tinuous beam shown in Fig. 213, if L, = 12 ft. and w = 200 lbs. per ft. 
run. Give the magnitudes of the reactions at each point of support, 
and of the bending moments at C and at the point of maximum bending 
moment over each span. 


8. If an I-section girder is to be used for the beam in Prob. 7, for 
which the flexural stress (f) is to be limited to 74 tons per sq. in., find, 
for the loading given in Prob. 7, the value of I and choose a suitable 
section from the Table given in Appendix I. The value of H may be 
taken at 30,000,000 Ibs. per sq. in. 


9. If the cantilever shown in Fig. 214 supports a gallery floor, for 
which w = 1000 lbs. per ft. run and LZ, = 12 ft., draw the shear force 
and bending moment diagrams for the cantilever. State the load carried 
by the pillar at B and the bending moment occurring at C. Also find 
the position and magnitude of the maximum bending moment occurring 
between CO and B. 
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Table VI 


Maximum Shear, Bending Moment and Deflection in Beams 


Diagram of loading and fixing Shear Bending moment Deflection 
Cantilevers 
: 1 WL 
W WL 3 BF 
1 1 WL 
us Da 8 BI 
1 1 f LW 
gv rid 48 HI 
1 1 5 WL 
a Bg fe 384 EI 
il ’ : 
1 8 WL (centre) 1 WL? 
ad 192 EL 
— =. WL (ends) 
8 
1 A WL (centre) 1 WL 
Ww Asma. Ne ———— 
2 iT 384 HI 
5 WL (ends) 


SECTION III 


AN INTRODUCTION TO SOME IMPORTANT 
STRUCTURAL PROBLEMS 


CHAPTER XVIII 
RIVETED CONNECTIONS. BUILT-UP BEAMS 


156. Introduction to Section III. We have now completed, in 
Sections I and 1, an outline of some of the more fundamental 
principles of Mechanics, Elasticity and the Strength of Materials, 
as applied in the analysis of systems of forces acting in framed 
structures and in solid beams. Though we have taken the oppor- 
tunity from time to time to illustrate these principles by means 
of some familiar applications of the work in buildings, our main 
concern has been to present a simple and consistent statement, such 
as may serve as a sound foundation for further studies. 

We have now reached a stage when, unless we propose to 
pursue the study of these subjects in their more advanced and 
theoretical aspects, the knowledge so gained may be extended and 
the fundamental principles further illustrated by a consideration 
of certain important applications peculiar to building operations 
and building construction. In any case a knowledge of such appli- 
cations is of vital importance to the student of modern construction 
and, having acquired a knowledge of the fundamental principles 
of the subject of mechanics, he should be able to prosecute this 
study with a better appreciation of the significance of the methods 
which characterise modern construction, and of the changes which 
are introduced therein from time to time. The methodical study 
of full-size and large scale construction is, in fact, as important to 
the student and to the scientific investigator, as are the investiga- 
tions of the classroom and the laboratory. 

The order in which the remaining chapters have been placed 
has been determined to some extent by the difficulty of the 
topics, or by the amount of practical knowledge and experience 
which it is necessary to assume that the reader possesses. This order 
should not therefore be departed from except for adequate reasons. 
The order is as follows: riveted connections and built-up beams; 
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reinforced concrete beams; masonry construction and arches; 
compression members or columns in steel and reinforced concrete; 
timber construction. 


157. Riveted connections. Riveted joints of the simple types 
dealt with in this chapter are to be found in the connections 
between members of steel roof trusses and girders (for examples 
see Figs. 218 and 273). Such joints may be grouped into three 
classes: (a) lapped joints, see Fig. 216; (6) butt joints with single 
cover plates, see Fig. 217; and (c) butt joints with double cover 
plates, see Figs. 217 and 218. 


Rivets and rivet holes. In structural work the sizes of rivets 
commonly used are “? in.”, “% in.” and “1 in.”; these dimensions 
refer to the nominal diameter (d) of the rivet. 

The bar stock from which rivets are made, however, is frequently 
zz in. less than the stated diameter (d) of the rivet, e.g. bar for 
making ‘3? in.” rivets would be 23 in. in diameter or (d — +.) in. 

The holes made in the plates to receive the rivets may be formed 
either by drilling or punching, the former method being preferable, 
since it causes the least damage to the material surrounding the 
hole. These holes are made slightly larger than the diameter of the 
rivet bar, for ease of fixing and also because the rivet expands on 
being heated. This allowance does not usually exceed ;, in., the 
hole then being (d + 3/;) in. in diameter. 

The red-hot rivet, after being placed in position, is “closed”, 
that is a “head” is formed on it either by hammering or by 
means of hydraulic or other pressure. This pressure tends to make 
the rivet expand and fill up the whole of the rivet hole, which, as 
we have seen, may actually exceed the nominal diameter (d) of the 
rivet. In practice, however, it is usual to base the calculations for 
the strength of the joint upon the nominal diameter (d) of the rivet. 

As the rivet cools it contracts in length and thus presses the plates 
of the joint tightly together. The friction thereby set up between 
the plates increases the strength and rigidity of the joint; in 
British practice no allowance for friction is made in calculating the 
strength of the joint. 


158. Stresses in simple riveted connections. A very simple 
riveted connection, in which the two portions of a bar are lapped 
for a short distance and secured by a single rivet, is shown in 
Fig. 215. Such a joint is known as a “lapped joint”. It will be 
convenient to consider the stresses which would be set up in the 
various parts of such a simple joint when subjected to a pull P. 


(a) Shear stress on the rivet. It will be clear that in such a case 
the rivet will be subjected to shear stress—described as “single 
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shear’’—on the plane C—C, where the two portions of the bar are 
in contact, see Fig. 215 (a). If s be the shear stress set up in the 
rivet on this plane, then evidently 


P = shear stress < area of rivet 


(is : 
re siseaian (i) 


(b) Tensile stress in the bar. If, as shown, the breadth of the bar 
be 6, this will be reduced at the section D-D (taken through the 
centre of the rivet) to a width of (6 — d), see Fig. 215 (6). If then 
the thickness of the bar be th, the area of the cross section of the 
bar at this section will be (6 — d) th. Obviously the greatest tensile 
stress will occur at this section and, if ¢ stands for the tensvle stress, 
we have 

P = tensile stress x reduced area of bar 


Seppe tpen ee (ii) 


Fig. 215. Simple riveted lapped joint. 


(c) Bearing stress on the rivet. The pull P also tends to crush 
the rivet on one side, as at A in Fig. 215 (6), or, correspondingly, 
to crush the curved side of the hole upon which the rivet bears, the 
stress so induced is therefore commonly referred to as a “bearing 
stress”; 1t is in fact merely a compressive stress acting over a 
small area, or a “localised compressive stress”’. 

The actual stresses set up over the curved surface of the rivet 
(or hole) do not lend themselves to simple analysis. An approxima- 
tion which is commonly adopted in calculations, and which is 
supported by experimental results, is to assume that the bearing 
stress is distributed uniformly over the “projected area” of the 
rivet (or the hole), that is, over an area equal to the thickness of the 
plate multiplied by the diameter of the rivet, or (th x d). Hence, 
if c, be the bearing stress, we have 


P = bearing stress x projected area of rivet 
eC Eat) sua ve (111) 
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(d) Other stresses. In addition to inducing the stresses in the 
joint which have already been indicated, the pull P will also tend 
to “shear” or force out the portion of the plate at A in front of the 
rivet; see Fig. 215 (6). Failure in this way is not likely to occur, 
however, if there is an adequate amount of material between the 
rivet and the end of the bar. The following rule, which is also 
justified by practical considerations, is in common use and will be 
adopted in later calculations. The centre of a rivet should not be 
less than one and one-half times the diameter of the rivet from the end 
of the plate; or DE in Fig. 215 (6) should not be less than $d. 


(e) Working stresses for riveted joints. The following working 
stresses, which correspond to those adopted in practice, will be 
used; see also Table VII. 


Shear stress for rivets = s = 5} tons per sq. in. 

Tensile stress in bars = t = 7 tons per sq. in. 

Bearing stress = ¢ = 11 tons per sq. in. 

Rivets in “double shear” (see later notes) may be taken to 
be 13 times the strength of rivets in single shear. 


159. Exampler. 4 tie bar which is 23 ins. wide and 3 in. thick is to be 
connected by a simple lapped joint and a single rivet; see Fig. 216 (a). 
Adopting a working shear stress of 53 tons per sq. in., find the maximum 
pull P which the joint will sustain. Find also the bearing stress and the 
tensile stress for this load. 
(a) From expression (i) in para. 158 we have 
P = safe shear stress x area of rivet 
1 7 ae 
Be en eS = 2-43 tons 
9 *q x G) 2-43 tons, 
which is the strength of a } in. rivet in single shear. 
(6) From expression (ili) in para. 158 we have 
P= c (d x th), 
a o°4 o> = : e 3 
or 2-43 = c, (2 x #), 
whence c = bearing stress on rivet 
= 2-43 x 4x § 
= 8-64 tons per sq. in., 
which is well within the safe working stress in bearing. 
(c) From expression (ii) in para. 158 we have 
P=t(b—d)th, 
whence we have 


Tensile stress = = —— 
(24 zap) Sane 3°7 tons per sq. in. 
“> 4) 8 


From this last result it will be seen that in this case, even when the 
shear stress reaches the full working value, the tensile stress is only 
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about half that which may be allowed. To get a more effective joint we 
may use two rivets, and alter the width if necessary so as to give equal 
strength in shear and tension. 


th- 7" 


LZ 
4 = ae Pd a 


@) 


COZ 


ee 
BLE ——————_ 


Jwo KIVETS 
Fig. 216, Simple lapped joint. 


Example 2. Using two rivets as shown in Fig. 216 (b), find the value 
of P and the width of the bar if the joint is to be of equal strength in tension 
and shear. 

Proceeding as in the last example it is clear that, since each rivet is 
capable of carrying a load of 2-43 tons in single shear, two rivets will 
carry a load of (2 x 2-43) or 4:86 tons, which decides P in this case. 
Using a tensile working stress of 7$ tons per sq. in. we have 

4-86 = 7-5 (b — 2) 3, 
whence (6 — #) = 1-75 ins. approx., 
or ; 6 = total width 

= 2h ins. 


I 


The other dimensions of the jot may be arranged as shown in Fig. 
216 (6). The bearing stress will be the same as in the preceding example, 
since two rivets are being used to carry twice the load. 


160. Butt joints. The use of lapped joints is usually restricted 
to small and simple structures. In larger structures, where the 
loads to be carried may be considerable, the two members to be 
connected usually butt against each other and are secured by a 
plate or a pair of plates—known as “cover plates” —across the 
joint, the whole being connected by rivets; see Fig. 217. These 
cover plates are made substantially thicker than the main members, 
so that, provided the distribution of the rivets is satisfactory, the 
strength of the cover plates need not usually be considered 
separately j in designing the joint. (In important joints the cover 
plates would be separately designed.) If a single cover plate is 
used, this may be made at least 5 the thickness of the main 
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members. If two cover plates are used, each may be made equal 
to at least & the thickness of the bars; see Fig. 217. 

Where a lapped joint, or a butt joint having a single cover 
plate, is subjected to a pull P, the parts of the joint tend to bend 
as shown in the sketch in Fig. 217, thus subjecting the joint to 
bending stresses in addition to those already specified. Deductions 
are not usually made from the strength of these joints on account 
of this defect, but, wherever possible, double cover plates should 
be used, since the tendency to bend is thus effectively removed 
and a more satisfactory joint obtained. Where double cover plates 
are used it will be seen that the rivets are in “double shear’, the 
rivets tending to shear along planes C-C and D—D when the joint 
is subjected to a tensile force P. To allow for possible inaccuracies 
in the alignment of the holes the strength of a rivet in double shear 
is usually taken to be not twice, but only 12 times the strength of a rivet 
in single shear. 


ee = Vz 
| 
BENDING oF QINCLE (OVER under Fell PP’ 
my 
DAG EOD Zh 


DOUBLE COVER: 
Fig. 217, Simple butt and cover joints. 


Example. If, as in the previous examples, the joint shown in Fig. 217 
be formed in a tie bar 25 ins. wide and % in. thick, ascertain the maximum 
safe load which the joint will carry if double cover plates are used. 

The safe strength of a } in. rivet in double shear will be 132 x 2-43 
(see previous Example) or 4-25 tons. 

At this load the tensile strength of the bar will be sufficient, see last 
worked example. 

The bearing stress at this load will be given by 

Ri P 425 

RT ES 

= 15 tons per sq. in. (approx.). 
This stress is clearly too high (due to the comparatively thin bar which 
is used), so that the strength of the joint will be limited by the bearing 
stress. Using a working stress in bearing of 11 tons, we have 
P= 11(} x 8) 
= 3 tons (approx.). 
The joint would be improved by using two rivets or a thicker har. 
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161. A large tension joint. In the case of larger riveted con- 
nections, such as that shown in Fig. 218 between a large tension 
bar and a gusset plate in a framed girder, a considerable number 
of rivets will have to be used. These may be arranged in the form 
of “chain riveting” or “zig-zag riveting”; see Fig. 218. As will 
be seen from the worked example given below, the choice of this 


SEOEN Te, 


Fig. 218. Joint in large tie bar. 


arrangement of the rivets has an important effect upon the 
“efficiency” of the joint. The efficiency of a rweted joint is given by 
the ratio between the minimum strength of the joint and the strength 


of the solid plate. Expressed as a percentage this is 
; minimum strength of joint , 

Effi Y= —____— =X Ber A 
MG strength of solid plate ae (tv) 


Example. The tie bar shown in Fig. 218 is to be made from } in. plate 
and attached by means of a butt joint with double cover plates to a } in. 
gusset plate. The maximum load on the bar is 32 tons. Using § in. rivets, 
design a suitable connection and find the efficiency of the joint. 


18-2 
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The thickness of the cover plates should be (# x $) or 33 in., say 
4 in. plate. . 
The strength of a single 3 in. rivet in double shear 

= 13 x 54 x a/4 x ($)? 

= 5-8 tons (approx.). 
Hence from shear strength the number of rivets required is 

(32/5-8) = 5-5, 

say six rivets, when the minimum strength in double shear will be 34:8 


tons. 
In bearing, the strength of a single rivet would be 


11 x % x #) = 7$ tons (approx.). 
eX 4 PP 


As this is greater than for a single rivet in double shear, six rivets will 
give ample strength in bearing. 


(a) Chain riveting. It will be assumed in the first place that the rivets 
are to be arranged as chain riveting, in two rows of three rivets, the 
spacing of the rows being as shown in Fig. 218 (a). 


Pitch. The distance (p) between any two rivets in the same row is known 
as the ‘‘pitch’”’. In the present case this can be conveniently made 3 ins. ; 
see Fig. 218 (a). 

Let us consider the strength of the tie bar on the section a—a, which 
cuts through three rivet holes. If b, be the width of solid metal on this 
section, then the total width of the bar will be [b, + (8 x $)]. Evidently, 
if the safe tensile stress is 7$ tons per sq. in., we have 


32) tons) — 1510.) x Cy) =a x 10 oe 


that is b, = 32 x 4% x 4 


= 5-7 ins. nearly. 
The total width of the bar would therefore be (5:7 + 3 x 4) or 8-325 ins., 
say 9 ins. 

_ Efficiency. In this case the minimum strength is shown to be 34-8 tons 
(in shear). The strength of the solid bar is (74 x 9 x #) or 50-625 tons. 
Hence 
_ 348 
~ 50-625 

The above figure for the efficiency is not very high; this is in part due 
to the fact that on section a—a the plate is weakened by three rivet holes. 
We shall now show that the arrangement shown in Fig. 218 (b), where 
we use a Zlg-zZag arrangement, gives better results. 

(b) Zig-zag riveting. Assuming that the general dimensions remain as 
before, we may find the minimum strength of the joint by assuming 
failure in several possible ways. 

At section b—b the tie bar is weakened by one rivet hole. The safe 
tensile strength at this section is therefore 7} (9 — 0-875)? or 45:7 tons. 

If failure took place at section c—c, then one rivet would have to be 
sheared (double shear) and the tie bar torn across at a section weakened 
by two rivet holes. The safe strength at section c—c is therefore 

6-8 + 74 (9 — 2% 4) x2 
= 5:8 + 7-5 x 7:25 x3 
= 46-7 tons. 


Efficiency (%) x 100 = 68-74 %. 
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If failure took place at section d—d, then either (i) three rivets would 
have to be sheared and the tie bar torn across where it is weakened by 
three holes, or (ii) the two cover plates would have to be torn across at 
this section. 

(1) The safe strength on this assumption will be 

(3 x 5-8) 4+ 74 (9 — 3 x £) x2 
= 53-26 tons (approx.). 
(11) The safe strength on this assumption will be 
74(9—3 x $)4x 2 
= 47-8 tons (approx.). 


Comparing the various results it will be clear that the first one gives 
the minimum strength of the joint. The efficiency of the joint (%) 
ea 
~ 50-625 
While the efficiency of the joint is now very satisfactory, it will be 
seen that (with zig-zag riveting) the bar and joint are both stronger 
than is required. The bar and joint might therefore be re-designed, 
using either a thinner or a narrower bar (but see the notes in the next 
paragraph on the general design of riveted joints). 


x 100 = 90:27 %. 


162. The design of riveted joints. A plan which is commonly 
adopted in the design of all but the more complex types of riveted 
joints, consists of making the joint equally strong in shear and tension, 
then testing to see whether the bearing stress is within safe limits. 
(The first portion of the Example in para. 161 was dealt with in 
this way.) 

An alternative method, which has the additional advantage of 
relating the thickness of the plate to the diameter of the rivets to 
be used, is to select a plate of thickness (th) so that the bearing strength 
and the shear strength (single or double as required) of a single rivet 
shall be equal. 

Thus, in the case of single shear, and using the working stresses 
given above, we have 


total shear resistance of one rivet 
= total bearing strength of one rivet, 

or, from expressions (i) and (iil) in para. 158, 

s x 7d?/4 = c (d x th), 
whence, if s = 54 tons per sq. in. and q = 11 tons per sq. in., then 

th = thickness of plate = 0-394d, or say o-4d. 
In the case of double shear this becomes 
th = thickness of plate = o-7d, nearly. _—....... (v) 


I. Then, for the given working stresses, if the thickness (th) 
exceeds either of the above ratios, the joint should be designed for 
equal strength in shear and tension. 
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If the thickness (th) is less than either of the above ratios, the 
joint should be designed for equal strength in bearing and tension. 


Example. Using 3 in. rivets, design a tie bar joint with double cover 
plates to carry a load of 15 tons. 
As the rivets are in double shear, make the thickness of the plate 


= 0:7d = 0-7 x 0-75 = 0-525, or say 3 in. 
Then strength of a single ? in. rivet in double shear 
= 1-75 x 5k x 7/4 (0-75)? = 4-25 tons. 


Then four rivets will be ample (giving 17 tons). If two rivets are used 
in the breadth (b) of the bar, then the strength of the joint in tension 
= 15=74(b — 2 x 0-75), from which 6 = 3-5 ins. This is hardly sufficient 
to accommodate the rivets and a bar 4 ins. wide would be used. 


163. Pitch of rivets in Compound Girders. In certain circum- 
stances it may be convenient to strengthen an ordinary rolled steel 
girder by means of plates riveted to its top and bottom flanges; see 
Fig. 219. Such a girder is known as ads 
a eran Girder. Caiculations are x/ Flale 
necessary in order to obtain the pitch of A 
the rivets. The rivets are usually placed 
zig-zag so as to weaken the section at the 
most by two rivet holes; see Fig. 219. is 

/8" - 


/O 


The discussion of the distribution of 
shear stresses in solid beams (see Chap. ee 
xv) should make it clear that in the 67/0” 
present case the chief work of the rivets 
will be to carry the horizontal shear 
forces acting along the planes A—A and 
B-B. It thus becomes necessary to 
ascertain the magnitudes of these forces. 
This can be done most readily in this 
case by adopting the methods described 
in para. 137, Chap. xv, and applying 
statement IV. As that statement in- 
dicated, “the total shear force acting on 
any horizontal layer in a beam, between 
the two selected vertical sections, will be 
represented by the ‘ volume’ of thestress- 
difference diagram above that layer”’. ; 

In this Example, since the layer A—A eed ee 
is so near to the compressive edge of the beam, we may, as a very 
close approximation, assume that the stresses acting across the 
flange plate above A-A at any section are uniform, and equal to 
the maximum stress at the compression (or tension) edge. 
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The Example given below will explain the procedure to be 
followed. 


Varying the pitch in the length of the beam. As will be seen from 
the Example, the pitch is determined for the portion of the beam 
near the end support, which is usually the position of greatest 
shear. Theoretically the pitch should vary with the shear force, 
being least near the ends of the beam, where the shear force is 
high, and greatest over the centre of the beam, where the shear 
force is small. In practice, however, it is usually much less costly 
to adopt one (or two) pitches to be used over the whole length of 
the beam; if two are used the larger one is used over the centre 
portion of the beam. 

Example. The compound girder shown in Fig. 219 (rolled section 
16 in. x 6 in. x 50 lbs.) is to be used to carry a uniformly distributed load of 
36 tons over a span of 20 ft.. Calculate the pitch of the rivets (% in.) and 
jind the mean shear stress in the web and the maximum stresses set wp in 
the flanges. (The average thickness of the flanges is 0-726 in.) 

Flange stresses. To find these stresses we must first find the value of 
I for the compound section; see Fig. 219. Referring to Appendix I we 
obtain the value of J for the rolled section, which is 618 inch units?. 
To this must be added the J of each flange plate about X—X. Consider 
the upper flange, the J for this about X—X will be made up of (i) the J of 
the plate about its own axis, together with (ii) the area of the plate in 
section multiplied by the square of the distance from its centroid to 
X—X. Since the term (i) is very small it may be omitted. Then J for 
two plates about X—X 

= (10 x 1) (8-5)? x 2 = 1445 inch units? (approx.). 

We must next note that the weakest section of the beam contains 
two rivet holes. For this the deductions to be made from J are: (i) the I 
of the rivet hole area about its own axis, together with (ii) the magnitude 
obtained by multiplying the area of the hole by the square of the distance 
of its centroid (approximately 8 ins.) from X—X. Term (i) is very small 
and will be neglected. The value of the second term for two rivets is 

2 (% x 1-726) 8? = 193 inch units* (approx.). 

Then the value of J for the whole section is given by 

I = 618 + 1445 — 193 = 1870 inch units’. 

To find the flange stresses we shall need the value of Z. This we obtain 

from the expression 


where y is half the depth (d) of the beam, 9 ins. in this case. Then 
Z = 1870 — 208 inch units® (approx.). 
(Note. Z could have been found very approximately by means of the 
expression Z = Ad, see para. 132.) 
The maximum bending moment (B) will occur at the centre of the 
beam and be equal to WL/8, hence we have 


WL _ 36 x 2240 x 20 x 12 
st= 8 


= 2,420,000 lb. ins. (approx.). 
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Then from B = fZ, where f is the flange stress, we have 
B _ 2,420,000 
it Z 208 
= 11,640 lbs. per sq. in. (nearly). 


Maximum force to be carried by flange rivets. The maximum shear 
force (S) occurs at the points of support and equals (W/2) or 18 tons. 
Then B, = maximum difference in bending moment in | in. of length 
of beam (see Example, para. 138) 


= 18 x 2240' x 1 
= 40,320 lb. ins. 
: : B, — 40,320 
Then ff, = maximum stress difference = FZ =-308 
= 194 lbs. per sq. in. 


Then the maximum shear force to be resisted by the rivets between the 
flange and the girder per inch of length 


= (maximum stress difference) x (net area of flange) 
== LOAN (ORO 81715) elle a Li 77 OS stor oreeece (a) 


Resistance of rivets. The rivets will be seen to be in single shear. 
The shear strength of a Zin. rivet = 54 x a/4 x (¥)? = 3:3 tons. 

In bearing, the rivets will be weakest where they pass through the 
flange of the rolled section, the average thickness of which is only 
0-726 in. Hence the strength of one rivet in bearing 


= lx 0-726 < —— 7 tons. 
The minimum resistance of one rivet is therefore 3:3 tons. 


Pitch. Let p be the pitch or distance between the rivets in inches as 
measured along the length of the beam; see Fig. 219. Then the total 
force to be resisted by one rivet in the length p will be given by (total stress 
difference per inch) x (pitch), and this must evidently be equal to the 
resistance of one rivet. Hence, using the values obtained in (a) and (b) 
above, we have 


1770 xk p = 3:3 x 2240; 
or ) = pitch = Bivens 2280) 
Pea 1770 


= 4-17 ins., say a 4 in. pitch. 

Since the shear force falls off rapidly in magnitude towards the centre 
we may use a larger pitch of say 6 ins. over the centre portion of the 
beam. 

Mean stress in web. To calculate the stress in the web we may take 
its depth as the distance between the flanges of the rolled section, that 
is (approx.) 14-5ins. ‘The area of the web is then (14-5 x 0-4) or 5:8 sq. ins. 
Then the maximum mean shear stress is therefore 18/5-8 or 3-1 tons 
per sq. in. This is rather high. The web stress should lie between 24 


and 3 tons per sq. in.—the usual working stresses—and the lower value 
is the better one to use (see Table VII). 


164. Plate girders. Where girders are required of larger dimen- 
sions than can be conveniently built up from rolled sections, they 
may be constructed entirely of plates and angles. An example is 
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shown in Fig. 220. The design of such girders, except in the 
simplest cases, involve considerations which would carry us beyond 
the limits of this volume, but, since the problem shows some 
interesting applications of previous work, we will deal with a simple 
case in the following worked example. 


20 lons 


zotons||_—_| 27" 
JHEAR [RCE DIAGRAM. —* 


| +240 fon: 


BM DiaGRAM 


Fig. 220. Plate girder. 


Example. In a@ large floor one of the main beams, shown in Fig. 220, 
receives from the secondary girders two equally spaced loads of 20 tons each ; 
the span being 36 ft. Design a suitable section for a plate girder, limiting 
the web stress to 6000 lbs. per sq. in. and the flange stress to 16,000 lbs. per 
sq. in. It may be assumed that the weight of the girder itself has been 
allowed for. 

Shear force and bending moment diagrams are given in Fig. 220; it will 
be seen that the shear force reaches a maximum and remains uniform 
over the end portions, where it is equal to 20 tons, or 44,800 lbs. The 
bending moment reaches a maximum value of 240 ton ft. or 6,450,000 
Ib. ins. at the two load points, and is uniform over the whole of the 
centre portion. 


Depth of beam. It may be shown that, fora given working flange stress, 
if the deflection is limited to a definite fraction of the span (L), the depth 
of a beam must bear a definite ratio to the span; thus, if the deflection 
is not to exceed 4, span, the depth (d) must not be less than ;'; span. 
In ordinary structural work (d) may range between L/12 to L/16. In this 
case we will make d equal to ;}, of the span, or 


d = 36 = 2-25 ft. = 27 ins. 


¢ 
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Width of beam. The width of the flanges should similarly bear some 
relation to the span and may be made between jy and xo of the span. | In 
the present case we will make the flanges 12 ins. wide, which is Just 
giz Of the span. 


Web. We may take the depth of the web to be (27 — 2) or 25 ins. 
If its thickness be th, its area will be (th x 25). The maximum shear 
force being 44,800 lbs., we have 


44,800 = 6000 (th x 25), 
from which we have 


Thickness of web = e500 


6000 x 25 

= (3) a 
This is too thin; for practical reasons it would be advisable to use 
a web not less than 2 in. thick. (For an outside position } in. would be 
better as affording some allowance for probable corrosion. ) 


Web stiffeners. In any case such a thin web would have to be 
strengthened against buckling, since its depth is considerable. This 
could be done by means of vertical angle irons, reaching from one flange 
to the other, and placed at intervals equal to the depth of the beam 
and at load points. Such stiffeners might be omitted over the centre 
portion of the beam and only used between the ends and the load points. 


Flanges. Angles are used to connect the flanges to the web. The 
thickness of these angles should usually be rather more than that of the 
web. The width will depend upon the proposed width of the flanges. 
If the flanges are to be very wide, there may be another row of rivets 
outside the angle irons. We will use 4 x 4 x } in. angles and two rows 
of { in. rivets. In calculating the areas of the flanges the upper portion 
of the angles may be included; in this case the area to be so added will 
be (2 x 4 x 4) or 4 sq. ins. 

To ascertain the necessary area of the flanges we use the expression 
B = fZ, from which, knowing the value of B (6,450,000 lb. ins.) and 
f (16,000 Ibs. per sq. in.), we can find the value of Z. The value of Z 
may be expressed approximately by Z = Ad (see para. 132), when, 
knowing d, the depth, we can find A, the area of the flanges. From 
B = [Z we have 6,450,000 = 16,000Z, or 


6,450,000 
16,000 


Then from the approximate expression Z = Ad, where d, the depth of the 
beam, is 27ins., we have 


Hh = 400 inch units (approx.). 


A = area of one flange = a 


d 
400 : 
Sorte 14-8 sq. ins. 

Allowing 4 sq. ins. for the angles, we have 10-8 sq. ins. left for the plates. 
If these are made 12 ins. wide and the thickness is 1 in., the area of 12sq. 
ins. will make up for the reduction due to one rivet hole. 

As it will be desirable to shorten the plates in the manner described 
below, two $ inch plates will be used. 


Curtailment of flange plates. If the bending moment diagram is re- 
drawn, as in Fig, 221, it will be seen that the values of the bending 
moments fall off rapidly beyond the two load points. Now it should be 
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clear from what we have already done that, if the depth of a beam remains 
constant, then the areas of the flanges may vary with the bending moment. 
For practical reasons it is only possible to do this roughly. What is 
usually done, therefore, is to cut off a plate about two rivet pitches 
beyond the point at which it becomes unnecessary. The procedure is as 
follows; see Fig. 221. The bending moment diagram has its maximum 
height ad divided into as many parts as there are plates—the tops of 
the angles being included. These divisions are made to bear the same 
ratios to each other as do the areas of the plates, in this case as 6 : 6 : 4; 
see Fig. 221 for a geometrical construction. 


46 


f_ late. 
Angles Second Flat. 
Fig. 221. Curtailment of flange plates, 


The points B, B thus obtained give the points beyond which the top 
plate may be cut. The second plate could be cut at points C, C, but there 
would be little practical gain in so doing as the points are so near the ends 
of the beam. In addition, to provide a suitable bearing at the bottom 
for the beam, and also the necessary protection and finish to the web 
angles on the top, the inner flange plates would certainly be continued 
to the ends in such a case. 


Joints in the flange plates. If, owing to the length of the beam, it is 
necessary to butt-joint one or other of the flange plates, a cover plate must 
be provided. The length of the cover plate must be sufficient to ensure 
that there is no loss in strength in the flange when considered as a separate 
riveted joint. 


- Pitch of rivets. This may be readily found in the manner explained 
in the Example in para. 163. The following alternative method may, 
however, be used in this case. 

In determining the thickness of the web for this girder we adopted 
the approximate rule that the web carries the whole of the shear force 
(S) at any section. If we think of this total shear force, at any section 
such as AB in Fig. 222, as being made up of a number of vertical shear 
stresses, we may think of these stresses as being accompanied everywhere 
throughout the section by equal horizontal and complementary shear 
stresses; see para. 135 and small figure (a) in Fig. 222. The total effect 
of these horizontal shear stresses must evidently be communicated to 
the flanges, through the rivets connecting the web to the flanges. 

Consider first the rivets connecting the web and the flange angles, and 
let these be at a height h apart, and at a horizontal distance apart equal 
to the pitch p. Then if R be the minimum resistance of one rivet and 
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S be the shear force acting at any section AB, and if the sections AB 
and CD each pass through two of these rivets, so that the distance 
between AB and CD equals p, then, taking moments about one of the 
rivets at D, we must have, for equilibrium between the horizontal and 
vertical forces due to R and S, 

IS) Se fo) SI SE Tle 
Rh 
Ss: 535 


In the present case the minimum resistance of one rivet may be in 
bearing, since such a thin web plate is being used. 


or p = pitch of rivets = 


Strength of one rivet in bearing = 11 x 3 x § = 3-61 tons. 


Fig. 222. Pitch of rivets in a built-up beam. 


This is clearly less than the strength of a % in. rivet in double shear 
(5:8 tons, see Example, para. 161). 
The maximum value of S, the shear force, will be 20 tons at the end 
supports. 
The value of h, the height between the centres of the web rivets, 
== PA = (3) MW ane 2 
see Figs. 220 and 222, 


Then Pitch of rivets files 3°61 as 21 


iS = bp 
3:79, or say 34 ins. 

Thesame pitch may be used in this case for the fangerivets. (These rivets 
are in single shear and h = 25”). A separate calculation should be made 
to determine the pitch, taking account of shear and bearing. A uniform 
pitch for the web and flange rivets is desirable, using the smaller pitch 
resulting from the calculations. 


| 


I 
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Over the centre portion of the beam the pitch might be increased to 
6 ins., but in no case should the longitudinal distance between two rivets 
exceed 16 times the thickness of the thinnest plate which is to be connected. 
In the above case it should be noted that the longitudinal distance 
between the rivets in the flange plates is equal to (2p), or twice the pitch. 

In designing the above section we have used the approximate expression 
for Z. If desired the value of I and Z may be re-calculated by the more 
exact methods already described and suitable adjustments made if such 
are found necessary. The errors will probably, however, be found to be 
small and on the side of safety. 


Connections to web. When it is necessary to connect secondary or 
other girders to the web, short lengths of angle iron are used and sufficient 
rivets (or bolts) provided to resist the reactions of the secondary beams, 
the strength of the rivets (or bolts) being checked both in shear and in 
bearing.* (See Problems XVIII, 7.) 


* The complete design of floors and of a plate girder is dealt with in Architectural 
Building Construction, Vol. u, Part.1, by Jaggard and Drury, to which the reader is 
referred for various practical details not included in the treatment given in this work. 


Problems XVIII 


(Note. The working stresses given in Table VII should be used in 
solving the following problems.) 


1. Using the second method described in para. 162, design a simple 
lapped riveted joint with a single { in. rivet. Give the thickness and 
width of the bar and state the safe tensile load which it will carry. 


2. Design a double cover butt joint for the tie bar of a roof truss to 
carry a load of 24,000 lbs., using { in. rivets. Give the number of rivets 
on each side of the joint, the thickness and width of the bar, and calculate 
the efficiency of the joint. 


3. Re-design the joint shown in Fig. 218 so that, with zig-zag riveting, 
the minimum strength of the joint is 32 tons. Use ¢ in. rivets but 
calculate the other dimensions of the joint and its efficiency. 

4. A compound girder is to be made up as shown in Fig. 219 from 
a 12 in. x 8 in. rolled steel joist with two flange plates 10 in. x ? in. 
Taking the necessary particulars from the Table given in Appendix I, find 
the moment of inertia of the compound section (ailowing for rivet holes). 
Find the minimum pitch of the rivets ({ in. diameter), if the girder is to be 
used over a span of 16 ft. and loaded with a uniformly distributed load 
which produces maximum bending stresses of 7} tons per sq. in. in the 
beam. 


5. Find J and Z for the plate girder shown in Fig. 220, allowing for 
the holes made by the rivets in the flanges. 


6. Calculate suitable details for a plate girder 36 ins. deep and 14 ins. 
wide, using 6in. x 6in. x in. angles and two 14 x fin. plates in each 
flange. What uniformly distributed load would such a beam carry over 
a span of 45 ft.? What would be a suitable thickness for the web in 
this case and the minimum pitch of the rivets ({ in. diameter)? 
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Fig. A. 
7. The secondary beams attached to the plate girder shown in Fig. 220 
consist of 12 in. x 5 in. x 32 Ibs. rolled steel sections. These beams are 
connected to the web of the main girder by angle cleats, of which the 
details are given in Fig. A. If the load transmitted from each girder in 
this way is 10 tons, find the necessary number of } in. rivets or bolts to 
be used in the web of the secondary and the main beams. 
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Table VII 


Strength and Working Stresses of Steel and Iron 
(All stresses in tons (or lbs.) per sq. inch) 


Structural (mild) steel 
Weight: 490 lbs. per cu. ft. 


Modulus of elasticity (1): 13,000 to 14,000 tons. (Use 13,500 tons 
or 30,000,000 Ibs.) 

Elastic limit: 17 to 18 tons. 

Minimum elongation (on 8 ins.): 20 % 


Ultimate strength Working stresses 
Tension 28 to 32 tons 7% tons (or 16,000 lbs.) 
Compression — 7% tons (64 in columns) 
Shear 24 to 26 tons 54 tons (24 to 3 in webs 


of beams) 
Rivet steel 


Ultimate strength : 26 to 28 tons 
Hlastic limit: 15 to 17 tons 
Elongation: 25 % 
Working stresses for riveted joints 
Tension: 7} tons. Bearing: 11 tons. Shear: 5} tons. 
Wrought iron 


Weight: 480 lbs. per cu. ft. 
#H: 12,000 to 13,000 tons 
Hlongation : 20 to 45 % 


Ultimate strength Working stresses 
Tension 20 to 24 tons 5 tons 
Compression 16 to 22 tons 5 tons 
Shear 15 to 18 tons 4 tons 


Cast iron 


Weight: 440 to 470 lbs. per cu. ft. 
EH: 12,000 to 138,000 tons 


Ultimate strength Working stresses 
Tension 7 to 11 tons 13 tons 
Compression 35 to 50 tons 6 tons 


Shear 8 to 13 tons 13 tons 


CHAPTER XIX 


CONCRETE. THE FLITCH BEAM. THE REINFORCED 
CONCRETE BEAM 


165. Concrete. The use of concrete as a constructional material 
will be sufficiently familiar to the reader to make it unnecessary 
to give here a detailed statement concerning the materials of which 
it is composed or of the manner in which it is prepared.* Nor would 
it be wise to attempt to summarise in a brief paragraph some of 
the results of the investigations which have been conducted in 
recent years into the many factors affecting the strength as well 
as the other properties of concrete. For such information the 
reader should refer to the several excellent textbooks which have 
been published on the subject of Reinforced Concrete. 

In this volume our immediate concern is with the strength and 
elasticity of reinforced concrete, as being the main factors affecting 
its use as a structural material. For this purpose we may briefly 
describe a cement concrete as consisting of cement, which in this 
country is usually prepared to the requirements of the British 
Standard Specification for Portland Cement (see summary in 
Table VIII), together with sand and coarse aggregate. Such a 
concrete is characterised by considerable compressive strength but 
sight tensile strength, a fact which leads readily to a convenient 
classification of the material according to its use (a) as Mass 
concrete, or (b) as Concrete used in preparing “reinforced concrete”. 


(a) Mass concrete. This form of concrete is largely used in 
foundations, rough walling, etc., and may consist of varying pro- 
portions of cement, sand and aggregate, according to the nature 
of the materials used and the purposes for which itis to be employed. 
Unless specially prepared such concrete would not as a rule be 
subjected to a greater working load than 12 tons per sq. ft. (see 
Table X). Since it is practically incapable of resisting tensile 
stresses, mass concrete must be considered structurally as forming 
blocks of material, as in masonry construction, its treatment is 
therefore deferred to Chaps. xxr and xxir, which deal with 
Masonry. 


(b) Concrete for use in “‘reinforced concrete”. By reason of long- 
continued use and control, concrete used in the preparation of 
reinforced concrete has become a material of considerable uni- 
formity and reliability. It follows, however, that its preparation 


* But see Jaggard and Drury’s Architectural Building Construction, Vol. u, Part 1. 
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must be carried out with skill and care, hence both its constituents 
and the manner of its. preparation are now largely determined by 
regulation. These regulations lay down what are in effect the 
minimum requirements to which the material must conform. Some 
allowance is usually made for concrete which may show higher 
strength values than those specified, but, in order to simplify 
somewhat the treatment of the subject of reinforced concrete in 
this volume, it is proposed to limit our consideration to a concrete 
which satisfies what is the most commonly adopted specification 
for such material. Such a “normal” concrete is expected to be 
made up of 1 part Portland cement, 2 parts of sand and 4 parts of 
aggregate, and is therefore commonly referred to as a “1:2: 4” 
concrete. 

To test the suitability of such concrete, 6 in. test cubes (or 
cylindrical test pieces) are made up and crushed in a testing 
machine at ages of 1 month and 4 months, and are expected to 
show a minimum ultimate crushing strength of 1600 lbs. per sq. in., 
and 2400 lbs. per sq. in., respectively, at the above ages. The 
working compressive strength of such concrete would be taken at 
600 lbs. per sq. in., or a quarter of the ultimate strength at 4 months. 
The value of # would be about 2,000,000 lbs. per sq. in. (but see 
para. 168). Other strength characteristics of concrete are referred 
to later in this and in the succeeding chapter, and also in Chaps. 
xx and xxiv, to which reference may be made. 

Experiment. The following results were obtained from a test carried 
out on a 1:2: 4 concrete at an age of 3 months. The specimens 


measured 13 ins. x 4 ins. x 4 ins. The strains were measured by a 
Goodman’s extensometer on a gauge length of 8 ins. 


Crushing load (average of 3 specimens), 18 tons. 


18 x 2240 
16 


Modulus of elasticity. The following figures are taken from the graph 
shown in Fig. 225, which gives the mean values for the strains measured 
as the loads were being increased, and again as the loads were being 
decreased. This test was made after the specimen had been subjected 
to a load of 3 tons, put on and removed twice. 

For an increase of stress of 490 lbs., the increase in strain measured 
0-002 in. 


Ultimate strength = = 2500 lbs. per sq. in. (approx.). 


_ stress _ 490 x 8 
strain 0-002 
= 1,960,000 lbs. per sq. in. 


166. The flitch beam—the reinforced timber beam. An early 
form of beam which depended for its strength upon the combined 
action of two materials was the ‘‘flitch”’ or ‘“‘sandwich” beam, in 
which a timber beam was strengthened by the addition of one or more 
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plates of wrought iron or steel; see Fig. 223. This form of beam 1s 
now almost obsolete in new work, but since, as will appear presently, 
an investigation into the factors underlying its design requires a 
consideration of the same basic principles as are utilised to build 
up the theory of reinforced concrete construction, it has been 
decided to include it in this volume. 

It is usual to assume that the timber and steel parts of a flitch 
beam are fastened together with sufficient bolts to ensure that the 
parts move together when the beam deflects—the adequacy of the 
bolts for this purpose being checked in a manner similar to that 
described in the preceding Chap. (xvut) for built-up beams. On this 


Deel yieks Ee Lay oe le £ o 
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OTRAIN 
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Fig. 223. Flitch beam with steel plate. 


basis 1t will be obvious that we may adopt all the assumptions laid 
down in para. 116 (Theory of Simple Bending), together with the 
additional condition that the modulus of elasticity (#) will have 
two values, viz. H, (1,500,000 lbs. per sq. in. may be used here) 
for the timber, and £, (usually 30,000,000 lbs. per sq. in.) for the 
steel. 

By assumption IV, para. 116, sections which are plane before 
bending remain plane after bending; hence, if wnit strain be repre- 
sented on a diagram as shown in Fig. 223, a#b will be a straight 
line and Aa will be the maximum compressive strain, while bB will 
be the maximum tensile strain. In addition the strain will be the 
same in each material and will vary in each layer according to its 
distance from the neutral axis. (Note. In practice the steel plate 
does not extend quite to the full depth of the beam, see Example 


below, but for the present it will be convenient to assume that 
it does so.) 
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It follows that, so long as the stresses in the materials are kept 
within their respective elastic limit stresses, a diagram of stress 
can be drawn for each material as shown in Fig. 223. In the case 
of the timber if f, be the maximum compressive stress, then we have 


J, = unit strain x modulus = Aa x E,, 


from which we have 


Se 


Aa = maximum compressive unit strain = woos (a) 
t 


Similarly, using the diagram for stress in the steel, we have 
jf.’ = maximum compressive stress in steel 
= Aq £E,, 
or Aa = maximum compressive strain in steel 
i; / 
EES 
B, 


Combining the expressions (a) and (b) we have 


ie compressive stress in steel E, 
f, compressive stress in timber E, 


whence 


The ratio H,/H, is known as the Modular Ratio, and is usually 
represented by m. In the present case, for the values given above, 


E, 30,000,000 _ 
 £E, 1,500,000 ~ 
Then from (c) we have 


20. 


fo == 20), 


or f= 20f. 

i.e. the stress in the steel 1s 20 (or m) times the stress in the timber; 
this statement is true for fibres in each material which are at the 
same distance from the n.A. of the beam. 


Equivalent sections. It follows from the above conclusion that 
we would have a beam of the same strength, i.e. giving the same 
maximum stress for the same load, if we were to replace the steel 
plate by an additional timber beam of m times the thickness of 
the steel plate, the stresses in this “equivalent” beam being the 
same as in the timber portion of the original beam. This equivalent 
section furnishes us with the readiest means of dealing with the 
design of these beams. 


19-2 
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Example. A flitch beam is to be made up of two 11 ins. by 3 ins. tomber 
beams together with a 4 in. steel plate. The safe working stresses may be 
taken to be 1000 lbs. per sq. in. in the timber and 16,000 lbs. per sq. in. in 
the steel, m having the value of 20. (a) Find for these values the depth of the 
steel plate so that the maximum working stresses in each material are reached 
simultaneously, and (b) with this width of steel plate what uniformly 
distributed safe load would the beam carry over a span of 12 ft.? 


(a) Let the plate be the same depth as the timber slabs; then, when the 
stress in the timber reached 1000 Ibs. per sq. in., the stress in the steel 
would be m times this, or 20,000 Ibs. per sq. in. Since this latter stress 
will vary as the distance d’/2 from the neutral axis, where d’ is the 
depth of the steel plate and d the depth of the timber portion, see 
Fig. 224, then evidently 


ese 16,000 
d/2 must be made to equal 20,000’ 
or Foie 
A OO? 


that is, d’ = 8-8 ins., say 9 ins. (nearest market size). 


(6) The equivalent section will then be as shown in Fig. 224, where 
the width of the middle portion is (m x $) or 10 ins. 


JreEL-FLITCHED BEAM. FouiVALENT SECTION. 
Fig. 224. Flitch beam with steel plate. 


Then the value of the “equivalent moment of inertia”, I,, for this 
equivalent section will be obtained from 


I, = I for timber portion + J for 
ZX S: eae LOG Oe 
a 12 Can le 
= 1273 inch units* (approx.). 
Then from B = fI/y, we have 


B = bending moment = 


« 


“equivalent” portion 


Jet, + 10005. 41278 
in 55 
= 231,500 lb. ins. (approx.). 
Also, for a uniformly distributed load, , = : 
substituting the known values and Soe pea eee 
231,500 x 8 
seo 


W = total load = = 12,860 lbs. 
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167. The reinforced concrete beam. If a plain block of concrete 
be tested as a beam it will be found to fail, under quite small loads, 
by tension on the under surface of the beam. Concrete, though 
strong in compression, is relatively weak in tension, and it is to 
“reinforce” the concrete in this respect that reinforcing bars of 
steel are used which, in a beam, are placed near the lower surface 
in order to take the tensile forces to which the beam will be 
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Fig. 225. Stress-strain graph for 1 : 2: 4 concrete. 


subjected as a result of loading. Such beams furnish us with another 
example of the combined use of two materials in a structure. The 
theory underlying the construction of such beams is, as we shall 
see, very similar to that which we used in the case of flitched 
beams and is, for the simple cases with which we shall deal in this 
volume, not difficult of comprehension. (For some introductory 
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experimental work see para. 185, “Tests on reinforced concrete 
beams’”’.) 

In Fig. 226 is shown a typical section of a reinforced concrete 
beam. As in the case of the flitched beam we are able to adopt the 
usual beam assumptions (see para. 116, “Theory of simple bend- 
ing’), to which, however, two important additions are necessary. 


Additional Assumption I. That within the working stresses of 
the concrete in compression, stress and strain are directly propor- 
tional to each other, the modulus of elasticity (E) having a constant 
value. 


That this assumption is only approximately true for concrete is 
evident as soon as we attempt to obtain values experimentally 
from which to find #. When the specimen is being loaded for the 
first time, some amount of permanent set will be shown even at 
small loads, due probably to the material “settling down” to its 
work. It is therefore usually necessary to stress such a concrete 
to about 400 or 500 lbs. per sq. in. several times, as was done in 
the present instance, before attempting to obtain satisfactory 
stress-strain values. The graph shown in Fig. 225 is in fact only 
approximately straight up to a stress of about 850 lbs., after which 
it departs markedly from the straight line. 

The assumption errs somewhat on the side of safety, 1t simplifies 
the calculations which are involved and, in practice, it is found to 
give satisfactory results. 


Additional Assumption II. That the resistance of the concrete to 
tension may be neglected, the whole of the tensile forces being 
carried by the reinforcement. 


The reasons underlying the adoption of this assumption will be 
made clear as we proceed. 


168. Normal working stresses and constants in reinforced con- 
crete. The following values are those in common use in this 
country. Other values would of course give different results from 
those worked out below, the methods of calculation being the same, 
but it is not our intention to deal with such variations in this 
volume. 

For a concrete which consists of 1 part of cement, 2 parts of sand 
and 4 parts of aggregate (and which is known as a “1:2: 4” 
concrete) it is usually assumed that: 


E,, the modulus of elasticity, is 2,000,000 lbs. per sq. in. 
The safe compressive stress (¢) = 600 Ibs. per sq. in. (which is 
about one quarter the ultimate strength of such concrete in 
compression). 
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For the quality of mild steel which is generally used the 
value of the modulus #, is taken to be 30,000,000 Ibs. per 
sq. in. The safe tensile stress in the steel (¢) = 16,000 lbs. per 
sq. in. (which is about half the elastic limit stress). 

For the above values the Modular Ratio (m) is seen to have 


a value of BE, 30,000,000 _ 
E, 2,000,000 
(See also Table VIII.) 


169. The equivalent section. Referring again to Fig. 226 and 
using the usual assumption, that sections which were plane 
before bending remain plane after bending, a diagram of strain 
AakKbB can be drawn in which the line a£b is a straight line. If 
the calculations of the strength of such a beam were based on this 
diagram, in which the strain of the steel at Gg is shown to be 


A a 


15. 


Concrete. 


7ension 


DJecrioy. rea DiaGeamM. 


Fig. 226. Reinforced concrete beam. 


equal to that in the concrete at the same level, then the stress in 
the steel would be m times the stress in the concrete at an equal 
distance from N—A. But concrete, as has already been mentioned, 
is very weak in tension, the safe tensile stress being generally put 
as low as 60 lbs. per sq. in. On this basis the stress in the steel 
would only be equal to (60 x 15) or 900 lbs. per sq. in., which is 
of course absurdly low. 

This then is the reason why, in the theory which we are now 
about to discuss, the strength of the concrete in tension is entirely 
disregarded and the steel is assumed to take the whole of the 
tensile force; in this way the stress in the steel may be assumed to 
reach the full value of 16,000 lbs. per sq. in. 

Let us now consider how these assumptions affect the active 
section of the beam. If the strength of the concrete in tension be 
ignored, then it follows that we need not consider the part played 
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by it below the neutral axis. What we may call the “effective 
section” of such a beam will then consist of (a) the “compressive 
area” above the neutral axis, and (6) the area of the steel bars 
below the neutral axis, which are of course in tension; see Fig. 227. 
Some of the terms used in this discussion may be defined here: 
A, is the area of the tensile reinforcement. 
6 is the breadth of the beam. 
dis the “effective depth” of the beam, that is the depth 
from the “compression edge” to the centre of the reinforce- 
ment. 
nis the depth to the neutral axis from the compression edge. 
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Fig. 227. Equivalent section. 


Below the reinforcement a thickness of from 1 to 2 ins. of concrete, 
known as the “cover”, is usually added, but, except when ascer- 
taining the weight of the beam, this dimension need not appear in 
the calculations. Such concrete is added to provide additional grip 
to the reinforcement and also as a protection against corrosion and 
fire. 

From the “effective section” just outlined we may develop an 
“equivalent section”, on the same principles as applied in the case 
of the flitch beam; see Fig. 227. It would consist of the rectangular 
“compression” area, b x n, above the neutral axis, and the 
“tension” area, equal to m times the area of the reinforcement 
situated at a distance (d — n) below the neutral axis; see Fig, 297. 

By means of this equivalent section we might deduce all the 
general expressions (i) to (vill) given below; and the method is 
particularly useful in certain cases, of which examples are given 
later in paras. 177(A) and 179(A). We propose, however, to 
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proceed from this point along the lines more usually adopted, 
which have perhaps a special claim to our consideration, in that 
they give a somewhat clearer picture of what takes place in the 
strained reinforced concrete beam. 


170. General expressions in the ordinary theory of reinforced 
beams. The theory which is outlined below, and which is based 
on the assumptions stated above, is known as the Straight Line 
No-tension Theory: “Straight Line” because the stress diagram 
for the concrete in compression will be a triangle, and ‘‘ No-tension ” 
because the effect of the concrete in tension is ignored. 


nes 


JECTION DIAGRAM of STRESS 


Fig. 228. Straight line no-tension theory. 


In Fig. 228 the section has been re-drawn, together with a 
diagram of stress obtained in the following manner. The com- 
pressive stresses in the concrete above the neutral axis will vary 
uniformly from a maximum value ¢ at the compression edge to 
zero at the neutral axis, and the diagram of stress can thus be 
represented by the triangle AaH in which Aa represents the stress 
c to some convenient scale. 

Now if C be the total compressive force acting over the area 
(6 x n) we have 


C = total compressive force=4bne. SS... (i) 
Since the reinforcing bars generally occupy only a small portion 
of the depth of the beam, we assume that the stress in them is 
uniform. Then if 7' be the total tensile force and (¢) the stress acting 
in the bars, we have 


T= total tensile-force=A,.t. 9  —...:. (ii) 
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Again, since in simple bending the total compressive force is 
equal to the total tensile force, we have from (i) and (il) 


Cazf, 
or 4bne —- A,.t. eeeces (iii) 


Now C will act on a line passing through the centroid of the 
stress triangle AaE, that is 3n above the neutral axis or 4n from the 
compression edge, this point being sometimes referred to as the 
“centre of compression”. It will thus be seen from the diagram 
that the distance between the two parallel forces C and 7 will be 
equal to (d — n/3), this is referred to as the “lever arm” (a). 
Obviously if we wish to ascertain R, the moment of resistance of 
this beam section, we must multiply C, or T, by the lever arm; 
hence 


Moment of resistance of the section = R, 


and R= Cx lever arm = * bre (4 ~ _) Fics soe (iv) 


or R=T x lever arm =A, d=. | Sere (v) 
8 


Let us next proceed to find an expression giving the relations 
between the stresses c and ¢. If, for the moment, we assume 
that concrete is a material capable of resisting tensile stresses 
satisfactorily, then the stress in the concrete at the level G-G, see 
Fig. 228, would be given on the stress diagram by the distance Gq, 
where g is the point in which the lineaZ produced cuts the horizontal 
line through G, and Gg is measured on the force scale selected for c. 
But, the strain being the same in both materials at this level, the 
stress in the steel would be m times that in the concrete, or 


t = stress in steel = m (G9), 
whence Gg =t/m. 
But, by similar triangles, 
Aa _c_ Gg tlm 
AE n EG d=n’ 
from which we have 


or 


From (vi) we have further 


t d—n d nd 1 
mc Wn ei 


Xix] THE REINFORCED CONCRETE BEAM 299 


from which 


or 


As will be seen from the worked example given below, the 
expressions (i) to (vii) are sufficient to enable us to ascertain the 
strength of a given reinforced concrete beam at a section, when 
the values of c, ¢ and m are known. 


Ratio of reinforcement. A symbol “7” is used in this and 
succeeding examples. It represents the ratio between the area (A,) 
of the tensile reinforcement and the “effective area” (6 x d) of the 
beam and is known as the “‘ratio of reinforcement’’, so that 


If this ratio is to be expressed as a percentage, then percentage 
reinforcement equals 100r. 


171. The “Economic Ratio” of Reinforcement. 


Example 1. Find the value of n and of r, the ratio of reinforcement, for a 
beam in which the value of m is 15, of ¢ is 600 and of t is 16,000. 


From (vii) we have 


nN 1 
d 1 t 
mc 
so that, substituting the given values, 
n 1 Gyn 
qd | , 16,000 oe 
15 x 600 
or = OBR 5 (a) 


Next from (ill) we have 
gbnc = A,.t, 
when, substituting 0-36d for n, we have 
tbe x 0:36d = A,.t, 
whence we have 
A, 0:18c 0-18 x 600 


ae > =e 
or Ratio of reinforcement = 7r = a == (HONG —— s0a00c (b) 


From (iv) we have 


R = moment of resistance = ! bne (4 — z 


1 
2 


x 036d x 600 x b (¢- pees 
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It should be noted that the numerical relations (a), (b) and (c) 
found in the above example only obtain when the value of m is 
15, c is 600 and ¢ is 16,000. Under these conditions, if the ratio 
of reinforcement is 0-00675, then the stresses in the concrete and 
in the steel reach their maximum working values together when 
the beam is fully loaded. The constants are independent of the 
actual dimensions of the beam, so that if they are memorised, the 
calculation of beam sections is greatly simplified. When the ratio 
(7) has the value of 0-00675 it is known as the “economic ratio of 
reinforcement”. (Other values for m, ¢ and t would of course give 
other constants.) 

Example 2. A reinforced concrete lintel is required to carry a uniformly 
distributed load of 6500 lbs. (which may be taken to include the weight of 
the lintel), over a span of 12 ft. If the total depth is to be 12 ins., find a 


suitable breadth and the dimensions of the reinforcement. Take the values 
of c as 600 lbs. per sq. in., of t as 16,000 lbs. per sq. in. and of mas 15. 


Allowing 2 ins. for the cover of the reinforcing bars, the effective 
depth (d) will be 10 ins. 
The maximum bending moment = & = moment of resistance 


WE 6500 x 12 x 12 
Sig a (a) 
If r= 0:00675, then F also = 95bd? = 95000. sn aaae (b) 
Combining (a) and (b) we have 
p= ha = 12°32, say 12} ins. 
Then Area of reinforcement = A; =r x b x d 
= 0-00675 x 12:5 x 10 
= 0°84 sq. in. 


If we use three 3 in. round bars (see Table TX), they provide (3 x 0-307) 
or an area of 0-921 sq. in. which is satisfactory though a little in excess. 


172. Beam sections where only c or t is known. In practice it 
is not always possible to arrange the reinforcement so that 7 has 
the value worked out above, so that it is necessary to work out 
some more general expression which we can use when ¢ or ¢ are 
known but not both; the expression we shall obtain will give the 
ratio n/d in terms of r. 

From (vi) in para. 170 we have 


me 
ee WE 
C n 

or SS ee 
=e ee (a) 


Also, from (iii) in the same paragraph, we have 
sone = A,.t, 
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but A, =r (bd), therefore 
zbne = rb dt, 


e 2rd 
or i = a 5 eS PP Soa (b) 
Equating the tavo values for ¢/t in (a) and (b), we have 
n 2rd 


m (d — n) on 
whence, taking d out of the bracket and re-writing, 
n 
Pimel circ 2r (d/n). 


If now we substitute n, for n/d, we have 


Ny peat 
m(l—n) n° 
Multiplying across we have 


ny? = 2mr (1 — n,) 
= 2mr — 2mnyr, 
or Ny? + 2mmyr = 2mr. 
Make the left-hand side of the expression into a square by adding 
my, then 
Ny? + 2mmyr + mr? = 2mr + m?r?, 
whence, taking the square root of each side, 
ny + mr = +4 V2mr + mr? 

The negative value is not possible in the cases we shall have to 

deal with; hence this expression may be re-written as 


- =Vamr + mr — mr eae (viii) 


By further changes we may reduce expression (viii) to 


n= mr(/x+ 2-1). sess (vill. a) 


From either of these expressions we may find the value of the 
ratio n/d, which gives the position of the neutral axis, when the 
values of d, m and r are known. 


n= 


Example. Find the value of the ratio n/d for a beam section in which the 
value of vis 0-01 (that is 1 % of reinforcement) and that of m is 15. 
Substituting these values in the expression (viii), we have 
7 = V2mr + mr? — mr 


= V0:3 + 0-0225 — 0:15 = 0-416. 
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173. Diagrams to facilitate beam calculations—Position of the 
neutral axis. The use of the above expressions is greatly facilitated 
if they are given in the form of graphs. By means of the ex- 
pression (viii) we may find a number of related values which can 
be shown on a diagram as in Fig. 229. 


Thus, when 
r = 0:0025 nid = 0:2415 
0-005 0:319 
0:00675 0-36 
0-008 0-384 
0-01 0-416 
0:02 0-531, ete. 


Having from these and similar values drawn a graph as shown, 
Fig. 229, giving the position of the neutral axis for various values 
of 7, we can then show the positions of the centre of compression by 
dividing, in each case, the distance n by 3. Finally the value of a, 
the lever arm, is then determinable in each case by reading off the 
distance from the bottom of the graph to the line showing the 
centre of compression; see Fig. 229. The use of this graph will be 
made clear in the following examples. 

An example is given to show how the stresses in the steel and 
the concrete are affected when 7 has a value less than 0-00675. 

Example. If in a reinforced concrete beam the reinforcement is 0-5 %, 
Jind the value of c if the steel is stressed to 16,000 lbs. per sq. in. 

In this case 7 = 0-5/100 = 0-005. Referring to this value in Fig. 229, n/d 
is given as 0-319, or n = 0-319d. 

Taking expression (vi) in para. 170, we have 


me n 

Oe 

and, inserting the known values, we have 
15c 0:319d 0-319 


16,000 d—0-319d JI — 0-319’ 
from which ¢ = 500 lbs. per sq. in. (approx.). 


This is lower than the value which may be allowed (600), from 
which it would appear that, when 7 is less than 0-00675, the 
concrete is not stressed up to its full value. Similarly, as will 
appear in later examples, when r exceeds 0-00675, though the 
concrete be stressed to the full value of 600, the stress in the steel 
will be less than 16,000. In effect we may say that for reinforcement 
below the economic ratio the strength of the beam is determined by the 
strength of the steel, the concrete not being fully stressed; while for 
ratios above 0-00675 the strength will be determined by the strength of 
the concrete, the steel in this case bearing a stress which is less 
than 16,000, 
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174, Diagram showing how the strengths of beam sections vary 
with r. The above statement may be represented on a diagram 
wherein the magnitude of R, the moment of resistance, is expressed 
in the form R = k (bd?), where k is a constant which varies with r. 
For convenience in use the values of k are plotted, where 


R 
k = bd2* 
The following examples will show how the value of k is found. 


Example 1. Find R in terms of b and d when r is 0-005. 


This is the case just treated in which we saw that, though the stress 
in the concrete was less than 600, the stress in the steel did reach the 
full value of 16,000. We therefore use this value to find R, inserting it 
in the expression (v) from para. 170, where 


R=A,.¢(d — n/3). 
Now we know that n = 0:319d when r = 0-005. Also 
A, =r (bd) = 0-005 (6d). 
Substituting these values in the above expression, we have 
R = 0-005bd x 16,000 (d — 0:319d/3) = 71-5bd?, 


from which 
R 


bd? 

Example 2. Pind R in terms of b and d when x is 0-01. 

In this case, since 7 is greater than the economic ratio, the concrete 
will be fully stressed (the reader may make a calculation, as in the 
example in para. 173, to satisfy himself that this is so); hence c = 600 
is the value we will use in finding R. This we do by means of expression 
(iv) from para. 170, from which we have Rk = sbnc (d — n/3). In this 
case, since 7 = 0-01, we have from Fig. 229 that n = 0-416d. Inserting 
this and other known values in the expression for R, we have 


k = 71-5. 


Ke ; x b x 0-416d x 600 (a is a) = 107ba?, 
R 
or — eae 107. 


These and other values obtained in the same manner enable a 
graph to be set out as in Fig. 230. Thus, when 


r = 0-0025 R = 35-7bd* k = 35-7 
0-005 71-5bd? 71-5 
0:00675 95bd* 95 
0-01 107bd? 107 
0-02 131bd? 131, ete. 


The dotted extensions indicate that the curve is really made up 
of two curves, which intersect on the ordinate through r = 0-00675. 
The first portion depends upon ¢, the stress in the steel, while the 
second portion depends upon ¢, the stress in the concrete. 
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It is of interest to note that the strength of a beam section, which 
varies with k if 6 and d remain the same, increases with relative 
slowness as 7 is increased beyond the economic ratio. 
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Fig, 230. Values of R/bd? for various values of r. 


The method of using this curve will be made clear from the 
following examples. It should be noted that these calculations really 
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depend upon the use of the expressions (i) to (viii), the graphs merely 
being introduced to facilitate the work. 

Example 3. A beam 24 ins. deep and 10 ins. wide is reinforced 2 ins. from 
the lower edge by five 2 in. round bars (area of one } in. bar is 0-442 sq. in.). 


Find the safe distributed load which it will carry over a span of 20 ft., 
making due allowance for the weight of the beam. 


The weight of the beam may be calculated at 150 lbs. per cu. ft. Hence 
Weight of beam = 20 x 2 x 49 x 150 
= 5000 lbs. 
In this case 
d = 24 — 2 = 22 ins. 
A, = 5 x 0-442 = 2-21 sq. ins. 
An cia 
bd ~~ 22x 10 
For this value of r we have 
R = 107bd? (from Fig. 230) 
LO OR a2 az, 
= 517,880 lb. ins. 
Now, for a distributed load, 


= 0-01 (approx.). 


1B. = a = 517,880 lb. ins.; but B= R, 
therefore Wee eee 7260 ibs 


20 x 12 
Subtracting the weight of the beam from this, we have 
Safe load on beam = 17,260 — 5000 = 12,260 lbs. 
Example 4. A reinforced concrete beam is required to carry a uniformly 
distributed load of 8 tons (including weight of beam) over a span of 12 ft. 


If the total depth has to be limited to 18 ins., find a suitable section and give 
the dimensions of the reinforcement. 


In this case a@= 18 — 2 = 16 ins: 
WL 8x 2240 x 144 
ca7s8 ae 8 
= 322,500 lb. ins. 
One or two trials may now have to be made to find a value of r which 


will give a reasonable value of 6b. Adopting r = 0-007 we have k = 97 
from Fig. 230. From this value we have 


fi = kbd? — 97b) x 16 x 116; 


The required R =B 


or (97 x 16 x 16) 6 = 322,500 Ib. ins., 
whence = Bee5DUU 
Gl 36 IG 3 1K 


= 13 ins. (approx.). 
Then Ee 


A = area of reinforcement = bdr 


l 


0-007 x 13 x 16 
= 1-46 sq. ins. 


If we use six 9, in. round bars (see Table IX), the total area will be 
(6 x 0-248), or 1-488 sq. ins. 
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Table VIII 


Working stresses in Reinforced Concrete 
Portland cement* 


Weight: 90 lbs. per cu. ft. 
Fineness test: not more than 10 % on a 180 x 180 sieve. 
Tensile test: = 
(a) Neat cement: not less than 600 lbs. per sq. in. at 7 days. 
(b) Cement and sand (mortar)—1 cement to 3 of standard sand (by 
weight): not less than 325 lbs. at 7 days. 
Breaking strength at 28 days (minimum) 
10,000 


breaking strength at 7 days’ 


Setting test (except for quick-setting cement): initial set, not less than 
20 minutes; final set, not more than 10 hours. 
Soundness test: see B. S. Spec. for Portland cement. 


= breaking strength at 7 days 4 


Portiand cement concrete (reinforced concrete). ‘‘Normal’ mixture: 
1 part cement, 2 parts sand, 4 parts aggregate. 


Weight (aver.): 140 Ibs. per cu. ft. ; (reinforced): 144 to 150 lbs. per cu. ft. 

Modulus of elasticity (H,): 2,000,000 Ibs. per sq. in. 

Ultimate strength: 1 month, 1600 lbs. per sq. in.; 4 months, 2400 lbs. 
per sq. in, 

Working stress: (in compression, c), 600 lbs. per sq. in.; (shear), 
60 lbs. per sq. in. 

Grip stress or adhesion: (with hooks), 100 lbs. per sq. in.; (without 
hooks), 60 Ibs. per sq. in. 


Reinforcing steel 


Weight: 490 lbs. per cu. ft. 

Modulus of elasticity (K,): 39,000,000 lbs. per sq. in. 

Ultimate strength : 28 to 32 tons per sq. in. 

Working stress: (in tension, t), 16,000 lbs. per sq. in.; (in compression), 
mc, where cis the stress in surrounding concrete. (m = H,/H, = 15.) 


* See also current issue of British Standard Specification for Portland Cement. 


Problems XIX 


(Note. In working the following problems use the working stresses 
given in Table VIIT.) 


1. To compare the strength of ordinary and ‘“‘rapid hardening” cement 
eoncrete, 6 in. cubes of 1 : 2: 4 concrete were made and tested at 
1 month and 4 months respectively. From the following results calculate 
the ultimate stresses in each case: Portland cement concrete, at 1 month 
broke at 36 tons; at 4 months broke at 55 tons; rapid hardening cement 
concrete, 1 month 60 tons, 4 months 80 tons. 


2. Using the working stresses given in para. 166, calculate the safe 
uniformly distributed load which could be carried by a flitch beam over 
a span of 15 ft., if the beam consists of two timber flitches 12 ins. by 
6 ins. and a steel flitch plate 10 ins. by ? in. 


20-2 
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3. Calculate the total compressive strain in a short plain concrete 
column 4 ft. high, and having a cross section of 100 sq. ins., # = 2,000,000 
Ibs. per sq. in. and c= 500 lbs. per sq. in. (See also Prob. 6 in Problems 
UIE) 


4. Using the “‘economic ratio” of steel to concrete, find suitable 
reinforcement for a beam 10 ins. broad and 14 ins. (effective) depth. 
Calculate the value of the moment of resistance (f). 


5. Find the value of R for the beam in Prob. 4 if it were reinforced 
with four round rods 2 in. in diameter. What would be the stress in the 
steel when c = 600 lbs. per sq. in.? 


6. Find the value of R for the beam in Prob. 4 if it were reinforced 
with four round rods } in. in diameter. What would be the stress in 
the conerete when t = 16,000 Ibs. per sq. in.? 


7. Calculate a suitable depth and reinforcement for a beam to carry 
a uniformly distributed load—including its own weight—of 500 lbs. per 
ft. run, over a span of 15 ft., if the width of the beam be fixed at 10 ins. 
and the economic ratio of reinforcement be used. 


8. Ifthe outside dimensions of the beam in the fourth Example, para. 
174, are width 14 ins. and total depth 20 ins., calculate suitable reinforce- 
ment and give the stresses in the steel and concrete when the beam is 
carrying the full uniformly distributed load of 8 tons over a span of 12 ft. 


Table IX 


Circumference, Sectional Area and Weight of Reinforcing Bars 


Size of rod, ins. ROUND SQUARE 
te : Area, Circum., | Weight, Area, Circum., | Weight, 
Fractions | Decimals sq. ins. ins. Ibs. ft. lin. sq. ins. ins. Ibs. ft. lin, 
+ 0-25 0-049 0-785 0-167 0-063 0-10 0-213 
75 0-3125 0-077 0-982 0-261 0-098 125 0:332 
3 0-375 0-110 WEN ERs} 0-376 0-141 1-50 0-478 
35 0-4375 0-150 1-374 0-511 0-191 W755 0-651 
3 0-5 0-196 ofs37f 1! 0-668 0-250 2-00 0-849 
5 0-5625 0-248 1-767 0-845 0-316 2:25 1-076 
2 0-625 0-307 1-964 1-043 0-391 2-50 1-328 
41 0-6875 0-371 2-160 1-262 0-473 2°15 1-607 
3 0:75 0-442 2-356 1-502 0-562 3:00 1-912 
13 0:8125 0-518 2552 1-763 0-660 3°25 2-245 
g 0-875 0-601 2-748 2-044 0-766 3°50 2-603 
13 0:9375 0-690 2-945 2°347 0-879 3°75 2-988 
1 1-0 0-785 3°142 2-670 1-000 4-00 3°403 
14 1-125 0-994 3°534 3°380 1-266 4-50 4°303 
1+ 1-25 1-225 3°927 4-172 1-563 5:00 5312 
13 UGiss 1-767 4-712 6-008 2-250 6-00 7:650 
13 1-75 2-405 5-498 8-178 3:063 7:00 10-41 
2 2-0 3-142 6:283 | 10-68 4-000 8:00 13-60 


——S— 


CHAPTER XX 


TEE-BEAMS. DOUBLY REINFORCED BEAMS. 
SHEAR REINFORCEMENT 


175. Tee-beams. If in a rectangular beam, such as that shown 
in section in Fig. 231, we were to omit the shaded portions indicated 
below the neutral axis, we would not reduce the strength of the 
beam. We would, however, greatly reduce the dead-weight and 
hence the cost of the beam. From its shape such a beam is known 
as a ““T-beam”’; it is probably in this form that the concrete beam 
gives its best service. In concrete floor construction an additional 


Fig. 231. Tee-beam. Case I. “Thick” slab. 


economy can be effected by utilising the floor slab to form the 
upper flange of the “T”’; see (6) in sketch in Fig. 231. The amount 
of the floor slab which can be so included is not easily settled upon. 
In practice it is usually fixed by regulation. The following are 
commonly accepted rules. The dimension 6 must not exceed :— 
(a) One-quarter the span of the beam, 
or (b) The distance between two ribs, 
or (c) Twelve times the thickness (d,) of the slab, taking whichever 
dimension is least. 
The same terms will be used as before with the addition of d, 
for the total depth or thickness of the slab, and 6, for the breadth 
or thickness of the rib. The thickness of the rib will usually be 
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settled by a consideration of (i) providing adequate cover to the 
reinforcement, and (ii) providing adequate shear strength; the latter 
point will be dealt with in para. 184. 

There are two cases of T-beams with which we can deal; the 
first we shall refer to as Thick Slabs, meaning by this that the 
thickness of the slab (d,) in relation to the depth (d) of the beam 
is so considerable that the neutral axis lies within, or just at the 
lower edge of the slab; see Fig. 231. In the second case, which 
we shall refer to as Thin Slabs, the neutral axis will fall outside 
the slab; see Fig. 232. 


176. T-beams—Thick slabs. Beams which fall under this head 
are much more common in practice than would appear at first 
sight, since very thin slabs are not favoured, and beams which are 
relatively deep only occur over very large spans. 

It should be obvious that where the n.a. falls within the slab 
the ordinary expressions for rectangular beams will apply in their 
entirety. In fact, as is pointed out in Faber and Bowile’s “ Rein- 
forced Concrete Design”, only a very small error is introduced if 
d, is as small as 0-8n, at any rate it is an error which can be 
disregarded in view of the arbitrary fixing of (b) the width of the 
flange. We shall therefore fix this as our limit and in deciding 
whether an example falls within Case I we shall ascertain whether d, 
exceeds 0)-8n. 


(Note. For the economic ratio it will be seen that, to come within 
Case I the thickness of the slab (d,) must not be less than (0:8 x 0-36d) 
or 0-288d.) 

Example. A portion of a concrete floor, of which the slab thickness is 
4 ins., is to be carried on ribs spaced 8 ft. apart and freely supported over 
a span of 16 ft. The total load, to be carried as a uniformly distributed load, 
may be taken to be 21,000 lbs. including the weight of the floor. Determine 
suitable dimensions for the ribs, and the area of the tensile steel. 

According to the rules given above the least dimension (6) for the flange 
of the ““T” is shown by trial to be given by 12 (d,), or 48 ins. 


The value of B = maximum bending moment = moment of resistance 
WL _ 21,000 x 16 x 12 
8 8 , 


Adopting a ratio of reinforcement of 0-00675 we have, from Fig. 230, 
that k = 95, or R = 95bd?. Hence we have 


21,000 x 16 x 12 
ee Lert 
whence, if b = 48 ins., d = 10-5 ins. (approx.). 
From Fig. 229 for r = 0-00675, we have 
n = 0:36d = 0:36 x 10°5 
== BD 7/fs} Tr e¥e}. 


es 


95bd? = 
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which brings N.A. within the thickness of the slab and the T-beam may 
be treated as a “‘thick slab” beam. 


A, = area of reinforcement = bdr = 48 x 10-5 x 0:00675 = 3-4 sq. ins. 
This could be provided by four 14 in. round bars, which would require 
a rib 10 in. wide if placed in one layer, or 6 in. wide if in two layers. 


(Note. Where horizontal layers of reinforcement are used the bars 
must not be nearer together than 1in. horizontally and $in. vertically. 
There must be a cover of at least 1 in. at the sides and soffit of the beam. 
The effective depth of such beams is measured from the compression edge 
to the centre of the reinforcement. ) 


177. T-beams—Thin slabs (approximate treatment). In Fig. 232 
a T-beam is shown in which the neutral axis comes well below the 
slab. It should be clear without further explanation that we can in 
this case draw a diagram of strain and also a diagram of stress 


SECTION 


Fig. 232. T-beams—thin slabs. 


exactly as for a rectangular beam; see Figs. 226 and 228. In Fig. 
232 we have drawn such a diagram of stress, which is exactly 
the same as that shown in Fig. 228 except that we must consider 
the compression portion in two parts, viz. that consisting of the 
figure Aahh, which gives the stresses acting in the flange of the 
T-beam, and the triangle AhH, which gives the stresses acting 
over the area of the rib, between the underside of the slab and the 
neutral axis. From the diagram a series of general expressions can 
be obtained for T-beams of the same range and by the same methods 
as for rectangular beams. The work is, however, too lengthy and 
complex for inclusion in this volume, and the present treatment 
will therefore be limited to the explanation of two approximate but 
reliable methods for dealing with given beam sections. In both 
these approximate methods, the total force due to the compressive 
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stresses in the rib is ignored; this can usually be done with safety 
since both the stresses themselves and the area over which they 
act are relatively of small dimensions, see Fig. 232. 

(A) First approximate method for dealing with T-beams (thin 
slabs). Equivalent section method. In Fig. 233 is shown the 
equivalent section for a T-beam, obtained in the manner explained 
in para. 169, but with the additional condition that the compression 
area below the slab is ignored. 

From this equivalent section we may find the position of the 
neutral axis, basing our work upon the fact that the first moment 


= 
EQUIVALENT SECTION. STRESS DIAGRAM 


Fig. 233. T-beams—approximate methods. 


of the whole “equivalent” section about the neutral axis must be 
zero. So that, using the dimensions given in Fig. 233, we have 

(1st moment of compression area about N.A.) 

— (1st moment of tension area about N.a.) = 0, 

from which (bd,) (n — d,/2z) — (mA,) (d—n)=0.  ...... (ix) 

From this expression we may find n, the distance to the neutral 
axis, if b, d, d,, m and A, are known. 

Having found the position of N.a. we then proceed to find the 
moment of inertia (/,) for the equivalent section about n.a. From 
the work done in para. 131 we see that 


I, = (I for compression area about its own axis) 
+ [(area of compression) x (n — d,/2)?] 
+ (I for equivalent tension area about its own axis) 
+ (equivalent tension area x (d — n)?), 
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The third term will be relatively small and can be neglected. 
Therefore, using the dimensions given in Fig. 233, we have 
bd’ 


ine 
& I2 


+ bd, (n — d,/2)? + mA, (d—n)® oe. (x) 


(Note. The above method can be applied to plain rectangular 
sections in which case n replaces d,.) 

Having found J, we then proceed to find R by the methods 
described in para. 120, in which it was established that 


es 
y 


where f is the stress in the material at any distance y from the 
neutral axis. Hence, using ¢ for compressive stress and replacing 
y by n, and considering the stress in the concrete, we have 
cl, ‘ 
ws an od On er 
Z (xi) 
In considering the stress in the steel we must remember that we 
are dealing with the “equivalent section” and that the stress to be 
used is ¢/m and not ¢; see the stress diagram in Fig. 233. Hence 
we have 
L, s 
R= |— <n 
a d—n cay 


Usually the stress in the concrete in T-beams will not reach 600, 
the expression (xi) need therefore only be used if it is desired to 
ensure that this value is not exceeded. The following example will 
make clear the procedure for checking in such a case. 


Example. Find R for a T-beam, given that b is 36 ins., d is 16 ins., 
d, 7s 5 ims. and A; = 4:88 sq. ins. (four 1h in. round bars). Take t = 16,000 
lbs. per sq. in., ¢ = 600 lbs. per sq. in. andm = 15. See Fig. 234. 

Inserting the given values in expression (ix), we have 


bd, (n — d,/2) — mA, (d — n) = 0, 


or 36 x 5 (nm — 2-5) = 15 x 4:88 (16 — n), 
which reduces to 253n = 1621, or n = 6-42 ins. 
Checking the ratio n/d, we find n/d = = = 0-4, which is greater than 


0-36d. Hence the concrete will reach a stress of 600 lbs. per sq. in. before 
the steel reaches a stress of 16,000 lbs. per sq. in. 


Using this value 7 in expression (x), we have 
3 
I, = =< + bd, (n — d,/2)? + mA, (d — n)? 


LEO» 
ee 
= 375 + 2766 + 6720 = 9861 inch units4, 


+ 36 x 5 (6-42 — 2-5)? + 15 x 4-88 (16 — 6-42)? 
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Then for a stress of 600 lbs. per sq. in. in the concrete we have, using 
expression (x1), 
c.I, 600 x 9861 
n 6-42 
= 921,600 Ib. ins. 


To find ¢ for this value of R we use expression (xii), when 
t tc st 9861 
ae G) ann 15 ~ 9-58” 
whence t = stress in steel 


R 


= 13,430 lbs. per sq. in. 


(B) Second approximate method for dealing with T-beams (thin 
slabs). Approximate lever-arm method. In Fig. 233 let C be the 
total compressive force acting in the flange. Strictly C will act 
along a line passing through the 
centroid of the stress figure Aahh. 
It is not easy to find this point 
unless the position of the neutral 
axis, that is point # on this figure, 
is known. It may be shown, how- 
ever, that the distance of C from 
the compression edge will le be- 
tween d,/3 (when the neutral axis 
coincides with the underside of the 
slab), and d,/2 (when the slab is Fig. 234, 
very thin compared with the depth 
of the beam). Actually 0-4d, is a very close approximation in the 
majority of cases and, since it errs on the side of safety, we may 
conveniently use this value. The work now proceeds as follows: 

Tf the line of action of C lies 0-4, below the compression edge, then 
the magnitude of the approximate lever arm will be (d — 0-4d,). 

Hence, if R is given we can find 7 from the equation 

k=T x a(approx.) = T (d — 0-4d,). 

We can then find A, from T = A,.t. 

This method is useful where the general dimensions are known, R 
is given and suitable reinforcement is required. 

A rough check on ¢ can be made by remembering that T = 0 


and finding what is the average compressive stress over the area of 
the flange from 


T = C = (average compressive stress x area of flange). 


If this average value falls below 500 lbs. per sq. in. a further check 
is hardly necessary, otherwise it may be checked by method (A) 


Example. Let it be assumed that a beam is required having the same 
outside dimensions as are indicated in Fig. 234, but with a moment of 
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resistance (R) of 800,000 lb. ins., and that we desire to find the dimensions 
of the reinforcement. Assume t = 16,000 lbs. per sq. in. 


In this case the approximate lever arm = a = (d — 0-4d,) 
= 16 — (0-4 x 5) = 14 ins. 


Hence ie SA SO OKOOOM In Shs 
whence GE BOUNGO = §7,000 Ibs. 
But T = A,.t¢, therefore 
T 57,000 : 
A,= = — 16,000 3°56 sq. ins. 


This may be provided by six Zin. round bars. 
Since C = T = 57,000 lbs., the average compressive stress in the 
flange 


57,000 ; 
See 317 Ibs. per sq. in., 


which is well on the safe side.* 


178. Floor slabs. The accurate investigation of the strength of 
reinforced concrete floor slabs is very difficult since, even in the 
simplest case, they are supported on four edges and in the majority 
of floors they are, in addition, continuous over several spans. 
As a very rough approximation they may be designed as beams 
stretching across the shortest span—a width of 10 or 12 ins. being 
treated in this way as a rectangular beam. Some reinforcement 
should in such a case be added in a direction at right angles to 
the first. The necessity for the latter will be seen if we note that, 
as the slab deflects under load, the concrete will be under tensile 
stress im the two principal directions. The L.C.C. regulations speak 
of these latter bars as “distribution bars’, and require that they 
should be not less than 0-08 of the cross-sectional area of the 
reinforcement across the short span. 


Floor slabs designed as T-beams—Hollow block floors. In plain 
reinforced concrete floor slabs the dead weight of concrete is con- 
siderable; in order to reduce this weight hollow blocks of burnt clay 
are sometimes used, the effect, as shown in Fig. 235 (A), being to 
form, within the thickness of the slab, a series of T-beams. These 
are designed in the usual way to give the desired strength. 


“Filler-joist” floor slabs. Another type of floor slab, and one 
which is frequently used in steel framed buildings, consists of small 
steel joists embedded entirely in concrete as shown in Fig. 235 (B). 
When formed between larger steel beams these slabs can be 
designed as short freely supported slabs. 

* It is essential that the maximum stress in the steel and also in the concrete 
should be checked in every case, since, unless the dimensions have been pre- 
determined, so as to ensure that n/d = 0-36, only one material will reach the 
maximum working stress, and it is important that we should know which material 
this is. 
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The strength of these slabs may be calculated approximately by 
treating them as reinforced concrete slabs, the procedure being as 


follows: —_ 
(a) The position of the neutral axis is found by assuming that 


the reinforcement is concentrated at the centroid of the steel joist, 
using expression (vill), Chap. xrx. 


oa Oh eas Fe) 
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Fig. 235. Types of reinforced floor slabs. 


(0) The equivalent moment of inertia (Z,) is then found by the 
method explained in para. 177 (A), adding, in this case, the 
moment of inertia of the steel joist about its own axis (J,). 

(c) The safe bending moment is found from expression (xi), 


jaya oe 
Sie oe 


(d) The stress in the steel may then be checked by means of 
a modification of expression (xii), 


Dy Le 
i i a d, i 
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where d, is the depth to the underside of the steel joist. The following 
Example will further explain the procedure. 


Example. Jind the safe load per super ft. which can be put upon the 
<filler-joist” floor, detailed in Pig. 235 (B) and (C). The span is 10 ft. 

From Appendix 1 we have 

A, = area of joist = 2-06 sq. ins., 
I, = 6°65 inch units’. 
In this case d, the effective depth, is 4:25 ins. 

If n.a. be the neutral axis, then we have in effect a T-beam and we 
can settle the width of the beam 6 on the usual basis. We will make } 
equal to the distance between the joists, that is 20 ins. Then 
Ay 2706 
bd 20 x 4:25 
Using expression (vili), Chap, xix, we have 


= 0-0242. 


r = ratio of reinforcement 


nN es = 
~ = VImr + mr? — mr 


d 
= V30 x 0-0242 + 15? (0-0242)? — 15 x 0-0242 
= 0-562, 
whence n = 0:562d = 0-562 x 4-25 = 2-39 ins, 


The equivalent moment of inertia (I,), see para. 177 (A), 


3 
=o + mI, + mA, (d — nn)? 


20 x 2-398 
i 
= 298 inch units*. 
cl 600 x 298 


é 
Then iy a 9-39 


+ 15 x 6-65 + (15 x 2:06 x 1-86?) 


75,000 lb. ins. 


To check stress in steel (¢) we write (as explained above) 
R (= ee tx 298 | 298 x ¢ 
2) d,—n 15(65—2-39) 15x 4-11 
75,000 x 4:11 x 15 
298 
Now, if W be the total distributed load carried by one joist, then 


Be _ or 75,000 = a 


whence W = 5000 lbs. 
The area over one joist equals 10 ft. by 1-67 ft. Therefore 
5000 

10 x 1-67 

= 300 lbs. 


75,000 lbs., 


whence t = 15,500 lbs. per sq. in. 


Total load per foot super = 
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The weight of a foot super of the floor slab, at 150 lbs. per cu. ft., 


150 x 7:5 
Sees es 94 Ibs. 


Therefore the safe additional load which can be carried by the floor 
= 300 — 94 = 206 lbs. per ft. super. 


Bending moment for continuous beams and slabs. In the case 
of beams and slabs which are continuous over more than two equal 
bays and are to be uniformly loaded, then, if more accurate infor- 
mation as to the exact bending moments to be resisted is not 
available the following approximation (based on the L.C.C. 
regulations) may be used: 

Approximate bending moments on continuous beams and slabs with 
uniform loading over equal spans. 

wl 

10 5) 

wl 

10 > 

(c) At the middle of each interior span take B= - : 
where w is the load per foot of beam or slab, and Lis the span over 
each bay. 


(a) Near the middle of the end spans take B = 


(6) At each intermediate support take B = — 


179. Compression reinforcement. When a beam is continuous 
over a support we know that it will be subjected to a negative 
bending moment; see Chap. xvi. In order that a reinforced con- 
crete beam may resist this “reverse” bending moment, some of 
the bottom bars may be bent up to the top of the beam, as in 
Fig. 240, and others added if necessary. In such a case there will be 
reinforcing bars at both the top and bottom of the beam, hence it 
is described as a doubly reinforced beam. 

Again, if we examine Fig. 230, it will be seen that as 7, the ratio 
of reinforcement, is increased beyond the economic ratio of 
0-00675, the strength of the beam—which varies with k—does not 
increase at a corresponding rate; thus the increase of 7 to 0:02 
only increases & from 95 to 131. As we have already seen this slow 
increase is due to the fact that at these ratios the steel is not being 
fully stressed. It is possible to increase the stress in the tensile 
reinforcement, and'so make it more effective, by adding steel to the 
compression side, since this addition, by increasing the force C 
adds to the total value of 7. The complete treatment of such 
sections is difficult but, where a section is given, it is possible to 
ascertain its strength by the following approximate methods. 
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(A) Doubly reinforced beams. Approximate treatment by the 
equivalent section method. It ought not to require further ex- 
planation to show that the equivalent section in the case of a 
doubly reinforced beam will be as shown in Fig. 236, in which an 
area equal to (m — 1) A, is added to the compression area on the 
same level as the compression reinforcement, where A, is the total 
area of the compression reinforcement. The area A, is multiplied 
by (m — 1), since this area, together with the space occupied by 
the bars, that is A,, and now supposed 
to be occupied by concrete in the equiva- 
lent section, will give a total of 

(m be 1) A, Bh As 
thatis mA,. The equivalent tensile area 
will as before be mA,. 

By means of the methods explained in 
para. 177 (A) we first find the position of 
N.A. the neutral axis, and second the 
value of J,, the moment of inertia of the 
equivalent section. Using this value for 
I, we can, as explained in para. 177, 
either find & and c if ¢ is given, or find ¢ 
and ¢if R is given. 

To find the stress in the compression reinforcement we need only 
remember that in this case it is limited to m times the stress in 
the surrounding concrete, so that if, by means of the expression, 
R = fl ly, we calculate the stress in the concrete at the level of the 
compression reinforcement, then the stress in the reinforcement 
will be m times this amount. As will be seen, from the value worked 
out in the next sub-paragraph, this stress is not high. Evenif the 
reinforcement lay wm the compression edge—which is of course 
impossible—it could not exceed (m x 600) or 9000 lbs. per sq. in. 


(B) Doubly reinforced beams. Approximate lever-arm method. 
The following approximate method, which is somewhat similar to 
the second method already described for dealing with T-beams, see 
para. 177 (B), is somewhat easier than that given above and is 
equally suitable for checking or design; see Fig. 237. 

(i) The work is divided into two main sections. In the first the 
beam is considered as a singly reinforced beam with 7 having the 
value 0-00675, from which the area of the tensile reinforcement is 
calculated. 

(ii) The lever arm in a beam having r equal to 0-00675 has the 
value (d — n/3), where n has the value 0-36d, which gives the 
lever arm = a = 0°88d. This value is used in the calculations, and 
both the “centre of compression” and the compression reinforcement 


Fig. 236. Doubly reinforced 
beam—equivalent section. 
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is assumed to be at this distance from the tensile reinforce- 
ment.* 

(iii) The total tensile reinforcement A, can now be found from 
the expression R = aT = a(A,.t); (or R can be found if A, is given). 

(iv) The excess of the tensile reinforcement (A;) over 7 = 0-00675, 
see (i), is next balanced against the compression reinforcement so 
that, (excess tensile reinforcement) x 16,000 = (area of compression 
reinforcement) x (stress in compression reinforcement). 


{ 
A; = 3- Ya" bars 
DECTION I7TRESS DIAGRAM 
Fig. 237. Doubly reinforced beam. 


(v) The stress in the compression reinforcement will be m times 
that in the concrete at the same level. From (i) the stress in the 
concrete reaches the full value of 600 lbs. per sq. in. at the com- 
pression edge. Since the compression reinforcement is placed at a 
distance of 2n from the neutral axis, see Fig. 237, the stress in it 
will be (600 x 2) m = 6000 lbs. per sq. in. 

As the following worked example will show, this method is not 
so difficult as might appear from the explanation; it is, however, 
essential that the reader should understand the simple principles 
upon which the method is based. 


Example. A beam, see Fig. 237, is to be 9 ins. wide and 16 ins. effective 
depth and is to carry a bending moment of 300,000 lb. ins. Find the 
dimensions of the necessary tensile and compressive reinforcement. 


In this case d = 16 ins. Hence 
approx. lever arm = 0:88 x 16 


= 14 ins. very nearly. 


* In practice the compression reinforcement is frequently placed at a distance 
of 2 ins. from the compression edge. This simplifies the calculations still further, 
if method (B) is used, since in this case a = (d — 2) ins. 
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Hence T = total tensile force = = oe = 21,400 Ibs. 
= 16,000 x A;. 
21,400 
Whence A, = area of tensile reinforcement = 16,000 


= 1-34 sq. ins., say three # in. round bars, 
which gives (3 x 0-442), or 1-326 sq. ins. 
Now for r = 0-00675, 
A 9 1650-00675 — 0-97 sq7 in. 
Therefore excess tensile reinforcement over that required for r = 0-00675 
is (1:38 — 0-97), or 0-36 sq. in. The total stress on this area in tension 
will be (0:36 x 16,000), or 5760 lbs. To provide this force in compression, 
at a stress of 6000 lbs. per sq. in., we will require compression reinforce- 
ment having an area 
ts 0:96 sq. in 
~ 6000 — ag ai 
say four ;*, in. round bars, which gives (4 x 0-249), or 0-996 sq. in. These 


16 
may be placed 2 ins. below the compression edge; see Fig. 237. 


The “tying-in”’ of compression reinforcement. In order to prevent 
compression bars buckling, and so causing the beam to fail in this 
way, adequate “cover” must be given to these bars. They ought, 
in addition, to be “tied-in” by means of “hoops” or “stirrups”; 
the stirrups used to resist the shear stresses are usually carried 
over the compression bars for this purpose and others may be added. 


180. Adhesion between concrete and steel. As we have seen, the 
effectiveness of a flitch beam depends upon the way in which the 
two materials are strained together. In the case of reinforced 
concrete this is ensured by the “grip” which the concrete exerts 
upon the steel, and which is probably due in the main to the slight 
contraction of the concrete on setting. 

The magnitude of this grip, or “adhesion” as it is often called, 
is not easily obtained experimentally, but it is usual to allow a safe 
adhesive or grip stress of 100 lbs. per sq. in. of the surface of the bars, 
provided that the ends are hooked to a standard form (see below). 


Grip length. It will be obvious that the full strength of the bars 
can only be exercised when they are firmly held in the concrete; 
the length which a bar must be embedded before this strength is 
reached is known as the “grip length”. We may easily find this 
length for the given values of 100 lbs. per sq. in. grip stress and 
16,000 Ibs. per sq. in. tensile stress in the steel. 

Total pull on bar = total adhesion over the grip length (J), 
or 16,000 x a x d#/4= 100 x 7x dx l, 
from which we have 
| = grip length = 40d = 4o times the diameter of the bar. 


M&DII 21 
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In addition to this grip length the ends of bars are split, turned-up 
or “hooked” to assist them in carrying their full load as already 
mentioned; see Fig. 240. 


181. Adhesion in a beam. If we take two sections in a reinforced 
concrete beam which are a short distance x apart, see Fig. 238, 
the bending moment at the first section 4B being B, and that at 


the second section CD being By, ; 
then the tension in the reinforce- en =~ 
L, Be 


ment at AB will be 7, = B,/a and 
that at CD will be T,= B,/a, where 
a is the lever arm. 

Now the difference in pull be- 
tween these two tensions, which is 
given by 7, — T,, that is by 

(B, — B,)/a, 
is the force which is communicated 
from the concrete to the steel by 
the grip stress over the length z. 
If therefore this stress be f’ and Fig. 238. Adhesion in a beam. 
there are n bars of a diameter d, 
the total area over which this stress acts will be (and). Hence 


f* (ond) = 71— Pa, 
’ B, = Bb, i 
~ ie ge  ~n(ndja’ 


But (B, — B,)/x is the rate of change of the bending moment, which 
equals the shear force (S) over this section, see para. 92. From 
this we have 
i 
- n(md)a | 
In any particular case this should give a grip stress below the 
safe stress (100 lbs. per sq. in.). 
Example. Pind the maximum grip stress in the beam described in the 
last Hxample and shown in Fig. 237, if the beam spans an opening of 15 ft., 
the load being uniformly distributed. 


B= 300,000 Ipsins, = ule _W Xe 


8 : 
From which we have 
W — 300,000 x 8 18.30 
F We <1) al is ,300 lbs. 
Hence the maximum shear which occurs at each end is 
13,300 


Bears 6650 Ibs. 
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There are three ? in. bars and a = 14 ins., so that, inserting these 
values in the expression derived above, we have 


S a 6650 
(rd)a 3x ax 0-75 x 14 
= 6/@lbs;perisq. 1... 


Adhesive stress = f’ = s 


which is well within the allowable stress. 


182. Shear stress in reinforced concrete beams. The subject of 
shear stress in these beams is a difficult problem to investigate and 
in practice certain assumptions are made which only approximate 
to the true state of affairs. It is therefore reasonable that in this 
volume we should only attempt to give a straightforward treat- 
ment of the methods usually adopted. 


JECTION  FrRess LNAGRAM 
Fig. 239. Distribution of shear stress. 


Apart from the action of the reiforcement it is clear that the 
distribution of shear stress for a plain rectangular beam would be 
parabolic; see para. 137. The effect of the adhesive stresses is, 
however, to develop the full shear strength of the concrete from 
the level of the tensile reinforcement up to the neutral axis, so 
that the shear stress, which is assumed to reach an intensity equal 
to S/ab, where a is the lever arm and 6 the thickness of the beam, 
is taken to be uniform up to the neutral axis, from which it dies 
away to zero at the upper edge; see Fig. 239. 

This shear stress (s) 1s generally limated to a safe working value of 
60 lbs. per sq. in., so that the safe shear force which the concrete will 
carry is (60ab) lbs. (In the case of T-beams 6, should replace 0.) 

If this stress is exceeded, shear reinforcement must be provided. 
This can either be calculated to take (i) the margin of the total 
shear force, that is (S — 60a), or (11) the whole of the shear force. 
The latter is the more logical and simpler plan and is generally 
adopted in British practice. 
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183. Inclined shear reinforcement. In freely supported reinforced 
concrete beams, since the magnitude of the bending moment falls 
off towards the supports, some of the tension bars may become 
unnecessary and can be bent up as shown in Fig. 240. This, as we 
shall presently see, assists the beam to resist the shear forces, which 
of course reach their maximum values near the points of support. 

Very briefly we may say that such an arrangement may be 
regarded as forming a “‘trussed beam”, in which the inclined bar 
is in tension, while the concrete, between the upper bend and the 
lower “hook”’, is in compression; see Fig. 240. 


Bye 


Fig. 240. Shear reinforeement—inclined bars. 


If the inclined bar is to resist the whole of the shear force (S) 
acting over this section—(S — 60ab) may be taken if desired—it is 
clear that the tensile force acting in it will be equal to the inclined 
component of S (see the small force diagram in Fig. 240, and refer 
also to Chap. x1, and para. 97), so that 


S 


Horceum) bari) 
sin @ 


where @ is the inclination of the bar to the horizontal. 
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If A, is the total area of this inclined reinforcement and ¢ the stress 
therein, then 


S 
4 = tA, a= sin 6’ 
or SrettAcsinOn, 75 0 = nhs (xiv) 


If more than one bar is turned up, see second sketch in Fig. 240, 
the same procedure is followed, the proper value for S over each 
“bay” being used in each case. 

The usual value for 6 is 45°. Where several bars are turned up, 
the spacing should not exceed a, the lever arm, otherwise the 
horizontal component of the compressive force in the concrete, 
which has to be resisted by the adhesive forces round the bars, 
might become excessive. 


184. Vertical shear reinforcement. If there are no inclined bars, 
or if those provided are insufficient to resist the shear force acting 
on the beam, then vertical shear reinforcement may be provided 
in the form of “stirrups”; see Fig. 241. 


Stirrups af Pile. ection. 


Fig. 241. Vertical shear reinforcement. 


In this case again the spacing should not exceed a, the lever arm. 
Once more we may base our design upon the conception of a 
‘truss’ formation, so that,in this case, we have a truss with vertical 
tension members—the stirrups—and inclined compression members, 
in which the compressive forces are taken by the concrete. As 
explained in Chap. x1 the forces acting in the vertical members 
will equal the vertical components of the forces acting in the 
inclined members, and these, in turn, will be equal to the shear 
forces acting over these “bays”; see Fig. 241. Hence, very simply, 
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if T be the force in any vertical and 8 be the corresponding shear force, 
we have S = T =tA,, where A, is the sectional area of a single 
Stripe ee (xv) 

It is frequently convenient to use stirrups of small section 
spaced at frequent intervals, the spacing of which may vary 
roughly with the intensity of the shear force along the length of 
the beam. 


ZO a 26" 
aaa 


a Stirrupis #° 


—< filth =12"—></rlai-8< uilch = 10: 
FLEVATION OF KEEINFORCEMEST. 


Fig. 242. Shear reinforcement: 


Let p be the “pitch” or distance between two stirrups, see 
Fig. 241, so that, in the distance a, if there are n stirrups required, 
then n = a/p. Also let R, be the resistance of one stirrup, that is 
(stress x total sectional area of stirrup). If we assume that over 
any length a the shear force is uniform and equal to S, then we have 


S=nh.= eS 
: p 
from which we have 
p = pitch of stirrups = ae ee (xvi) 
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(The similarity between this expression and that given in para. 
164, to find the pitch of rivets in a compound girder, should be 
noted.) 

The following example will suggest the procedure which may be 
followed in designing shear reinforcement. 


Example. Taking the T-beam section shown in Fig. 242, of a freely sup- 
ported beam carrying a uniformly distributed load of 16,000 lbs. over a span 
of 16 ft., find the dimensions of suitable shear reinforcement, (A) if (b,), 
the thickness of the rib, is 8 ins., and (B) if the rib is 6 ins. thick. 

(A) The shear stress near the supports will be s = S/ab,, see para. 182, 
where S is 8000 lbs. By calculation 7 is 3-43 ins., so that a, which is equal 
to (d — n/3), is (16 — 3-43/3), or 14:86 ins., and b, is 8ins. Therefore 

8000 ; 
eT aaE ee 67 lbs. per sq. in. 
This is very near the safe stress but may be allowed if we turn up one 
of the 3 in. bars near the support. 

The shear strength of one 2 in. round bar turned up at an angle of 

45°, see Fig. 242, is given by: 


S = tA, sin 0 
= 16,000 x 0-307 x 1/v2 
= 3500 lbs. nearly. 
Hence this arrangement would make the beam safe. 


(B) If the rib of the beam is only to be 6 ins. thick it will be advisable 
to ignore the shear strength of the concrete and provide shear reinforce- 
ment to take all the shear. 

We may first turn up two of the bars singly at intervals equal to a, 
or say 15 ins. for convenience. This will account for 3500 Ibs. of the 
shear over the first 30 ins. of the beam—see the shear force diagram in 
Fig. 242—leaving a maximum value of (8000 — 3500) or 4500 Ibs. to be 
provided for by vertical stirrups. 

If we use two U-shaped stirrups in combination, see section in Fig. 242, 
the stirrups being made from } in. round bar, the strength of one such 
combination will be 


R, = 4 x 16,000 x 0-049 = 3140 Ibs. 
aR, 14-86 x 3140 


S 4500 
or say the pitch over the first 30 ins. is 10 ins.; see Fig. 242. 

At 30 ins. from the edge of the support the shear force from the 
diagram is 5500 lbs. Over the next 2 ft. we may therefore use a closer 
pitch, 


Hence p = pitch = 10-4 ins., 


<4 14:86 x 3140 = 81 ins., or say 8 ins 
ith) eas page 


Beyond this section the pitch may be opened out to say 12 ins.; the 
calculations are left as an exercise for the reader. 


185. Experiment—tTests on reinforced concrete beams. 

Introductory tests. As an experimental introduction to the purpose 
and effect of reinforeement in a concrete beam, a test may be carried 
out upon two (or more) beams made up from 1 : 2 : 4 concrete’and tested 


328 TEE-BEAMS. DOUBLY REINFORCED BEAMS [cu. 


at the end of 28 days. The first beam (a) should be made up from plain 
conerete, while the second (b) should be reinforced to resist tension only, 
by bars placed near the bottom edge. 


Test beams. While the beams should be as large as can be conveniently 
made up and tested, quite good results may be obtained with relatively 
small beams. A section 5 ins. by 3 ins. is suitable, with two { in. round 
bars placed 1 in. from the lower surface. Such a beam would require 
a central load of from 800 to 1200 lbs. to fracture it over a span of 5 ft., 
so that the test does not necessitate the use of a powerful testing machine. 


Beam (a) will of course fail by tension on the under surface, while 
beam (b) will probably fail, at a much higher load, by the shearing of the 
concrete near the ends (shown by an inclined fracture). 


Shear reinforcement. Other beams should then be designed with 
suitable reinforcement to resist both tension and shear, to be tested 
preferably at the age of 4 months. The period can be shortened by the use 
of a rapid-hardening cement, in which case, however, other working factors 
may have to be used in the calculations. 

It will be an advantage to design these beams for two-point loading, 
see Fig. 207, as in this way the maximum shear stresses will be restricted 
to the end portions of the beam. 


Deflection tests. Before these latter beams are tested to destruction, 
some deflection tests may be carried out in the manner described in 
Experiment, para. 149. The values so obtained may be compared with 
calculated values (also found as explained in para. 149). The value of 
I,, the equivalent moment of inertia of the section, may be used in 
making these calculations. 

The experimental and calculated values for deflection should approxi- 
mate to each other, at loads which produce stresses in the beams corre- 
sponding to those used in their design. 


Test to destruction—Factor of safety. Each beam may finally be tested 
until it fails, the maximum load and manner of failure being carefully 
noted. The factor of safety may be found from 


breaking load 
calculated load’ 
and will usually give values of from 3 to 3-5. 


Factor of safety = 


(Note. To carry out this latter test properly, experiments to obtain the 
ultimate strength of the concrete, see para. 206, and also to find # for 
the concrete and the steel, should be conducted. Suitable adjustments 
must then be made in the values used for calculating the strength of the 
beam. Such experimental refinements are, however, only possible where 
adequate testing facilities are available.) 


Problems XX 


1. A reinforced concrete T-beam has a total depth of 20 ins., while 
the breadth of the slab may be taken to be 36 ins., and the thickness 
6 ins. The thickness of the rib is 8 ins. Find the value of R and the 
maximum stresses in the steel and the concrete, if the beam is reinforced 
with four 1 in. round rods. 


2. If the slab in Prob. 1 had only been 4 ins. thick, what would have 
been the value of the equivalent moment of inertia and of the moment 
of resistance (R)? (Use the method of para. 177 (A).) 


xO] SHEAR REINFORCEMENT 329 


3. If in the beam described in Prob. 1 the total depth had been 
increased to 30 ins., what reinforcement would have been necessary to 
raise the value of R to 1,750,000 lb. ins.? (Use the method described 
in para. 177 (B).) 


4. Calculate the equivalent moment of inertia of the doubly reinforced 
beam shown in Fig. 237. Find the value of &, the stress in the concrete 
and in the compression reinforcement, when the tensile reinforcement 
is stressed at 16,000 Ibs. per sq. in. 


5. Calculate suitable tensile and compression reinforcement for a 
beam 15 ins. wide and 25 ins. total depth, to give a moment of resistance 
(&) equal to 1,000,000 lb. ins. 


6. Find the adhesion or grip stress on the bars near the ends of the 
beam shown in Fig. 234 (R = 921,600 Ib. ins.), if the load is uniformly 
distributed over a span of 15 ft. 


7. If the rib of the beam shown in Fig. 234 is 8 ins. thick, what would 
be the value of the shear stress.in the concrete near the ends of the beam 
(when loaded as described in Prob. 6) if no shear reinforcement were to 
be used? 

If one of the 14 in. reinforcing rods is turned up at an angle of 45° 
near the ends of this beam, what total shear force will it be capable of 
resisting ? 


8. If in the beam shown in Fig. 242 no inclined shear reinforcement 
is used, calculate the pitch of the } in. vertical stirrups near the ends of 
the beam. 


CHAPTER ex oct 
MASONRY OR BLOCK CONSTRUCTION—WALLS 


186. Masonry. The word “masonry” will be used in this and 
the succeeding chapters in its more general sense, as applied to all 
forms of construction in which blocks of material—stone, brick, 
concrete, etc.—are used to form a structure. 


Masonry joints. The common practice in forming joints between 
these blocks is to lay a bed of lime or cement mortar in the joint. 
So far as we are here concerned with the question of the nature 
of the joints, we may regard this method merely as a ready means 
of ensuring that each block beds solidly upon the next below it, so 
as to enable it to transmit effectively any load which may come 
upon the upper block. 

So far as the compressive strength of a wall or pier is concerned 
this will usually be limited by the strength of the mortar, since the 
latter will in most cases be less than that of individual blocks 
(see working stresses given below in Table X). 


Table X 
Working stresses on Masonry and Foundations (see para. 188) 
Marenal Stress: tons | Stress: lbs. | Weight: lbs. 
per sq. it. per sq. in. per cu. ft. 
Masonry 
Ashlar, in cement mortar 12 180 140-160 
Blue brick, in cement mortar (2 180 140 
Pressed red brick (engineering 
brick), in cement mortar 8 120 130 
Stock brick, in lime mortar 5 80 120 
Concrete, in walls (1: 2: 4) 38 600 140 
Concrete, in foundations (1: 24:5) 12 180 136 
Foundations 
Rock 8—12 120-180 — 
Firm gravel and hard blue clay 4 60 100-120 
Clay and firm earth 2 30 120-135 
Unconfined sand and loose earth 1 15 120 


The adhesive or tensile strength of such joints as are here con- 
sidered is so small and so uncertain that we shall as a rule 
disregard its effect altogether, so that we may look wpon the joints 
m masonry structures as being incapable of transmitting tensile forces. 
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We thus arrive at a conception of a masonry structure as being one 
om which blocks merely rest one wpon the other—as in a wall—or in 
which one block is pressed strongly against another—as in an arch. 
It is upon this conception as a basis that we shall build up our theory 
of masonry construction, our chief concern being, as we shall see, 
with the action taking place at the joints. 


187. Loads on masonry joints. All the loads with which we shall 
have to deal may be classified in the following manner: 


I. Vertical or normal loads. All these act at right angles to the 
surface of the joint; they may be subdivided into: 


(a) Central or axial loads. See Fig. 243 (i); these act at the centre 
of the joint, or more strictly at G the centroid of the area of the 
joint; see Fig, 243 (v). 


FP 
(b) Eccentric loads. See Fig. 243 (11); 
these act at a distance, say e, from the @ 
centre or centroid of the joint. The ULE, 


distance e may be termed the “eccen- 
tricity” of the load P. ig 


II. Horizontal loads or shear forces. 
See Fig. 243 (111); these act horizontally 

or are tangential to the surface of the 
joint. 

It will be observed from Fig. 243 (iv) 
that inclined loads may be treated as a 
combination of vertical and horizontal 
loads, which may or may not be eccen- 
tric. We are thus able to divide our 
treatment into two main portions, one 
dealing with vertical loads, and the 
other with horizontal and tangential 
loads. 

Since it is usual to indicate the forces 
acting upon a wall by means of a sec- 
tional drawing of the wall, it will be 
convenient to call the dimension paral- 
lel to the paper the “depth” (d) of the 
joint, and the dimension at right angles 
to the plane of the paper—measured 
along the length of the wall—the 
breadth (5) of the joint, see Fig. 243(v) Fig. 243. Loads on masonry 
and compare with the lettering of beam joints. 
sections in Chap. XIII. 
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188. Central or axial loads. In the case of a load which acts at 
the centre of a rectangular section (or at the centroid in the case 
of differently shaped sections), the distribution of pressure is taken 
to be uniform over the surface of the joint. The intensity of 
pressure, or of compression (¢), will therefore be given by 


load Pp 


Intensity of pressure = c = Ere oriaine ain (for a rectangle). 


TEEL PULLAR 


\\s 


Fig. 244. Pier with footings, ete. 


In such cases the only condition necessary for safety is that ¢ 
should not exceed the safe working stresses which can be allowed. 
The values given above in Table X are those commonly used in 
practice. For ease of comparison the loads have been expressed 
(in round figures) both as “tons per sq. ft.” and as “lbs. per sq. 
in.” Hither value may be used as found convenient, the former 
being most common in practice. 
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In an example such as that shown in Fig. 244—where a steel 
stanchion rests on a stone template, which is in turn supported 
by a brick pier, footings, a concrete bed and, finally, the earth 
foundation on which the whole structure is built—the problem 
resolves itself into ensuring that, at each joint, the area is such 
that the stress is brought within the safe stress of the weaker 
materval. See Problems X XI, 1. 


189. Eccentric loads. Let us now consider the effects produced 
when a vertical load P does not act at the centre of the joint. 

It may be stated here that the following theory, which, in a 
somewhat less simple form, is that almost universally adopted in 
the design of masonry structures, is based on the following 
Assumption: that the material of the blocks acts as an elastic 
material, strain and stress being proportional to each other within 
the working stress. 

The stress-strain curve for stone in compression is similar to 
that shown for concrete in Fig. 225, so that this assumption is only 
approximately true; it errs, however, on the safe side and gives 
satisfactory results in practice. 

In the case of an axial load we have seen that the stress is 
given by c = P/bd, and is uniform over the area of the joint. We 
may therefore represent it by means of a diagram of stress; see 
Fig. 245 (i). Obviously the strain in this case will also be uniform 
and is represented by the dotted line parallel to fg, the line of 
the joint. 

It should be noted that, if P’ be the resultant of all the forces 
acting in the lower block to support the load P, then, for equili- 
brium, P and P’ must be equal in magnitude and act in the same 
straight line. This is obviously so in this case. 

If now the force P acts at any point which is not the centroid, 
as in Fig. 245 (11), then neither the strain nor the stress will be 
uniform. It follows, however, from our Assumption that the strain, 
and therefore the stress, must vary uniformly from one point to 
another in the joint. Hence, if, in the diagram of stress shown in 
Fig. 245 (ii), the stress at f be c,, while the stress at g is c, then the 
diagram. of stress will be bounded by a straight line between these 
two values. The diagram of stress may thus be either trapezoidal, 
as in Fig. 245 (ii), or triangular, as in Fig. 245 (i) or (iv). (The 
diagrams of strain will be similar in form to those for stress, see 
Fig. 245.) 

Now in each of these cases, for equilibrium, P and P’ must act 
in the same straight line. But we know that P’ will act through 
the centroid G of the stress diagram. Hence the centroid of the stress 
diagram lies in the line of action of P if P ts vertical. 


334 MASONRY CONSTRUCTION—WALLS [on: 


Thus in Fig. 245 (iii), where the diagram is triangular, the stress 
at y being zero, the centroid @ will be at a distance d/3 from f, 


LOAD CENTRAL. e-0, 


JI 
STRAY, Cz 
ITRESS 
DIAGRAN 
Loan LECENTRIC. e<d d 
Middle third 


A 
Loan Lecenreic. e> = 


Fig. 245. Eccentric loads on masonry. 


and therefore P’ (and also P) will act at this distance from Brad ki 
express this in terms of the eccentricity (e) of the force, the eccen- 
tricity of the force P is d/6, 
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If the width d of a joint be divided into three equal parts, then 
the middle one is known as the Middle Third. The force P in the 
case Just mentioned acts at the edge of the middle third. 

If, as in Fig. 245 (iv), the force P acts outside the “middle 
third”, so that the eccentricity is more than d/6, then, while we 
will still get stress varying from zero at some point k to a maximum 
at the edge f, the diagram of stress being triangular, the base of 
this triangle will be less than the width of the joint, being equal to 
3x, where x is the distance from the edge f to the force P. Over 
the remaining part of the joint, from k to g, there would be a 
tendency to set up tension in the mortar, but if, as we have assumed, 
the mortar is unable to resist tension, then the joint will tend to 
open as shown in Fig. 245 (iv). 


EN EAM. 


Fig. 246. Effect of an eccentric load ona block of rubber. 


Experiment. The truth of the preceding statement can be readily 
demonstrated by means of the apparatus shown in Fig. 246. The large 
piece of rubber is to be taken as representing a block of masonry, to 
which is transmitted, through the wooden “block” above, a force P. 
The position of the foree P can be varied as desired. Practically the 
whole of the strain takes place in the rubber block and may be roughly 
measured by taking the distances between the wooden beam and the 
bench at each end. Hach of the cases mentioned above should be taken. 
If P is of considerable dimensions the opening of the joint, when P lies 
outside the middle third, will be easily seen. 

Similar results may be obtained—particularly useful when dealing 
with the question of foundations—by placing a board on a carefully 
“struck” surface of sand, and then noting the impressions made in the 
sand when a heavy weight (P) is placed at different positions on the 
board. 


The above is a very simple explanation of the principles under- 
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lying what is known as the Middle Third Rule in masonry, and which 
states : 


Masonry Rule I. To avoid tensile stress across a rectangular joint 
in masonry the load must be applied within the middle third. 


(For sections other than rectangular see note in connection with 
expressions (iv) and (v) in paragraph 190.) 


190. Safe compressive stress. In the diagrams given in Fig. 245 
it will be noted that, if P had the same value in each case, then 
there would be a steady increase in the value of the maximum 
compression (c), from case (i) to case (iv). If in any of these cases 
the maximum compressive stress (¢) exceeded the safe working 
stress by so great an amount as to approach the ultimate strength 
of the stone or mortar in compression, then the structure would 
in all probability fail by crushing at the edge. We thus arrive at 
our second rule: 


Masonry Rule II. The value of c, the maximum compressive 
stress, must not exceed the safe working stress of the material. 


It will be convenient to deduce expressions which will enable us 
to calculate these maximum stresses. 


(a) To find the maximum compressive stress (c) when P lies outside 
the middle third. See Fig. 245 (iv). As before, let x be the distance 
from P to the nearer edge f of the joint, that is the point of greatest 
compression. Then by the reasoning already given the base fk of 
the pressure triangle will be 3x. If P be the load coming on a 
“length” of the joint equal to 6, then the area of the joint under 
stress will be (8z.6). Again if c be the maximum compressive stress, 
then the average stress will be c/2, and the total force on the area 
will be (37.6) ¢/2; this gives us the value of P’, which is equal to P, 
hence 


Oe Oee 
Pe ot 0. 
» > 
from which we have 
Cmax’ = Max. compression (P outside middle third) = = b’ 
Ne 
toes (ii) 
When P lies at the edge of the middle third, then 
pak Mee ae a 
B= ENING Loe 3p X gm 7 (111) 


or twrce the mean intensity of stress (P/bd) when P is central. 
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(b) To find the maximum compressive stress (c) when P lies within 
the middle third. See Fig. 247. An expression could be obtained 
in this case by reasoning along the lines adopted above. It will 
probably be more instructive, however, to adopt a more general 
treatment. 


As indicated in para. 72, a single force may be balanced by a 
couple plus a single force. In the case illustrated in Fig. 247 
therefore, P may be looked upon as being balanced by a single 


Fig. 247. Eccentric loads on masonry—(e) less than d/6. 


force P’, which acts at the centre (or centroid) of the joit, and is 
the result of a uniform compressive stress (P/area) over the surface 
of the joint, see Fig. 247 (i): and a clockwise couple (or bending 
moment) equal to the force P multiplied by the eccentricity e. 
The bending moment Pe will produce a tensile stress (¢’) at one 
edge and a compressive stress (c’) at the other; see Fig. 247 (ii). 
Using the expression {= B/Z, see Chap. xur, we have that 
c’ =t = Pe/Z, where Z is the modulus of the area of the joint 
and the joint is symmetrica! about an axis through the centroid. 
Adding the diagrams (i) and (i1) algebraically we get the com- 
bined diagram (iii), from which we see that at f, the edge of 
maximum compression, the quantity (P/area) is increased by the 


M&DII 22 
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amount c’, while at the opposite edge g it is decreased by an equal 
amount 7’; see Fig. 247 (iii). We thus get the following general 
expressions: 


: : Pe abe : 
Maximum compression = —_+ 5, } «----- (iv) 
area Z 
ae : A Pe 
Minimum compression = ———-—,. eee (v) 
area Z 


The expressions (iv) and (v) are of general application; they 
may be applied to joints other than rectangular, such as hollow 
rectangles (as in chimneys), solid and hollow circles, etc., if the 
appropriate value for the “‘area”’ and for Z is used in each case. 


Note. If the joints cannot resist tensile stresses, then the use of the 
expressions (iv) and (v) must be limited to those cases where no tension 
is induced at the joint—that is e must not exceed the value which 
reduces expression (v) to zero—otherwise the maximum value of ¢ 
will not be given correctly. 

For rectangular joimts expressions (iv) and (v) may be put into 
a more convenient form. 

Maximum pressure at a rectangular joint. In this case we have 


Area = bd, and Z= = 
hence from (iv) we have 
Maximum compression = ¢ = P ate Pe 
max. hd i bd2 
6 
ms phe Ee  -6Pe 
bd * bd? bd?" bd? 
de 
_Pe+e)_ Fist9) | 
Sa i EER oe (vi) 


It should be noted that theterm (d/6 + e) is equal to the dimension 
which has been marked y in Fig. 247, and is the distance from P to 
the farthest “middle third point”’. 

When P lies on the middle third point, then (d/6 + e) becomes 
equal to d/3; so that the maximum compression will be 

6P x d/3 
bd?” 
which equals 2P/bd as in expression (iii). 

The above rules are applicable when calculating foundation 
pressures on soils of uniform resisting power. Examples showing 
the use of these expressions are included in the next few paragraphs. 
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191. Horizontal Forces—Friction. A consideration of the effect 
of horizontal forces on masonry may best be introduced by an 
experimental investigation of the effects of friction. 


Experiment. If a block of wood having a plane surface is laid upon 
a similar surface which is horizontal, say the top of a bench, see Fig. 248, 


DALANCE 


VALUES oF FP 


O VALUES of HEF) 
Fig. 248. Friction. 


and a weight placed on the block, it will be found that the block will 
resist horizontal movement until the pulling force H reaches a certain 
value. The force of friction, which in this case resists motion, is therefore 
seen to act as though it were a force (/) pulling in the opposite direction 
to H, the applied force. This resisting force may evidently have a 
number of values, ranging from zero up to the value which it has when 
the block is just about to move under the action H. This latter value 


22n2 
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is known as the limiting value of F, or merely the limiting friction, when 
F and H are just equal. 

The magnitude of H, and hence of /’, may be obtained experimentally 
by means of a spring balance, or by means of a cord: passing over a 
pulley and carrying a series of weights; see Fig. 248. 

A series of values of H for varying values of P should now be 
obtained and plotted in graph form as shown in Fig. 248. The 
values so obtained should lie approximately on a straight line, 
showing that in each case the value of H varies directly with that 
of P. We can thus say that 


F = H = limiting friction = constant x weight = uP, ...(vil) 


where p (mu) is known as the Coefficient of Friction for the two 
surfaces being considered. 

The angle ¢(phz), which is contained between the sloping line and 
the axis giving the values of P, is known as the Angle of Friction. 

Experiment. The following statements should next be checked 
experimentally: (a) the value of #’, the limiting friction, is not altered 
by an alteration of the area of the surfaces in contact; (b) the value of 
» and of ¢ vary with different materials (forming the two surfaces) and 
different conditions of the surfaces (rough or smooth, ete.). 

Values of u and @. The following values will be useful in applying 
these results to masonry and other structures. 


Table XI 


Coefficients and Angles of Friction 


Surfaces in contact Values of u Values of d 
Wood on wood 0-25 to 0:5 42 Stor2S 2 
Metal on metal 0-15 to 0:3 ye trey INS 
Stone on stone 0-4 to 0-6 22° to 33° 
Masonry on dry clay 0-5 (aver.) 28° (aver.) 
Masonry on wet clay 0-3 (aver.) 16° (aver.) 


192. Inclined forces on joints. If we now consider the effect of 
inclined forces at a masonry joint, see Fig. 249, it will be clear 
that, as already explained, the inclined force P may be divided 
into its vertical (V) and horizontal (H) components, and the effects 
of these may be considered separately. The component force H 
will tend to produce sliding, but it will be clear from our statement 
concerning the action of friction that no shding will take place 
until H is equal to or greater than pV, or, to put it in another 
way, until the angle which P makes with a line at right angles to 
the joint is equal to or greater than the angle of friction (fb); see 
Fig. 249. We thus arrive at our third rule for masonry construction. 
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Masonry Rule III. To prevent sliding at the joints, the angle which 
the applied force P makes with a line normal to the joint must 
not exceed the angle of friction (@) for the materials of the joint. 


Having briefly set out the three rules which are to guide us in 
designing masonry which will be 
statically sound, we may now pro- 
ceed to apply them in the solution 
of certain practical problems. As 
the reader will presently realise, 
apart even from certain complex 
questions involved in the design 
of very large masonry structures, 
such as arched bridges and dams 
to retain water, there are other 
difficulties arising out of any at- 

empt to estimate accurately the 
forces which masonry structures 
have to resist, and the treatment ae ce d 
which we shall be able to give to Fig. 249. Inclined forces on masonry. 
such questions here must therefore 

be looked upon merely as an introduction to these larger problems. 


193. Forces acting in a buttress. The procedure to be adopted 
in each case will probably be best explained by means of Examples. 


Example. The buitress shown in Pig. 250 (a buttress of these dimensions 
was deait with in Prob. 2, Chap. U1) 1s constructed of stone weighing 
140 lbs. per cu. ft. and is 3 ft. thick. It is to be subjected to an inclined 
force P of 7500 lbs., acting at an angle of 60° to the horizontal, the line of 
action of which enters at a point M on the inner face of the buttress, 1 ft. 
above the first joint A-A. Find whether the resultant pressure, due to the 
force and the weight of each part of the buttress, falls within the middle third 
at each joint. In addition find the maximum compressive stress at the 
bottom joint C-C. 

The weight of each portion of the buttress is first calculated; this 
has been written alongside each portion; see Fig. 250. 

The weight of each portion is taken to act at its centre of gravity as 
shown. 


To find the resultant R’ for forces P and W,. See Fig. 250. The two 
forces P and W, intersect at the point d. The magnitude and direction 
of their resultant (£’) can then be found by means of a parallelogram 
of forces. This gives the line do, which crosses the joint A~A just within 
the middle third. 


To find the force R” acting on the second joint B-B. This force is 
clearly the resultant of the forces R’ and W,; it can be found by means 
of a parallelogram of forces. A method which is, however, preferable in 
such cases is to make use of a force diagram, shown in Fig. 250, in which 
the weight of each portion of the buttress is added successively to the 
original force P. The force R” will act in a direction parallel to the 


342 MASONRY CONSTRUCTION—WALLS [OH. 


corresponding line in the force diagram and pass through the point e, 
where R’ and W, intersect. The force R” falls just within the middle 
third. 


To find the force R’” acting at the joint C-C. Using the same procedure 
as before, the force R’’” passes through the point f in which the forces 
R’ and W, intersect. This force again cuts across the joint at a point 
within the middle third. 


s >: x 


x 
Joral VERTICAL ComPonerir = 60,7504. 


Bur TRESS, 2 @ thick. 
ames pieiie 


ey 
jw 


Fig. 250. Forces in a buttress. 


To find the maximum pressure at joint C-C. R’’’ comes so near to the 
middle third point that we may assume that it acts at that point, 

The vertical component of the total force R’” is, by measurement of 
the force diagram, 60,750 lbs. Then, from expression (iii), we have 


2P 2 x 60,750 


c = maximum compression = a Scovel 8100 lbs., 


or 3} tons (approx.) per sq. ft. 


Sliding. At joint A—A, where the force acting on the joint has the 
greatest inclination, the angle to the vertical is only 20°; the buttress 
is therefore safe against sliding. 
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Line of Resultant Pressures or Line of Pressure. The line formed 
by the resultants R’, R” and R’”’ is sometimes called the Line of 
Resultant Pressures or simply the Line of Pressure. In this case 
it consists of several lengths of straight line. If, however, the effect 
of the weight of the buttress was added at every point in the height 
of the buttress, from the pomt M at which the force P entered, 
then the line of pressure would be a curved line. In the case of 
structures in which we only desire to know the effect of the loads 
at certain levels or at the joints, the approximate line of pressure, 
made up of straight lines and obtained as in the above example, 
will give accurate results, 


194. Forces acting in a masonry dam. See Fig. 251. The work 
in this case may be done graphically, on the lines explained in the 


A |e B AB 
thas 
Cee ee 


Fig. 251. Concrete dam—position of resultant forces. 


preceding example, or partly graphically and partly by calculation 
as explained below. Since the stresses at only one joint are required 
the latter method is preferable. The centroid (or c.a.) of the dam 
is found by the methods explained in Chap. m1. 

Example. [ind the stresses at the line DE of the concrete dam shown in 
Fig. 251, (a) when the reservoir is empty, and (b) when the reservoir is full 
of water. The concrete may be assumed to weigh 150 lbs. per cu. ft. 

The total weight (W) of 1 foot lineal of the dam is 


W = 18 (= at *) 150 = 20,300 Ibs, (approx.). 


2 


To find distance from E to line of action of W. If we divide the dam 
into portions (A) and (B), see left-hand figure, we may take moments 
about H, letting x be the distance to the line of action of W, the total 
weight. The weight of the portion A will be 3 x 18 x 150, or 8100 lbs. 
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approx. Then the weight of portion B will be (20,300 — 8100), or 12,200 Ibs. 
approx. 
Taking moments about H we have 


Wa = 20,300x = 8100 x 1-5 + 12,200 x 6, see Fig. 251, 
whence w = 4:2 ft. 


Pressure on the face of the dam. Since the pressures on the face of 
the dam will vary with the depth of the water and be normal to the 
surface upon which they act (see Vol. 1, or any book on elementary 
hydrostatics), the pressure diagram will be a triangle as shown in Fig. 251. 
The maximum pressure (p) at # is equal to wH lbs. per sq. ft., where H 
is the total depth and w is the weight of a cubic foot of water (62% lbs.). 

The total pressure (P) will act through the centroid G of the pressure 
diagram and, since this is a triangle, P will act at a height of H/3, or 
6 ft. from the base of the wall. 

The average pressure is wH/2, and this acts over an area of the dam 
of (18 x 1) sq. ft., since we are taking 1 ft. of the length of the dam. 
Hence 


2 
P = total pressure = 5 (HL) lal = ee Seer (vill) 
il 2 
peed: 5 18" = 10,125 Ibs. 


The resultant (2) of the two forces P and W will act along some inclined 
line as indicated in Fig. 251, but in ascertaining the compressive stresses 
acting on the joint DH we need only consider the vertical component of 
Fk, and this will be equal to W, as shown in the figure. Hence the resultant 
of all the vertical forces swpporting the dam must have a vertical 
component acting upwards and equal to W; let this force (say Wp) 
act at a distance y from #. Taking moments about H we have for 
equilibrium 

Wire xa" We eae a6. 


20,300 x 4-2 + 10,125 x 6 _ 
Yana 0300) ae gs ace 


so that R comes within the middle third. 


or 


Pressures on the base. (a) When reservoir.is empty. See Fig. 252. 
As we have seen, the line of action of W, the weight of 1 ft. of the dam, 
will cross the joint at 4-2 ft. from g. Hence using expression (iv) we have 


, ‘ I Pe 
Maximum compression = —— + —~, 
area Z 


In this case 
P= W = 20,300 lbs., 


e = (6 — 4-2) = 1-8 ft., 


_ bd? 1x 122 


= Pag 
Z 6 6 24 ft. units?. 


Whence 


Maximum pressure = 


20,300 ' 20,300 x 1:8 
m2 24 


1690 + 1520 = 3210 lbs. per sq. ft. approx. 


I 
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Similarly from (v) we have 


Be g30 1520 
area Z 


Minimum pressure = 


= 170 lbs. per sq. ft. 


These values are shown in the pressure diagram in Fig. 252. 


We 


pure bse 675 4b 
2705lb jeer sq fi 
jeer ie FReEssURrE DIAGRAM 
KESERVOlR FULL. 


Fig. 252. Pressures on the base of a concrete dam. 


_ (b) When reservoir is full. See Fig. 252. In this case the resultant 
force cuts the joint 7:2 ft. from H and its vertical component is 20,300 lbs. 
The value of e is (7:2 — 6), or 1-2 ft. Then, as before, 
20,300 | 20,300 x 1-2 _ 

Co oa 1690 + 1015 
= 2705 lbs. per sq. ft.. 
Minimum compression = 1690 — 1015 = 675 lbs. per sq. ft. 


I 


Maximum compression 


| 


The horizontal force at the joint DH is of course 10,125 lbs., which is 
more than half W. Some method would therefore have to be adopted 
to prevent sliding. Usually such a wall would be continued to a greater 
depth than is shown here and bonded into a rock foundation (or other 
impervious stratum), which would provide resistance against sliding. 
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195. Forces acting in a retaining wall. The principal difficulty 
in the design of retaining walls is that involved in settling the 
nature of the pressures which the retained earth will exert upon 
the wall. Most of the theories which are in use agree in assuming 
that, as with water pressure, pressure from loose earth (7) varies 
with the depth, and (6) acts at right angles to the supporting face. 
Other factors which have to be considered are the weight (w) of 
a cubic foot of the earth which is to be retained, and the “angle 
of repose” for the same earth. 


Angle of repose. If a steep bank of earth be exposed, it will 
gradually fall away to a slope AD, see Fig. 253, having a well- 
defined and fairly uniform inclination, which is known as the angle 
of repose. For most materials this angle is approximately equal to 
the angle of friction (6). Common values of this angle, obtained 
by averaging results from experiment and by observation, are given 
in the following table. 


Table XII 


Weights of Soils and Angles of Repose 


Material Angle of repose (¢) Weight per cu. ft. 

Sand Dry 30°—35° 90 lbs. 

Wet 26°—30° 120 Ibs. 
Earth Dry 29° 90-95 lbs. 

Wet Wi 110-120 lbs. 
Clay Dry 29° 120 lbs. 

Wet 16° 135 lbs, 
Gravel and sand 26°-30° 100-110 lbs. 


Fig. 253. Angle of repose. 


It is found that if the support to a bank of earth be suddenly 
removed, the earth will usually fracture along a line which is much 
steeper than the angle of repose, and which is known as the line of 
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rupture; see Fig. 253. It is the smaller wedge of earth ABC which 
the retaining wall is usually designed to uphold. 

The various methods by which the magnitude of the thrust of 
this wedge of earth on a retaining wall may be estimated are too 
complex for explanation here, hence we will content ourselves with 
stating the results of two of them and with showing how they may 
be applied. 


(A) Earth pressures, Rankine’s method. By this method the 
pressure at any depth h is given by 


a (bsp) 
PSOE Tasca 
where w is the weight of a cu. ft. of the material and ¢ is the angle 
of repose. 
The pressure diagram being a triangle, see Fig. 254, the total 
pressure P, which will act at 2 the depth H, will be 


wH? (1 — sind) 
eae 


If this expression is compared with expression (viii) it will be seen 
that pressure from loose granular particles—as here assumed—is 
less than the pressure which would be exerted by liquid of the 
same density (see expression vill). The reduction is due to the 
internal friction which is developed between the particles. Thus 
the greater the internal friction—that is the larger the angle of 
friction (f)—-the less the side pressure which will be exerted. 


P = total pressure = 


|-Stit 
oft = wh Orang) 


= (1 —5ttt 

ji-wht ES ). 
Fig. 254. Rankine’s method for finding P. 

Having found P, the work of finding the resultant pressure on 


the base of the wall proceeds exactly as explained in the case of 
a dam; see Fig. 254. 
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(B) Earth pressures—Graphical method. This method enables us 
to find P when H, w and ¢ are known. When the surface of the 
earth is horizontal at the top of the wall the method gives the 
same results as Rankine’s method. It can, however, be used where 
we have a “surcharged wall”, that is when the top surface of the 
earth slopes upwards from the wall; see Figs. 255 and 256. (Note. 
The same lettering has been used so that the graphical construction 
in each case should be easy to follow.) 


Graphical construction. Let AB be the vertical back of the wall, 
of height H, which should be drawn to a suitable linear scale. 

Draw BD making an angle equal to ¢ with the vertical BA. 

Produce CA—the line representing the surface of the earth—to 
intersect BD in D. Draw the semicircle DEB on DB. 


D A Ga 


B B 
JLOPING BACK RECESSED L4ck 
Fig. 255. To find P graphically. 


Draw line AFE from A at right angles to BD, cutting the circle 
in #, 

With centre D and radius DE describe an are cutting DB in G. 
Measure BG (to the linear scale), 

Then P, the total pressure on 1 ft. of the wall, is given by 

P=Ww)2(BG)Ze Sener (x)* 

In cases where the back of the wall is not vertical the same 
methods may be applied as already described, by treating the wall 
as having a vertical back, and compounding with the weight of the 
wall (W,) the weight of the earth (W,) included between the back 
of the wall and the vertical line BK; see small sketches in Fig. 255. 


Example. Pind the pressures at the base of the surcharged retaining wall 
shown in Fig. 256. The weight of the material of the wall is 150 lbs. per 


a For a proof of this construction and for a fuller discussion of the various 
theories applied to retaining walls the reader is referred to Andrews’ Theory and 
Design of Structures. 
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cu. ft., while (w) the weight of the earth (gravel) may be taken at 110 lbs. 
per cu. ft. and 6 as 30°. 


Graphical construction. The procedure is exactly as described above, 
the same lettering being used. BG measures 13:4 ft. 
Hence IP == 1H (REAP = NOP sxe kel? 
= OOO Nos: 
P acts at H/3 from the base, that is 6 ft. 8 ins. 


Fig. 256. To find P for a surcharged retaining wall. 
The total weight of the wall is given by 


W = 150 (=; *) 20 = 21,000 lbs. 
By the usual graphical construction for the centroid of a trapezium 
we find that this (W) acts at a distance of 3-7 ft. from B. 
Combining P and W graphically the resultant R will be found to cut 
the base near the outer middle third point. 
Then the maximum pressure at the outer toe of wall will be given by 


eae 
bd’ 
where P is the vertical component of R, that is 21,000 lbs. Hence 
2 x 21,000 


Cane seein 
max. il x 10 
. = 4200 Ibs. or nearly 2 tons per sq. ft. 

The angle which R makes with the vertical is 25°, hence it would be 
necessary to adopt some measures to prevent sliding, such as carrying 
the wall well down into firm ground, or ‘‘benching” the rock foundation if 
this be near the surface. 
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1. If in the stanchion, with footings and foundation, shown in 
Fig. 244, the total load to be transmitted to the ground is 100 tons, 
calculate the minimum area of (a) the stanchion base plate, (b) the 
brick pier, and (c) the foundation concrete, if the working stresses are 
as follows: stone 12 tons per sq. ft., brickwork 8 tons per sq. ft., and 
earth 2 tons per sq. ft.; see Table X. 


2. If the foundation block in Prob. 1 be 7 ft. 6 ins. square on plan, 
calculate the maximum and minimum pressures on the earth if the load 
of 100 tons does not act centrally but at 6 ins. from the centre of the block. 


3. The cross section of a brick chimney shaft is a hollow square of 
5 ft. side, the walls being 9 ins. thick. Find the eccentricity of the vertical 
load which will just reduce the pressure at one edge of a joint to zero. 
(Note. Start by putting expression (iv) equal to zero.) What total load 
could be carried in this position if the safe stress on the brickwork is 
8 tons per sq. ft.? 


4. If the chimney shaft in Prob. 3 is built 27 ft. above the ground, of 
brickwork weighing 130 lbs. per cu. ft., find, by drawing or by calculation, 
the total wind pressure P (which may be taken to act at half the height 
of the chimney) which would just reduce to zero the stress on the wind- 
ward side of the joint at ground level. 


5. If the buttress shown in Fig. 250 be increased in thickness to 4 ft., 
find where the line of pressure (obtained as explained in para. 193 and 
for the same applied force) cuts each of the joints. 


6. Divide the dam shown in Fig. 251 into four parts by drawing 
joints which are 4 ft. 6 ins. apart vertically, then construct the line of 
pressure (@) when the reservoir dam is empty, and (b) when it is full. 


7. A retaining wall similar to that shown in Fig. 256 is used to retain 
a bank consisting of earth which weighs 120 lbs. per cu. ft. and for which 
the angle of repose is 30°. If the earth is level at the top of the wall, 
and the dimensions of the wall are: height 16 ft., base 8 ft., top 4 ft., 
and weight of material of wall 140 lbs. per cu. ft., find the point at 
which the resultant force cuts the base joint of the wall, the maximum 
and minimum pressures and the horizontal thrust at this joint. 


8. Rankine’s theory of earth pressure (on which expression (ix) is 
based) is sometimes used to find the minimum depth to which the 
foundations of a wall or structure must be carried to prevent the earth 
being forced up at each side by the pressure of the wall.* The expression 
which is used is given below. Using this expression, find the minimum 
depth of the foundations for the stanchion mentioned in Prob. 1. 


If d be the minimum depth of the foundations in feet, then 
d ue € — sin ¢\? 
wA \1l + sin ¢/ ’ 
where W = weight of structure = 100 tons in this case, 
w = density of the earth = 120 lbs. in this case, 
A = area of the base of the foundations = 50 sq. ft. in this case, 
and ¢ = angle of repose for the earth = 30° in this case. 


I 


| 


* For an elementary explanation of this interesting application of Rankine’s 
theory of earth pressure the reader may consult Andrews’ Theory and Design of 
Structures. 


CHAPTER XXII 
MASONRY OR BLOCK CONSTRUCTION—ARCHES 


196. The Masonry Arch. The masonry arch depends for its 
strength and stability upon the fact that, if properly designed, the 
separate blocks or voussoirs of which it is composed are so placed 
in relation to each other, and to the opening which is being spanned, 
as to be subjected only to compressive forces. 

The extended use of the arch through many centuries has led 
to the adoption of more or less standardised forms and propor- 
tions for all relatively small arches, so that the dimensions of such 
arches in buildings are determined, more often than not, by 
aesthetic considerations rather than by reason of the structural 
purpose of the arch itself. It seems, however, a matter of some 
importance that both those who design and those who construct 
such arches should have some knowledge of the theory of arch 
construction. Where the construction of large or unusual arches 
has to be undertaken, this knowledge is essential and should be as 
complete as possible. 

For certain types of permanent buildings and massive works of 
construction, the arch is still probably the most effective and 
graceful method of spanning a large opening. Though it cannot 
be used over the greater spans now bridged by steel and reinforced 
concrete structures, the continued use of the arch in suitable circum- 
stances—especially on the Continent—shows that, in spite of its 
antiquity, 1t embodies a mode of construction still worthy of careful 
study. 


197. Loaded chain of links. 


Experiment. Let a chain of links supported by two spring balances, 
see Wig. 257 (a), be set up as explained in Chap. Iv and loaded with a 
series of loads W,, W., ete. In this case the links should preferably be of 
equal length and odd in number. Two series should be taken: (a) one 
in which the loads are unsymmetrically arranged about the centre line 
between A and B, the two points at which balances are attached, and 
(6) one in which the loading is symmetrical and the points A and B lie on 
the same horizontal line. 

In each of these cases the magnitude and direction of each of the 
forces &, and R&, should be noted (after making due allowance for the 
weight of the apparatus), together with the direction and position of 
each of the links. These values should then be used to check the following 
statement. 

Case (a). In the case of the unsymmetrical loading, if the links be 
looked upon as forming a link polygon, see Chap. Iv, a polar diagram 
may be drawn which, for the given values of W,, W3, etc., will give the 
magnitude and direction of the reactions R, and Rk,. It should be noted 
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that if, in the experiment, the spring balances at A and B are attached 
to the ends of the last links, then the centre line of the balance and the 
link must, in each case, lie in one and the same straight line. The lines 
radiating from p in the polar diagram will also give the forces acting 
in the links. 


(@ Ursy "METRICAL LOADING 


| 
W, 7 
FaLARe LIAGRAM 


KES — 8 1S > 


@ OYMMETRICAL LOADING 


Fig. 257. Chain of loaded links. 


If now H, the horizontal distance between p and the “‘load line’’, be 
measured on the force scale, this will obviously give the horizontal 
components of R,, A, and of each of the forces acting in the links. For 
the present we will call H the “horizontal pull” in the chain of links. 


Case (b). Exactly similar results will be obtained in the second ease, 
but, in addition, since the loading is symmetrical and the points A and B 
on the same level, the middle ink CD will also be level and the force 
acting in it will be equal to H, the horizontal pull in the chain, this force 
being also equal to the horizontal component of each of the reactions; see 
Fig. 257 (b). : 
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It will be useful to note, in this case, that, by increasing the lengths 
of the links proportionately, another outline of the chain might be 
obtained, see dotted figure, which, for the same loads, would have a 
different horizontal pull (H,); in the case shown H, would be less than the ‘ 
first value H. 

(Note. Such an arrangement of links and loads gives, in a simple form, 
the principle which underlies the construction of suspension bridges.) 


198. The linear arch. In the cases dealt with in the last para- 
graph the links were in tension. If now we reverse the position of 
the links, the other conditions remaining the same, see Fig. 258, 


Fig. 258. The linear arch. 


the links will obviously be in compression under the action of the 
loads. As before, the magnitudes of the forces acting in the links, 
and also the magnitudes of the reactions, will be given by the polar 
diagram. Such an arrangement of links, from its similarity to the 
arch, is usually known as a linear arch. 

A brief consideration will show that such an arrangement of 
links would be in unstable equilibrium, since the slightest movement 
of either links or loads would cause the whole to collapse. The 
case can, however, be considered experimentally where there are 
only two links. 

Experiment. Set up a piece of apparatus as shown in Fig. 259 (this 
corresponds to the ordinary experimental roof truss). Attach two equal 


M&DII 23 
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loads W, and W, at points equidistant from the apex Z. (The loads Wy 
and W, may be taken to be the resultant of several loads on each side 
of £, while the point HZ is assumed to be taken in this case at the centre 
of the middle link CD shown in Fig. 258.) 

The reactions at A and B cannot be measured directly, but if a spring 
balance be inserted between A and B this will give H, the horizontal 
component of each reaction. (The vertical components, also equal, may 
be measured experimentally by supporting A or B on the table of a small 
weighing machine.) Make a record of the magnitudes of W, and W, and 
also of the size and position of each link. 


Fig. 259. Experimental linear arch of two links. 


Now set out the apparatus to scale, as in the space diagram in Fig. 259, 
and it will be clear that, from the information already obtained, the lines 
of action of Rk, and A, can be drawn. Consider the equilibrium of the 
link AH, see small sketch; since it is held in equilibrium by the action 
of three forces, they must be concurrent and their lines of action will 
intersect in some point d. 

To find d produce the line of action of R, to cut the line of action of 
W, in d. The point e is found similarly. Then dH and Ee will be the 
lines of action of the reactions at H#, the upper end of each link; but 
since the loading is symmetrical the reactions at H must both be hori- 
zontal, hence, if the work has been done accurately, dH and Ee should 
form a single horizontal line. 

Further, the figure AdH#eB will form a link polygon for the two loads 
W, and W,. The horizontal distance H from p to the load line on the 
polar diagram (constructed in the usual way) will give the magnitude 
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of the reactions at H, as well as the horizontal components of R, and R,, 
which are equal. All these statements should be checked by means of 
the values obtained experimentally. 

To find H by calculation. Since the links are in compression, then 
H will be the horizontal thrust in the arch. The value of H may be 
found by calculation. If the height 7 be called the “rise of the 
arch”’, and a be the horizontal distance from A to the line of action 
of W,, then by taking moments about A we have 


Bhxr= WX 2, 


or H = horizontal thrust = ee eee (i) 


From expression (i) it is easy to see that H will vary inversely as 
the rise of the arch, so that, for the same span and loading, the greater 
the rise the less the thrust and vice versa. 


199. The theory of arch construction. The generally accepted 
theory of arch construction is based upon the idea of a linear arch 
contained within the outline of the arch structure, as shown in Fig. 260, 
in which AFCDB is a linear arch drawn for the given loads, AR, 
and R, being the reactions at the abutments. 


a 


ae 
VALUES of H hOUSSO/e 


Fig. 260. Finding H for a symmetrically loaded arch. 


23-2 
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Let us now consider the equilibrium of a single voussoir, which 
for convenience we will assume to be massed about the load 
point F. The voussoir, see small sketch, is evidently held in 
equilibrium by the action of three forces, viz. w,, the load coming 
on the voussoir (which we can assume includes the weight of the 
voussoir), and the two forees 7, and 7, which correspond to the 
forces in the links of the linear arch at this point. ; 

If we now apply the three masonry rules set out in the preceding 
Chapter, we shall arrive at a corresponding set of conditions which 
the masonry arch must satisfy. These conditions are: 


I. To avoid tension in any of the arch joints, the forces acting in 
the links of the linear arch—that is in the arch itself—must lie 
within the middle third. 


II. The stresses induced at each joint by the forces acting in the 
links of the linear arch must not exceed the safe compressive stress 
for the material. 


III. To avoid slipping at the joints, the angle which the forces 
acting in the links makes with the normals to the joints must in no 
case exceed the angle of friction (). 


The values of H. For the condition of no-tension (I) it 1s 
clear that the linear arch must be drawn within the limits of the 
middle third. Consider the drawing, Fig. 260, showing half a sym- 
metrically loaded arch, where W, is taken to represent the resultant 
of all the loads on this portion of the arch. Quite a range of 
values of H may be found which satisfy condition I at the 
middle joint and the abutment, since H may act at any point 
between and k, while R,, the reaction at the abutment, may 
act at any point between m and h. It will be convenient to consider 
only the two extreme limits, that is the one which gives us (a) the 
mnmmum value of H, when H is as high as possible and acts at n 
while R, acts at h; and also (b) the maximum value of H, when H 
is as low as possible and acts at k, while R, acts at m. 

The problem then resolves itself into drawing a linear arch or, 
as it is also called, a “line of pressure’, within the middle third 
of the arch, for which the horizontal thrust has a value lying 
between the two extremes mentioned above. Then it may be 
shown (though the proof is beyond the limits laid down for this 
volume) that, if such a line can be drawn, the arch will be stable, 
provided that, in addition, the conditions II and III as to safe 
pressure and sliding at the joints are satisfied. 


200. Arch loading. An arch usually carries, in addition to its 
own weight, some part of the weight of the structure built above it. 
The total load thus occasioned may be made up of two parts, 
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(a) a dead or permanent load, which does not alter, and (6) a live 
or movable load, which may vary in amount or in position. In the 
majority of cases the live or movable load is not great compared 
with the dead load plus the weight of the arch itself. This is 
particularly true of arches in buildings, as distinct from arches 
built to carry moving traffic loads. It is therefore usually sufficient 
to allow for the effect of live load by increasing the magnitude of 
the dead load by a suitable amount, the stability of the arch being 
checked first under (a) the constant dead load, and second under 
(b) the dead load plus the live load allowance. 

In those cases where the live load may occur over only a portion 
of the span, an unsymmetrical form of loading will be produced, 
and, since i is unsymmetrical loading which usually produces the 
greatest extremes of stress in an arch, care must be taken to see that 
the arch is checked for those cases in which the loading is the most 
markedly unsymmetrical. There are therefore two cases with which 
we shall deal and into which all ordinary cases fall; they are 
(A) arches with symmetrical loading, and (B) arches with unsym- 
metrical loading. 


Equivalent load of uniform density. The loading on an arch 
may be made up of pieces of construction, of varying thicknesses 
and densities. It will be found to simplify the working considerably 
if this varied loading is reduced to an equivalent loading of the 
same density and thickness as the arch ring—or portion of the arch 
ring if only a “‘slice” of it is being considered; see the example 
given in para. 201. 

Having done this, we may ignore the joints of the arch ring 
and divide up the total equivalent loading—including the weight 
of the arch ring—into vertical strips of convenient width. If the 
weights of these strips are calculated, they may be taken to act at 
their 0.G.’s or (approximately) at the centre of the width of each 
strip, so forming the weights w,, w,, etc. for which the linear arch 
will be drawn. The procedure will be readily followed from the 
example given in the next paragraph. 


201. Example. Yo ascertain the stresses in an arch with symmetrical 
loading. 

Particulars are given in Fig. 261 of a brick arch of 20 ft. span carrying 
an 18 in. brick wall above it, which remains the same thickness as the 
arch ring to a height of 1 ft. above the crown. At this level the wall is 
reduced to 14 ins. in thickness and, on the offset so formed, rests a 
floor. The loading from this floor may be taken to be 600 lbs. per lin. ft. 
In the 14 in. wall above, a window opening occurs as shown. The con- 
siderations which help us to decide what load is being carried by such 
an arch are discussed in para. 205; in the present case we will assume 
that the arch carries the whole of the brickwork included in the figure 
ABFGDE. The brickwork may be taken to weigh 120 lbs. per cu. ft. 
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Equivalent load of uniform density. 


Floor load. This may be expressed, above the line BB, in terms of 
brickwork 18 ins. thick rising to the line B’B’, see Loading Diagram, 
- Fig. 261 4. A load of 600 Ibs. per lin. ft. represents (600/120) or 5 cu. ft. 


of brickwork. At 18 ins. in thickness the height of this (B’B’) will be 
(5 x 12/18) or 3 ft. 4 ins. 


/L00R LOAD equals 
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Fig. 261. Arch with symmetrical loading. 


The height of the equivalent figure B’F’G’, etc. will evidently be i 
the ratio (14/18) to the height of the original figure eh 
the height will be (12 x 14/18) or 9 ft. 4 au ie meee te 
_ We can now set out the load figure ABB’F’G’HK for half the arch 
since the loading is symmetrical; see Fig. 261 a. This can be divided into 
strips of convenient width as shown, the strips in this case not being 
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Fig. 261 A. Space and loading diagrams. 
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equal. The volumes of these strips have been taken to be approximately 
proportional to the lengths of the centre lines of the figures from which, 
by calculations which need not be given here, the weights w,, Ws, etc., 
have been found. The magnitudes of these loads, which are taken to 
act down the centre lines of the figures, are indicated in Fig. 261 4. 


To find the line of action of W,, the resultant of all the loads on this 
half of the arch. A load line is drawn to a suitable scale from which is 
obtained the magnitude of W,, viz., 31,250lbs. Drawing a horizontal line 
from the upper end of the load line, see Fig. 261, and taking any suitable 
pole P,, a polar diagram is drawn. With the aid of this a link polygon 
abcdef is drawn, preferably above and away from the arch, see Fig. 2614. 
Evidently the intersection of the first and the last lines at f will give a 
point on the line of action of W,; see Chap. Iv. 


To find the maximum and minimum values of H. The distances 
x and 7 have each two extreme values, these are indicated in Fig. 261 4. 


Then from expression (i), 
H= Win Se 
7 ) 
250 x B- 
whence He Ee 000 thee 
as 5:85 
He ae Be Kae 6 Borno0 Ibe. 


Both these values are marked on the horizontal line through P. 


To find a suitable line of pressure. As a first trial we will take P, 
about half-way between the two extreme values, say H = 24,000 lbs., 
and commence the first line of the link polygon, which is horizontal and 
represents the line of action of H, half-way between the points n and k, 
where the middle third lines cut the centre line of the arch. The drawing 
of the link polygon, or line of pressure, a’b’c’d’ should not occasion any 
difficulty. This line lies wholly within the middle third, hence a further 
trial is unnecessary. The next step is to check the pressures induced 
at what appear to be the most highly stressed joints, including always 
the joints at the crown and the springing. 


Pressures at the crown joint. The force H is normal to the joint and 
acts at its centre, therefore 


Stress = 5--—_.. = 50 lbs. per sq. in. 


Pressures at the springing. The line of pressure crosses the joint 
practically at its centre; it is, however, inclined to the line of the joint 
and we must therefore resolve it into its components normal and parallel 
to the joint. This is readily done by drawing lines parallel to these 
directions on the polar diagram; sce triangle P,.g.7. From this we see 
that the normal pressure is 39,000 lbs. Then 
39,000 
27 x 18 
_ Pressure at worst joint. This will usually be the joint at which the 
line of pressure approaches nearest to the middle third line. In this 
case the closest approach occurs where the joint pq has been drawn. 


The line of pressure is so very near to the middle third line that we shall 
assume that it actually coincides with it. 


Stress at springing = = 80 lbs. per sq. in. 
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The maximum pressure at joint pg will occur at the edge q, and is 
given by Cmax. = 2P/bd; see (iii), Chap. xx. 

In this case the line of pressure is practically normal to the joint and 
the force equals 31,000 lIbs.; see polar diagram, Fig. 261. Therefore 
2 x 31,000 


Maxin stress at = twice tl =] 
imum stress at pq wice the mean stress a7 x 18 


= 128 lbs. per sq. in. 


All these stresses will be seen to be well within the safe values given 
in Table X, and it would appear in fact that, for the given loading, the 
dimensions of the arch, say the depth, might be safely reduced. 


202. Arches with unsymmetrical loading—The three-pinned arch. 
The chief difficulty to be met with in dealing with cases of un- 
symmetrical loading, is that involved in finding the direction of 
the reactions at the crown of the arch—and of course, corre- 
spondingly, at any other joint in the arch. If this direction can be 
settled, then the work necessary to complete the solution is little 
more difficult than, and follows exactly the same lines as, in the 
case already treated. A somewhat elaborate method of solution is 
given in para. 204. 

In many cases a solution can be obtained readily by assuming 
that the arch is supported on three pinned joints, at the crown 
and at each springing, in which case the lines of pressures must 
pass through these pins and the position of the linear arch is thus 
fixed. This is the principle of construction of what are known as 
“Three-pinned arches.” 


The three-pinned arch. Although this method of constructing an 
arch is only used as a rule in large arches of dimensions far beyond 
those which can be considered in this volume, yet the principle of 
construction affords so excellent an example of the application of 
fundamental statical laws that a note may be usefully added here. 
In recent years quite a number of arches, bridges and large roof 
trusses have been constructed on this principle, the materials used 
being brick, stone, concrete, reinforced concrete or steel for the 
main members, and usually cast iron or steel for the pinned joints. 

In the case of arches the arch-is divided into two convenient 
portions between which the pinned joints are placed. Full details 
of the latter need not be given here but, as shown in the sketch in 
Fig, 262, they usually consist of a smooth pin on which rest two 
steel or cast iron seatings, from which the masonry or concrete arch 
is built up or, in the case of steel arches, to which the steel portion 
is secured. It should be clear to the reader without further 
explanation that, whatever combination of loading is placed upon 
such an arch, the line of pressure must pass through the three pins. 
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There is the additional practical advantage in this form of con- 
struction, that the arch can accommodate itself to changes in 
temperature which, in rigidly built arches, is sometimes responsible 
for considerable additional stresses. 

Experiment. Using the same apparatus as that shown in Fig. 259 we 
may carry out an experiment on what is in effect an unsymmetrically 


loaded three-pinned arch, by making the two loads W, and W, unlike 
(or by placing them unsymmetrically); see Fig. 262. 
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Fig. 262. Three-pinned arches. 


In the manner already described we may find experimentally the lines 
of action of the two reactions R, and R,. If these are produced to in- 
tersect the lines along which W, and W, act, in points candd respectively, 
then, as before, the three points c, H and D should lie on one and the 
same straight line. In the present case this will be a sloping line. 

If the polar diagram is now drawn, H, the horizontal distance between 
p and the load line, will be seen to be the horizontal component of the 
thrust at the centre pin, while p2, parallel to cd, will give the magnitude 


and direction of this thrust. 

In practice we must find the reactions at A and B and the thrust 
at the centre pin £ in some other way. We do this by drawing a 
link polygon to pass through the three points A, # and B, after 
which, by drawing the corresponding polar diagram, the necessary 


data are obtained. The method is perhaps best explained by means 
of an example. 
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203. Example. Three-pinned arch with unsymmetrical loading. To 
avoid unnecessary calculations we. will assume that the arch described in 
para. 201 is now to be constructed with three pin joints, one at each 
springing and one at the crown; see A, Hand Y, Fig. 263. We will further 
assume that the loading remains the same except that a large floor beam 
is to be added at Q, a point 2 ft. 6 ins. to the right of the centre line. 
The additional load w; thus brought into play is 10,000 lbs., the loading 
being thus made unsymmetrical. We desire to find the direction and 
magnitude of the thrust at each of the pins. 
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Fig. 263. Three-pinned arch with unsymmetrical loading. 


To find the line of action of W,. W, is the resultant of all the loads 
acting to the right of the centre, and corresponds to W, on the left. 

The magnitude of W, = 31,250 + 10,000 = 41,250 lbs. 

Now if W,’ be the resultant of all the loads on the right-hand side 
except the new load, we know that its magnitude is 31,250 lbs. and also 
that it (W,’) acts vertically 4:9 ft. from the vertical through the 
pin at H# (these magnitudes are repeated from the left of the figure, 
where the various loads and dimensions remain unchanged). By 
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measurement we shall find that the load of 10,000 lbs. acts at 8-5 ft. 
horizontally from E; hence, taking moments about the pin # we have, 
if x is the distance to the line of action of the resultant (W,), 


W, x x = (10,000 x 8-5) + (31,250 x 4-9), 
whence x = 5:75 ft.; see Fig. 263. 


To draw a link polygon to pass through the three points A, Y and E. 
In a position clear of the elevation of the arch draw any link polygon 
abcdef for the two loads W, and W,. On the corresponding polar 
diagram draw the line P’g, parallel to the “‘closing line” afe, which 
gives the point g, and divides the load line into two parts showing the 
vertical components of the reactions at A and # respectively. : j 

To draw a link polygon with a horizontal closing line—which is 
necessary because A and # are on the same level—the pole P in the new 
polar diagram must lie on a horizontal line through q. : 

The height cf at the centre of the link polygon which we have 
just drawn is 7-25 ft., see Fig. 263, while the height to the pin Y at the 
same point is only 6-4 ft. Clearly the height of the polygon must be 
reduced to the latter height. But we have already seen that H, the 
horizontal thrust, varies inversely as the rise (7), see para. 198. In this 
case 7 corresponds to the height of the polygon. Hence, if H, and H are 
the original and the required thrusts respectively, we have 


Hy 2 ee 
Hy 164 —— —  64— 
= 30,800 Ibs. 


If the link polygon a’b’c’d’e’f’ is now drawn on a horizontal base a’e’, 
its height c’f’ at the centre will be found to be 6-4 ft. It can thus be 
drawn to pass through the three pins A, Y and H, as shown on the 
drawing of the arch, and the direction and magnitude of the thrust at 
each pin can be measured on the polar diagram. 


204, Masonry arch with unsymmetrical loading. Two simple 
methods are available by which we may draw the line of pressure 
in such a case, in the first we make use of the principle of the 
three-pinned arch and in the second we use a geometrical method 
attributed to Prof. Fuller. 


Example. for convenience we will deal with the same arch as was 
illustrated in Fig. 261, together with the additional unsymmetrical load 
added in the Example given in para. 203. 


(A) First method—utilising the. principle of the three-pinned arch. In 
this method we assume that three pins are inserted at three con- 
venient points in the arch ring, thus enabling a linear arch to be drawn 
for the given loading. Having in this way obtained the value of H, the 
horizontal thrust, we next ascertain whether the complete linear arch, 
drawn through the three selected points, lies wholly within the middle 
third of the arch. 

The outline of the arch and the middle third lines have, for con- 
venience, been shown on Fig. 263. Using the link polygon Ab’’c’’d’’E, to 
give the position of P on the polar diagram, as well as the value of H, 
the complete link polygon or linear arch can thus be made to pass through 
the points A, Y and #. 
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The complete line of pressure in this case passes outside the middle 
third at Z on the left, see Fig. 263. The next step is therefore to ascertain 
by trial whether, if the relative positions of the three points A, Y and L 
are altered, a new pressure line can be drawn which will be entirely 
within the middle third. In some cases a solution can be quickly arrived 
at in this way, but in others the method may be long and tedious, in 
which case the second method should be adopted. 


(B) Second method—Prof. Fuller’s method. The drawing of the arch 
and loading has been repeated in Fig. 264 (i), while each successive step 
is shown on a separate diagram for clearness. 


(a) The position of g, which divides the load line of the polar diagram 
into two parts, corresponding to the vertical components of the reactions 
at the springings, is found as already explained. Any convenient 
polar point P, is then taken on a horizontal line through qg and, with 
the aid of the polar diagram so formed, the link polygon abcdefghkl is 
drawn, commencing at the centre point of the springing a and finishing 
at the corresponding point m on the other side. 

From the highest point f two inclined straight lines fn and fo are now 
drawn, the points n and o being placed anywhere on the line am produced. 


(6) Hach vertical through the angular points a, b, c, ete. of the link 
polygon is now treated in the same manner as described below for the 
vertical through d. 

A horizontal line through d is drawn to cut the line fn ind’. A dotted 
vertical is now drawn from d’. On this new vertical two points 7” and s’ 
are marked which are horizontally opposite to the points 7 and s, in 
which the first vertical through d cuts the middle third lines. This 
process 1s repeated for each vertical. 


(c) The dotted verticals, such as d’r’s’, are now transferred to a new 
base line n’o’. Through the points so obtained a distorted figure, corre- 
sponding to the middle third portion of the arch, is drawn; see figure 
tv’ wu” in Fig. 264 (i). 

(d) If possible draw within this figure two straight lines which intersect 
on the vertical through f’ and have the steepest possible inclination; see 
the lines b6”e” and h’’l” in Fig. 264 (11). 

Now by our construction the distorted figure t’’v’"w’u’ has the same degree 
of horizontal distortion as had the link polygon abcd, etc. when compared to 
the straight lines nf and fo. Hence if the distorted figure is restored to its 
original shape, while the points c’’, k’’, etc. on the straight lines b’e”” and 
h’’l’’ are kept in the same vertical relations to it, then we shall have the 
outline of a link polygon lying wholly within the middle third figure. 

(e) The outline of the arch and the middle third figure has been 
repeated for clearness in Fig. 264 (iii). On this figure the solid vertical 
lines correspond to the original load lines of the arch. The points 6’, 
ce’, d’”, etc. are now transferred to these lines. When these are joined 
we have the required link polygon. 

(f) From this link polygon a new polar diagram is drawn which shows 
that H,, the horizontal thrust in the arch, is 30,500 lbs. 

The stresses at the joints may be found in the manner described in 
para. 201, thus near the point f’’’, where the line of pressure coincides 
with the edge of the middle third, the total pressure is practically 
normal to the joint and equal to 30,600 lbs., whence 


2 x 30,600 


1 == aS : sq. in. 
Maximum stress 27 x 18 126 lbs. per sq. in 


—s 
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Note. If it had not been possible to draw the two straight lines within 

the distorted figure of the middle third in Fig. 264 (ii), then the arch 

would have had to be re-designed and its depth increased or its shape 

altered. 
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Fig. 264, Masonry arch with unsymmetrical loading—Prof. Fuller’s method. 
205. Additional notes on arches. 


(a) Loads on arches. Where openings occur in lengthy walls of brick 
or stone construction, it is usual to assume that the arches (or lintels) 
spanning such openings carry only that portion of the wall above which 
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is included within an isosceles triangle, see triangle ABC in Fig. 265 (i), 
with a base equal to the width of the opening or arch and having base 
angles of 45° or 60° according to the character of the wall, the larger 
angle being taken in the case of the less well-constructed walls. 

This assumption is based upon the idea that, if the arch or lintel were 
removed, there would be a corbelling-out of the masonry as suggested 
on the right, the material falling away below the stepped line. Obviously 
this effect would not occur in those cases where the opening is (a) 


@ 


END oF WALL, 


Fig. 265. Loads on arches. 


near the top of the wall, or (6) near the end of the wall; see Fig. 265 
(ii). In both these cases the load, taken over the whole span, is 
assumed to include the wall up to the top (and any load that may rest 
thereon), or at least to a height equal to the span. In less simple cases 
the matter is one to be settled by judgment and experience. 


(b) Forces at the abutments. If in a series of equal arches the reactions 
R, and h,, see Fig. 265 (iii), be equal in magnitude and equally inclined, 
then the piers between the abutments may be relatively slender. (Good 
examples of this cam be seen in some of the Gothic churches, where not 
only are the reactions balanced, but the loads carried by the arches are 
lessened by reason of the shape of the arches, which approaches the 60° 
isosceles triangle to which we have referred.) 
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Tf, however, an arch, either alone or as the last in a series, occurs near 
the end of a wall, see Fig. 265 (iv), then it is clear that the width of the 
pier must be such that & (the resultant of the reaction R, of the arch 
and W the weight coming on to the pier from the building above) falls 
within the middle third of the joint at BC as already explained. 


(c) Depth of arches. Having ascertained either H, the horizontal 
thrust of an arch, or one or other of the reactions from a consideration 
of the total load coming upon it, then it is possible to settle the dimensions 
of the arch ring from a consideration of the safe stresses. In large arches 
it is common practice, however, to find the trial depth of the arch ring 
in the first place by means of a formula. 

Trautwine’s is a good example of such rules and gives 


—Te. 
d = depth of arch at crown = Me + 35 


SEO“ aobuer (ii) 


where S is the span and r the radius of the arch at the crown (all in feet). 
For brickwork the size may be increased by one-third. 

For ordinary brick arches one half-brick ring may be adopted for each 
five feet of span. 

It should be noted that these rules do not apply to very flat arches 
or to arches in which the rise is considerable in proportion to the span. 
They apply very well to arches which include an angle of about 120° 
at the centre; see Fig. 261. 


(d) Failure of arches. It is sometimes stated that an arch will fail if 
the line of pressure passes outside the middle third. As we have seen, 
however, in the case of masonry walls, this need not necessarily be so. 
If the compressive pressures induced are not too great, then it may be 
possible occasionally to increase to the “‘middle half” the limits within 
which the line of pressure must lie. In such a case there would of course 
be tension in the joints. Much will depend upon the magnitude of the 
stresses induced and also, in the case of arches, upon the nature of the 
work surrounding the arch. For example, in deep arches of the Gothic 
or semicircular type, the line of pressure may and usually does pass 
well outside the middle third near the base of the arch. But failure 
is not likely to take place if, as shown in Fig. 265 (iii) and (iv), there is 
adequate weight of solid material behind the arch to resist this thrust. 
Each case must receive careful consideration, both as to the maximum 
stresses induced, and also as to the tendency to ship in the manner 
explained in this and the preceding chapter. 


Experiment. An experimental arch may be constructed with wood 
voussoirs having fairly thick sheets of soft rubber inserted at the joints. 
When the arch is loaded, the position of the line of pressure can be traced 
by noting the varying strain on the rubber joints.* 

The supporting forces may be obtained experimentally by mounting 
the arch on rollers, supporting one end on a table-weighing machine, 
and restraining the horizontal movement of the supports by means of 
an adjustable tie in which a spring balance is inserted (see also experi- 
ments described in paragraphs 198 and 202). By means of this adjustable 
tie it is possible to maintain the arch at a constant span during the 
experiment and also to compensate for the extension of the balance. 


* An experimental arch of this type was described in a paper on “‘Masonry and 
concrete arches,” read by Mr A. A. Fordham to the Institution of Structural 
Engineers, and reported in The Structural Engineer, June, 1929. 
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Problems XXII 


1. If in Fig. 257 (6) the weights W,, W,, W; and W, are each 10 lbs. and 
6 ins. apart horizontally (so that the distance AB is 30 ins.), find by 
calculation the value of H when the link CD is 6 ins. below the line 
joining A and B. What would the distance between the lines AB and 
CD have to be to reduce H to 20 lbs.? 


2. Using the methods described in para. 201, draw a suitable line of 
pressure for the arch in Fig. 261 when subjected only to the weight of 
the arch ring itself. Give the position of the points at which this line of 
pressure crosses the joints at the crown and the abutment. 


3. Draw a suitable line of pressure for the arch in Fig. 261 when 
carrying a uniform wall equal in thickness to the arch ring and reaching 
up to a level line BD which is 2 ft. 6 ins. above the crown of the arch. 
Give the position of this line of pressure at the crown and abutment 
joints, and state where it approaches most nearly to the middle third 
lines. 


4, Find by calculation (and check by graphical methods) the values 
of the components H, V, and V, in the experimental arch shown in 
Fig. 262, if AB is 32 ins. and AH and BH are both inclined at 45° to the 
horizontal, the loads W, and W, acting at the middle points of these 
members and being respectively 14 lbs. and 21 lbs. 


5. Draw a suitable line of pressure for the symmetrically loaded arch 
(only one-half need be drawn) shown in Fig. 261, using Prof. Fuller’s 
method. 


6. The arch shown in Fig. 261 finishes near the end of a wall as in 
Fig. 265 (iv), the pier being the same thickness as the arch ring (18 ins.). 
The width of the pier is 9 ft. and the vertical load W, due to the weight 
of the upper structure of the building, acts down the centre line of the 
pier. The thrust from the arch is 40,000 lbs., acting at an inclination 
of 52°, and it intersects the centre line of the pier at the point D, 10 ft. 
above BC. Find the minimum value of W so that the resultant force 
R just crosses the joint BC on the middle third line. What is the maxi- 
mum stress on this joint under these conditions? 
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CHAPTER XXIII 


STRENGTH IN COMPRESSION. COMPRESSION MEMBERS 
AND COLUMNS IN STEEL AND CAST IRON 


206. Compressive strength of structural materials. It is con- 
venient when dealing with the compressive strength of structural 
materials to divide them into two groups, viz. (A) ductile materials, 
and (B) brittle materials. There are a few materials which exhibit 
some characteristics belonging to both groups but, in the main, 
the division holds good and is a useful one to make. For reasons 
to be made clear presently we shall consider in this paragraph only 
the strengths of very short specimens, in which the height does not 
greatly exceed the diameter or least lateral dimension. 


(A) Ductile materials. Under this head may be mentioned mild 
steel, wrought iron, aluminium and lead, but we shall only concern 
ourselves here with mild steel. 


Mild steel. The stress-strain curve for mild steel in compression 
is very similar to that for tension, see Chap. x11, though the elastic 
limit and the yield point are usually less well defined. Beyond the 
yield point the material becomes more and more plastic so that, 
after a certain stress is reached, the material continues to “flow” 
almost indefinitely. Thus, if a cylindrical piece of mild steel be 
tested in compression, it will, after a time, be reduced in height 
and increased in its lateral dimensions, as shown in Fig. 266.* 

Lead is a well-known example of a material which becomes plastic 
under a relatively low pressure (about 1000 lbs. per sq. in.), thus 
enabling it to be ““worked” by pressure or by “beating”’. 

In the harder steels the final failure will be somewhat similar to 
that for brittle materials, and will thus be quite definite. In the 
case of mild steels, however, we are compelled to adopt some sort 
of convention as to when failure occurs. It has been suggested 
that the stress when the “ plastic state” is reached should be taken 
as the ultimate compressive stress. 


(B) Brittle materials. In the brittle materials there may be only 
a slight increase in the lateral dimensions of the specimen and 
failure will usually occur quite suddenly, by fracture along planes 
which are more or less steeply inclined to the base of the specimen; 
see Hig. 266. 


* For complete details of a compression test of mild steel the reader may consult 
Prof. C. A. M. Smith’s Zesting of Materials. 
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It may be shown that this is the form of failure which is likely 
to occur in all such materials, since the compressive stress tends 
to induce a tensile stress across the specimen; see para. 135. Under 
the combined action of two such stresses there will be set up shear 
stresses on planes inclined to the first two stresses. In para. 135 
it was shown that, if the original compressive and tensile stresses 
were equal and acted at right angles to each other, then shear 
stresses of the same intensity would act along planes inclined at 
45° to the first planes. As we shall find by actual tests the fracture 
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Fig. 266. Compression tests. 


planes are usually more steeply inclined than 45°, but it would be 
out of place to attempt an explanation in this volume, and we may 
therefore assume that this form of fracture is due to the shear 
stresses set up in the specimen. 


Cast iron. The character of the fracture in this brittle material 1s 
sufficiently indicated in Fig. 266. It will usually be accompanied 
by a very slight lateral swelling of the specimen. 


Stone and brick. The planes of fracture in these materials are 
usually very steeply inclined to the base of the specimen. Both 
the ultimate strength and the angle of fracture are to some extent 
influenced by the nature of the bedding material placed at each 
end of the test piece. Generally the harder the bedding material 
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the greater the force necessary to fracture the specimen and the 
more steeply inclined will be the planes of fracture; see Fig. 266. 
For example if milled lead be used as bedding material the planes 
of fracture will be nearly vertical, while if soft millboard be used 
the planes of fracture will approach the inclinations mentioned 
above. This effect is no doubt due to the restraint exercised on 
the ends of the specimen by the bedding material. It should there- 
fore be clear that, in order to get comparative results in a series 
of tests, the same type of bedding material should he used through- 
out. Plaster of Paris, millboard and plywood are all suitable for 
this purpose. The ends of compression test pieces should be 
parallel to each other and at right angles to the axis. In the case 
of brick and stone it is not very difficult to cut the specimens 
by means of a simple arrangement similar to a stone saw. It may 
be noted here that built-up piers of brick or stone generally fail 
by splitting vertically. This fact appears to suggest that such 
piers would be strengthened by the insertion of lateral reinforce-_ 
ment in the joints. 


Concrete. The inclined fracture is characteristic of compression 
failures in concrete, the shape of each portion of the fractured 
test piece being in the form of a pyramid in the case of cubical test 
pieces, and roughly conical in the case of cylindrical test pieces; 
see Fig. 266. Owing to the fact that the material is not homo- 
geneous the planes of fracture will not usually be very well defined, 
unless a very small aggregate be used. 

Experiment. An interesting test, showing the part played by the 
aggregate in resisting failure, may be carried out on 3 in. or 6 in. cubes, 
in which two specimens of concrete are tested, one with a very soft 


aggregate and the other with a very hard aggregate, the resulting 
fractures being compared. 


The strength of concrete is of course affected by a great number 
of factors, among which are the nature and the proportions of the 
different materials used in its composition, the manner and con- 
ditions under which it is prepared and the age of the specimens. 
The subject is too lengthy and specialised for inclusion in this 
volume. The reader desiring further particulars should consult 
books dealing with concrete or with building materials generally. 


Timber. See Chap. xxv. 


Compression tests. If suitable facilities are available for testing 
compression specimens, it will be found to be both interesting 
and instructive to carry out a series of simple tests. The series 
should aim at making clear the manner in which failure takes place 
in the various materials. Attempts to get very accurate values or 
to produce stress-strain curves should, in the majority of cases, be 
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avoided at this stage. The elaboration of compression tests is in 
fact quite unnecessary for our present purpose. 

If the specimens be not too large they may be tested on a 
compression testing machine similar to that shown in Fig. 267. 
This type of machine is oil-actuated, the load being put on by 
hand. Such machines may be capable of exerting pressures up to 
50 or 100 tons. 


Fig. 267. Compression testing machine. 


Average figures for the compressive strength of various structural 
materials are given in Tables VII and VIII, and in para. 225. 


207. The strength of compression members—General terms. We 
have seen that, in the case of very short test pieces where the length 
(i) does not greatly exceed the width (d), failure in compression 1s 
by crushing. 
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If very long and slender members be tested they will be found to fail 
by bending, failure taking place at loads which would produce direct 
stresses much below the ultimate compressive strength of the material. 

In the case of members of medium slenderness failure takes place 
by a combination of bending and crushing. In all but very short 
specimens we shall refer to this manner of failure as “failure by 
buckling”. The load (P) at failure is known as the Buckling load. 
Then if A be the area of the section of the column, and we assume 
the stress at failure to be uniformly distributed, then 
buckling load 

area ; 

Short columns. The three groups mentioned above cannot of 
course be sharply distinguished from each other. The definition of 
each group depends, as we shall see, in part upon the material used. 
It may, however, be taken that, unless special reference is made to 
the point, all columns or compression members—terms which may 
be taken to include walls and piers as well as struts—the length or 
height (/) of which is less than ten times the least lateral dimension 
(d), may be classed as Short columns. For Short columns with 
axial loads we can state at once that 


- = buckling stress = 


Safe load = area « safe compressive stress. ...... (11) 
In the case of masonry and plain concrete structures the ratio 
between the length and the least lateral dimension, which may be 


expressed as I/d, may be at least 10 provided the rules governing 
masonry construction are observed. 


Columns of medium and considerable slenderness. Great and 
apparently insuperable difficulties arise as soon as we attempt to 
obtain expressions which relate the strength of longer or more 
slender columns to their various dimensions. Many and varied 
theories have been advanced, which by their very multiplicity tend 
to confuse rather than to help the beginner. Moreover—and 
unfortunately as it would appear for our present purpose—no one 
solution can be said to have gained very general acceptance. The 
best that can be done is for the beginner to become thoroughly well 
acquainted with a reliable and simply stated theory, such asis given 
below. Following which he may, if needs be, extend his knowledge 
upon the basis here laid down, to include other more exact or more 
complex theories than can be dealt with in this volume. 


208. Ratio of slenderness. A great simplification of the column 
problem was made by the introduction of the term “ratio of slender- 
ness” or, more simply, the ‘‘slenderness ” of a column. The strengths 
of all columns are found to bear a definite relation to this ratio, 
though the relation is one which cannot always be simply stated. 
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The ratio of slenderness includes the length (/) of the column 
and what is called the “‘radius of gyration” (g) of the section of 
the column. The slenderness of any given column is obtained by 
dividing the first term by the second, so that 


length 1 

radius of gyration gg’ 

Radius of gyration. We have not had occasion to use this term 
before. It is obtained in the following manner. If J be the moment 
ot inertia of any particular beam or column section, while A is the 
area of the section and g the radius of gyration, then 

Uae ee ee Pt ba a (iv) 

The term g is not capable of simple explanation but, just as in 
dealing with the first moment of an area, see paras. 14 and 15, we 
may think of the centroid as being the 
point at which the whole turning effect any 
of the area is concentrated, so we may 
think of the resistance of the stressed area { ee 


Slenderness = 


of a section as being concentrated at one 
point, that point being situated at some |! y | § 
distance from the neutral axis, which dis- @ ~ 73 
tance we call “the radius of gyration” (g). 
The moment of inertia is in fact some- + 
times referred to as the “second moment 
of an area”, in which case the analogy is ?7* 
complete. Thus we may say that, the Fig. 268. Broad-flange beam—- 
3 : ; 5 radius of gyration. 

moment of inertia (I) of a section is 

equal to the area (A) multiplied by the square of the radius of 
gyration (g). 

Let us consider an actual case. The section of an 8 in. x 8 in. broad- 
flange girder is shown in Fig. 268. The moment of inertia for this is 
I,, = 124 inch units* about the axis XX, while it is [, = 37-7 inch units* 
about the axis YY. Obviously these are the greatest and the least values 


of I for this section, hence, as we might expect, we shall get a maximum 
and a minimum value for g, the radius of gyration. From (iv) we have 


I= Ag?, whence ae 
g= ee anoone (v) 
A 


In this case A = 10-9 sq. ins. (This value and those for the moments of 
inertia are taken from a table supplied by the makers.)* Therefore 


Oo SSSSSSS 


124 
the greatest value of g = ee == Ghats) NS, == Ofc 

eer ey 
Similarly the least value of g = Nip 1-86 ins. = gy. 


These values are indicated on Fig. 268. 


* Similar values for other sections are given in Appendix T. 
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From the above explanation the reader will see that the term g 
refers to a quantity, the magnitude of which varies with the 
manner in which the material is distributed about the neutral axis. 
Thus in the example just taken the value of g is greatest in that 
position in which the bulk of the material of the section is 
situated at the greatest possible distance from the neutral axis; 
see Fig. 268. 

Hence it follows, since failure by buckling may be almost 
entirely due to bending, that 


If a column is free to bend in any direction, then it is most 
likely to bend under load in that direction in which the radius of 
gyration (g) has its least value. 


It is therefore the least value of g which we must use when 
calculating the ratio of slender- 
ness; see example in para. 211 
below. 

Further, considered purely as 
columns under axial loads, those 
sections will obviously be most 
effective for which the value of g 
is the same in every direction; the 
only sections which completely 
satisfy this condition are the solid 
and hollow circular sections. For 
other sections the nearer they 
approach to this condition, the Cyecuzar. Hollow CIRCULAR 
more efficiently will they resist Fic. 269 
buckling. Such practical questions jie ee 
as first cost, ease of fixing, accessibility for painting and inspection, 
usually cut out all such ideal sections except the solid circular 
section. 

The following values of g for the geometrical sections will be 
found useful. 


Square or rectangular section. Take d as the side of the square 
or the least dimension in the case of the rectangle, see Fig. 269, 


bd? 
I= 19° A = bd. 
L bd d2 
Therefore 2 = Ve =/ {oq 19 = 0-280d) a (v1) 


Circular section. In this case 
_ fl /rd*/64 a . 
ST NA ven rer (vil) 
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Hoilow circular section. By similar reasoning 
Pande tases (viii) 


209. Strength of long columns—Euler’s theory. For reasons 
which will presently appear the long or slender column is probably 
the most difficult type of column to design in practice. It is 
therefore rather surprising to find that we are in possession of a 
theory of the strength of this type of column which is probably 
both the oldest and the most widely accepted of the column 


ONE ENOsIKED. 
FIXING. | FIXED ONELEND FIXED.|. ONE END 
1X. FIXING. | Pegs > Bor ENDS ONE END FREE. UNSUPPORTED. 
Bee Ga ip 1. 
2 
jee | te 


Fig. 270. The fixing of columns (ideal conditions). 


theories. The theory referred to was propounded in the early part 
of the eighteenth century by a Swiss mathematician named Kuler. 
Though the strict mathematical proof on which Euler’s theory is 
based is too difficult to be included in this volume, the general 
statement is not difficult to understand and is, moreover, very 1n- 
forming as to the manner in which failure occurs in long columns. 


Outline of proof. Let ACB in Fig. 270 (1) represent a very 
slender and perfectly straight column of uniform section, and let 
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it be assumed that, after a certain load P has been applied to the 
exact centre or axis of the column, it bends to the shape shown, 
so that it has a maximum deflection of § at C and is in a state of 
equilibrium under these conditions. Then clearly the bending 
moment on the column at C will be Po. 

Calling this bending moment B and asswming first that the 
bending moments on the column have the same value (B) at every 
point in the length J, then between A and B the column will bend 
to a circular arc and the deflection at C will be given by 


Br 
SHI 
(see para. 143), where # is the modulus of elasticity of the material 
of the column and IJ is the least moment of inertia of the section 


of the column. 
Substituting Pd for B in this expression and transposing, then 


SEI 
ee 

Now in this expression the terms # and I are constants while, 
if the column be very slender, the length / will also be practically 
constant, since 6 will be relatively small. Hence it follows that only 
one value of P can satisfy this equation. Evidently if the load be 
less than P the column will tend to become less deflected if free to 
do so, while if the load exceed P then the deflection at C will go 
on increasing and the column will collapse. Experiments carried 
out under suitable conditions confirm this statement and it would 
therefore appear that P is what we have already called the Buckling 
load. 

Reverting to our approximate expression for P, and considering 
Fig. 270 (i), it is clear that, once the column has bent, the value of 
the bending moment cannot be uniform throughout the length of 
the column since, if the deflection at D be y, then the bending 
moment at this section will be Py, and this is obviously less than P8. 
Our first assumption—that the column bent to a circular arc—is 
not, however, so very far from the truth since, by more exact 
mathematical reasoning, which allows for the variations in the 
bending moment, a similar expression is obtained but having 7? 
as the multiplier in the place of 8, when 

2 . 
P = buckling load = * = 2 oes ees! (ix) 
which is Euler’s formula for free-ended columns. 


The following example will explain how the formula is used in 
a simple case. 


6 = 


p= 
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Example. A carefully prepared ? in. mild steel rod of circular section 
and 30 ins. long is to be tested as a free-ended column; find by means 
of Euler’s formula the probable buckling load. 


nd! x (0°75)4 


Here f= BO imag, amel Ws rag 64 
Hence, if E = 30,000,000 lbs. per sq. in., 
- : _ 987HI 9-87 x 30,000,000 x 3-14 (0-75)4 
P = buckling load z 302 x 64 


= 5100 lbs. 


It will have been noticed that the only term in expression (ix) 
which is related to the material used is #, the modulus of elasticity, 
and that the theory ignores the direct stress and rests solely on 
the idea of failure of the column by bending. It will not therefore 
be surprising to find that the theory is only supported by experi- 
mental results in those cases where the column is very long and 
slender, and where the direct stress must be small. For instance 
in the example just worked the value of g is given by (d/4) or ;*, in., 
so that the ratio of slenderness is (J/g) or (30 x 46), that is 160, 
which indicates that this would be classed as a “long or slender 
column”’. We shall discuss at a later stage (see para. 213) just 
what are the limits within which Euler’s formula can be practically 
applied. 


210. Fixing the ends of columns. In deducing the Euler formula 
we assumed that the ends of the column were retained in such a 
manner as to exercise no restraint on the bending of the column, 
though the two forces P and P were assumed to remain in the 
same straight line. This manner of loading is represented dia- 
grammatically in Fig. 270 (i), and the column is generally referred 
to as a “‘free-” or ““round-ended column’’, or, less commonly, as 
““position-fixed”’, this term having reference to the fact that the 
ends A and B, though free to move vertically, are not free to move 
from the original straight line forming the axis of the column. 

If now both ends of the column are “fixed ’’—or “‘direction- and 
position-fixed” as it should be called—as is shown in Fig. 270 (ii), 
the column will bend in a fashion similar to a beam fixed at both 
ends, there will thus be two points D and # at which the bending 
moment is zero, the axis of the column being straight at these 
points, where it is changing from one curve to another—points of 
contra-flexure; see para. 151. 

It may be shown that, to apply Euler’s formula to this and the 
following cases, we must use that portion of the column which is 
similar or equivalent to the round-ended column, this is called the 
Equivalent Length. In the case of the column fixed at both ends 
the “equivalent length” occurs between D and E, so that the 
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equivalent length is (1/2) and this must replace “J” in finding the 
ratio of slenderness; see Fig. 270 (11). 

The two remaining cases should not require much further 
explanation, the equivalent length being indicated on the diagram. 
In case (iv) one end of the column is free to bend in any direction, 
the load remaining vertical, that is the end A is neither “position- 
fixed” nor “ direction-fixed”. 

As will appear to the reader as we proceed, it is practically 
impossible to reproduce any of these conditions of end-fixing, even 
in the laboratory, with the perfection here indicated. In testing 
“free-ended” columns in a testing machine the load is usually 
transmitted to the specimen through hard steel balls or rollers, but 
even in such a case it can be shown that the result is affected by 
friction at the ends. If this occurs under the best of conditions, 
it will be easy for the reader practically acquainted with building 
to realise how difficult it must be to estimate the real fixity of 
columns used in buildings. Below we shall suggest certain modi- 
fications of the various formulae which may be adopted to meet 
this practical difficulty, see para. 215, but the problem is one 
requiring considerable knowledge and experience for its satisfactory 
solution. For the present the reader may adopt the above classifi- 
cation of columns unless some other method of procedure is 
indicated. 


2141. Safe or working loads. In order to arrive at a suitable safe 
load it is usual to divide the buckling load (P) by a factor of safety 
or, as we prefer to call it, a working factor (7), so that if 


P = buckling load, 
P/F = safe or working load. 
Similarly, if A is the cross-sectional area of the column, then 
P/AF = safe or working stress. 


The value of F must vary, as we shall see, both with the material 
used and with the general conditions under which the column is 
employed. Suitable values will be indicated as we proceed. For 
mild steel columns a minimum value of 4 is usually adopted, 
though some higher value may have to be employed.* 

Before working an example to show the application of the facts 
mentioned above, we may devise a modification of the Euler 
formula as given in expression (ix) which will be found to be 
of considerable practical use. 

* In many column formulae a sliding factor of safety is used, so as to allow for 
the greater liability to original curvature in slender members. Generally the factor 


is (4 + ».1/g), where n is arranged so that the factor equals 6 at the limit of 
slenderness where J/g = 200; hence n = 0-01. 
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From (ix) we have 
cri OF 
Pi 5 lak 
Substituting (4g?) for Zin this expression and dividing P by A, we 
obtain what may be called the “average buckling stress,” or more 
simply, the “buckling stress”, then 
mH (Ag*) Hg? mE 


spe rage buckli 5 
As averag ckling stress = Jig = =a 


Example. The rolled section shown in Fig. 268 is to be used in the 
construction of a column 40 ft. long. Using a working factor of 4, find 
the safe working stress and the total safe load which the column will carry, 
if it can be assumed that it is rigidly fixed at one end and only position-fixed 
at the other. 

Using the values found in para. 208 we have A = area = 10-9 sq. ins., 
least radius of gyration (g) = 1-86 ins. 

From Fig. 270 we have for the given conditions of fixing, that the 
equivalent length is 3 of the full length or 320 ins. Hence 

equivalent length 320 _ 


Ratio of slenderness = ; 1-36 E72. 


From (x) we have 
= average buckling stress = ii eis eo eee 
(5) 22, 
oe 
= 10,000 lbs. per sq. in. 
Then Safe stress = P/AF = 10,000/4 = 2500 lbs. per sq. in. 
and Safe load = stress x area = 2500 x 10-9 


= 27,250 lbs. 


A 


212. Strength of columns of medium length—Johnson’s straight- 
line formula. As we have already indicated the failure of columns 
of medium length is partly by bending and partly by crushing, the 
latter being the more important in short columns. As might be 
expected, the attempt to express failure of so complicated a nature 
in an exact mathematical expression has led to the production of 
expressions of great length and complexity. As, however, the 
correctness of the theories so expressed are always checked by 
experimental results, it will serve our present purpose if we can find 
an expression of simple form which gives results reasonably close 
to those obtained by experiment. An expression satisfying these 
conditions in an admirable way is Johnson’s Straight-Line Formula 
(‘‘straight-line” because its graph gives a straight line, see next 


paragraph). 
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This formula was devised by T. H. Johnson of the U.S.A., after 
a lengthy series of tests and an investigation into the strength 
of columns of structural steel. The chief merits of this formula 
from our present point of view are (a) the simple form of the 
expression, (b) the fact that the constants used bear definite rela- 
tions to the strength characteristics of the material, so that they 
may be based upon the result of direct experiments, (c)—following 
on (b)—that similar expressions may be readily devised for other 
materials, and (d) that the results obtained (except for very low 
values of (I/g)) agree very well with experimental tests of columns. 

The general form of the expression is as follows: 


ts l 
gee Bla hae (x1) 
where c, and B are constants varying with the material. Suitable 
values of these constants for structural materials are given in 
Table XIII at the end of para. 216, and also in Table XV. We 
shall deal with each of the materials in turn and will, in addition, 
explain how the formula may be constructed in each case. 


213. A complete T. H. Johnson-Euler graph for structural steel 
columns for all lengths (free-ends). The construction of this 
formula is best understood by studying the graph which covers 
the cases of both long and short columns. This graph is made up 
of a straight and a curved portion, the latter being obtained from 
Kuler’s formula; see Fig. 271. 

Briefly the theory underlying this formula is: (a) that the strength 
of very short columns corresponds to the crushing strength c, of the 
material, (b) that the buckling strength of long columns is satis- 
factorily expressed by Euler’s formula, and (c) that between these 
two stages the buckling strength falls off uniformly from one value 
to the other. 

In Fig. 271 is plotted a curved line CDG which shows how P/A, 
the buckling load, varies according to Euler’s formula with the 
slenderness ratios (l/g), which are plotted along the horizontal axis. 
It follows from the above statement that the graph of the Johnson 
Straight-Line Formula is a straight line AD which starts at A, 
where the slenderness ratio is zero, and the stress equal to the 
crushing stress c, of the material, and is drawn tangential to the 
Euler curve at D.. The stress at A which Johnson recommends for 
structural steel is 52,250 lbs., which is somewhat lower than the 
actual crushing strength of such steel. Rather better results are 
in fact obtained in the case of ductile materials and with timber, if 
this stress is between 80 % to 90 % of the actual crushing stress. 
Lhe stress at A gives the value of the constant ¢, in expression (xi). 
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The complete graph for all values of (J/g) is then given by the 
line ADC. The straight portion AD will be sufficiently accurate if 
it is merely drawn to touch the curve CDG, after the latter has 
been obtained. The value of the constant B is then readily obtained 
by the usual graphical method of finding the second constant in 
a linear equation. In this case 

B= AM ED (see Fig. 271) 
= 35,000/130 = 270, 
which is the value given in Table XIII at the end of para. 216. 
The limiting value of J/g indicated in the Table gives the position 
of the tangent point D in each case, and so indicates the “limit” 
beyond which the straight-line graph should not be used, Euler’s 
values being used beyond this point. In this case the limit of J/g 
ig. 1304 
The two formulae for structural steel are then 


iP l ae l 
a), —= 52,250 — 270(- }, up to a limit of — = 130, 
(a), = 52,250 — 270(-). up ; 

P WE 


* The values of the constants may be deduced mathematically as follows. 
From P/A =c,—B (l/g) and Fig. 271, it will be seen that B must have such a value 
as to make the straight-line graph tangential to the Euler curve. The equation for 
the latter should be put in the form P/A =mE/(l/g)?, where m is a constant of which 
the value is 7? in the ordinary Euler formula. 

At the tangent point D both ordinates have the same value, hence 


mi =0,-B (=) f 


W hence mE = Ce (- y ( y ~ a) 


Also differentiating P/A =mE/(I/g)? with respect to (l/g), we have 
d(P/A)_  2m# 
(lig) (fg) 
which equals —B at the tangent point, and from which we have 
27 Hi — 15: (U/ 9) 2 errs (b) 


Adding (a) and (b) we have 3mH# =c, (I/g)*, hence the tangent point occurs where 


g= “if ae a) eS See (c) 


Also from (b) we have 


As is explained later the multiplier m must be given other values than 7? when 
the ends are not free. 
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214, Working stresses from the Johnson-Euler curve. The graph 
of the formula which we have just plotted indicates the buckling 
loads (P/A) for a free-ended column. To find the safe loads on 
such a column we must reduce these values by means of a factor 
of safety or working factor (/) as already explained. This factor 
is obtained as follows. The safe compressive stress which can be put 
on a very short column is usually known or can be ascertained by 
experiment, then from this we have 


crushing strength (c,) 
safe compressive stress’ “"” 


F = working factor = ..(X1i1) 


For mild steel columns a safe compressive stress of 15,000 lbs. 
per sq. in. may be allowed. We thus have 
52,250 
15,000 
Using this value for F a second curve A’D’G’ has been drawn in 


Fig. 271 which gives the working stresses for free-ended mild steel 
columns. 


FR = 3-5. 


215. Allowance for end-fixing in Johnson-Euler curves. Instead 
of attempting to follow the “ideal” plan laid down in para. 210 
with regard to the effect of end-fixing, Johnson proposed to modify 
the curved part of the graph by altering the constant in the Kuler 
formula. If the latter is expressed as 


tie UES Ee ene ea (xiv) 


es 
& 
where m is a constant, then Johnson proposed that m should have 
the following values: 


(a) Ideally freeends m=7", 
(6) Pin joints at ends m= 16, 
(c) Fixed ends m = 20. 


These constants were deduced after considerable experience with 
practical columns and may be used with confidence. In effect they 
show that a “practical” pin joint is not the same as an ideal 
“free-end”, owing to friction at the pin under load. Similarly it 
may be shown that “practical” fixing is less effective than “ideal” 
fixing. It should be noted that with this method of calculation, 
it is not necessary to find the “‘equivalent” length of the column. 

No matter how a column is fixed the crushing stress, if the column 
be very short, will not be affected; hence Johnson commences the 
straight-line part of these additional curves at the same point A 


M&DII 25 


\ 
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as before. The straight lines AD’ and AD’” are drawn tangentially 
to the corresponding Euler curves as before, the complete curves 
being given by ADO” and AD'’C’” respectively in Fig. 271. The 
corresponding values for use in the formula are given in Table XII 
at the end ot para. 216. 

The two further expressions thus obtained for Mild Steel Columns 
may be set out here: 


Pinned ends. 


2 l janie ad! 
= =§52,250 — 210) =), Up to a mit of — — 106, 
(4) 4 = 52,25 o(5) pt é 


when (6) oa, Sheu Ve) 


a 


= 52,250 — 170 es up to a limit of = 207; 


Ne) 
AG 


Flat ends. In some cases beams merely vest upon the flat ends of 
columns, or columns rest upon a foundation, or are only lightly 
secured thereto. In these cases the columns may usually be treated 
as fixed columns up to a certain point, beyond which it is safer to 
treat them as pin- or free-ended columns. This limit for “flat- 
ended” columns cannot be fixed easily, it should be very low for 
brittle materials and in any case the limit should err on the side 
of safety. Suitable limits have been indicated in Table XIII. 

It may be noted here that in practice the maximum allowable 
slenderness of columns is usually fixed by regulation. For steel 
columns this is generally from 100 to 150 for free-ended columns, 
and from 150 to 200 for fixed columns. 

The following Examples will further explain how the values 
obtained from Fig. 271 are to be utilised in the solution of 
problems. 


Fixed ends. 


when (6) fev) 


Example 1. A solid circular steel column, 4 ins. in diameter, has solid 
flanged ends and is used to support a beam at the centre. The beam carries 
the front of a building. The length of the column is 15 ft. and it may be 
assumed from the way in which the ends of the column are secured that it 
is a fixed column. ind the safe load which it will carry: 


In this case the length / = 180 ins. 


The value of g = diameter/4 = 1 in. Therefore the slenderness ratio 
is 180, 
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From the appropriate graph in Fig. 271 we have, where l/g is 180, 
P/A = 22,000 lbs. per sq. in. 
Therefore, if the value of F is 3:5, 
Safe stress = 22,000/3-5, 
22,000 ee (4)? 
3°5 4 
= 79,000 lbs. = 35 tons. 


Example 2. In order to construct a scaffolding it is proposed to utilise 
steel tubing of 12 ins. outside diameter, the metal being 5 S.w.c. (0-212 in.); 
see Pig. 272. If the maximum unsupported length of wprights is to be 7 ft. 
and the tubes are clipped together at the crossings by special clips with set 
screws, find the safe maximum load which may be put upon an upright, if 
the safe maximum stress allowed on a short length is 10,000 lbs. per sq. in. 


and Safe load = stress x area 


RAFTER 
BENT FORM 
ted) 


326" 1 
L¥0.5 DWG. 
(0-2/2\) 


LOZ. 
SITEEL TUBE. 


Fig. 272. 


Since it is clear that, though some of the tubes may be continuous 
through several vertical bays of the scaffolding, others may be used in 
lengths only slightly over 7 ft., then it will be advisable to assume 
‘‘free’”’ ends in every case, especially in view of the non-rigid nature of 
the connections. 


In this case 
; 52,250 
Ff = working factor = 10,000 ~ 5-22, 


Area of tube section = 7A (1-752 — 1-3267) = 1-01 sq. ins. 


Also Least value of g = 4V 1-75? + 1-326? (see (vill), para, 208) 
= 0-55 in. 
Then Slenderness = J/g = 84/0-55 = 153, 
Then, from Fig. 271, P/A = 12,750, whence 
Safe load = 12,750 x 1-01 + 5-22 = 2470 Ibs. (approx.). 

Example 3. In the French roof truss shown in Fig. 159 the maximum 
compressive force coming on the lower portion AB of the principal rafter, 
after allowing for dead and wind loads, is 12 tons. Ascertain suitable 
dimensions for this member. The length of the member is 9 ft. See Fig. 272. 


In dealing with the forces acting in this truss we assumed that all the 
joints were pin-jointed. In practice, however, the rafter is almost 
invariably continuous from the ridge to the eaves, Though the con- 


25-2 
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nections at the eaves and at the ridge may be fairly substantial the 
intermediate connections are much less rigid so that, in all probability, 
the rafter bends with a fair measure of freedom between these con- 
nections; see Fig. 272. Thus, in spite of the fact that this member is 
continuous over several spans, the choice seems to lie between “‘free 
and “‘pinned” ends, rather than between “‘pinned” and “fixed” ends. 
In view of the fact that part of the load—the wind load—is a “‘live 
load it will probably be better to assume “‘free” ends, in effect to allow 
for the presence of the ‘‘live” load by making a reduction in the working 
stress. 

Usually several trials will have to be made before a suitable section 
will be found, the procedure in each case being the same as that set 
out below. A T-section 5 ins. by 4 ins. by }in. may be tried; see Fig. 272. 
The various dimensions of the section have been taken from the Tables 
given in Appendix I. 

The area of the section = A = 4-268 sq. ins. : 

The least radius of gyration is seen to be about the Y—Y axis, the 


value being 1-084 ins.. 
T! Slend ee 100 
en enderness = 7934 = ; 


From Fig. 271, P/A = 25,500 Ibs. 


25,500 x 4:268 
3-5 x 2240 


== 1A’ sworn. 


Hence, if F = 3-5, Safe load = tons 


This appears to give a satisfactory margin of strength (but see 
Example 1, para. 218). 


216. Cast iron columns. Owing to their lability to fracture 
without warning under excessive or accidental loads, very slender 
cast iron columns are very rarely used. Nor are they used fre- 
quently in positions where the fixing may be described as either 
“free” or “pinned”. For the remaining and more frequent case of 
a “fixed-” or “‘flat-” ended cast iron column the T. H. Johnson- 
Kuler formula, taking the values given in Table XIII, becomes 


P/A= 80,000 = 438(I/g).) em wee (xvii) 


A low safe working stress of 10,000 Ibs. per sq. in. may be 
used, to allow for the difficulty of ensuring that the castings 
are perfectly sound; this makes F, the working factor, take a 
value of 8. 

A value of 1/g = 122 is given in the Table as the limit of the 
straight portion of the graph. Cast iron columns should not usually 
be used for so high a degree of slenderness, which it is more 
satisfactory to limit to 80. It will thus be seen that no part of the 
Kuler curve need be used and the above formula is sufficient. 
E may be given a value of 15,000,000 Ibs. per sq. in., if the graph 
is to be constructed from the Euler curve. 
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Table XIII 


T. H. Johnson-Euler Column Formulae. Table of Constants 


I. Huler portion of graph. P/A = ai : 


Values of m: Free (ideal), 7? (=, 10 approx.); Pin, 16; Flat or fixed, 25. 
II. Straight-line portion. P/A = c, — B(I/g). 


Upper Maximum |Working 


: é lbs rf. 

Material and fixing eee B limit working factor 

Nak ace (1/9) stress. PF 
Structural steel. (H = 30,000,000 lbs. per sq. in.) 
Free 52,250 270 130 15,000 3:5 
(or 64 tons) 
Pin 52,250 210 166 15,000 3-5 
Fixed or Flat (up 52,250 170 207 15,000 3°5 


to l/g = 100) 
Cast iron. (H = 15,000,000 lbs. per sq. in.) 


Free 80,000 693 ay 10,000 8 
Pin 80,000 537 99 10,000 8 
Flat (to U/g = 80) 80,000 438 122 10,000 8 


Timber Columns. See para. 227. 


217. Other column theories. Having now considered with some 
degree of thoroughness a simple but fairly complete theory of 
column strength, the reader should extend his survey as oppor- 
tunities offer to include other theories not dealt with here. In 
addition he may with advantage study some of the well-known 
building regulations affecting column design, as well as a few good 
examples of columns actually erected under those regulations. In 
this way he will acquire some power to discriminate between 
those refinements which are not out of place in the laboratory, and 
the practical necessities of economic construction which the 
designer and constructor have to keep in mind. Of the many 
theories which might have been touched upon we will refer briefly 


only to one. 


Rankine-Gordon column formula. This formula, which has had 
a long and useful history in this and other countries, was devised 
by Rankine as a modification of an earlier formula constructed by 
Gordon. In one respect it is similar to the Johnson-Huler graphs 
which we have been discussing, in that it is based upon the strength 
of very short columns at zero slenderness, and upon Kuler values 
at the other end of the scale. While its form may be deduced 
mathematically, it contains a constant (a) the value of which is 
based upon experiments not easily carried out, and this may in part 
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explain why the values published by different authorities are so 
varied. Put in a form to give safe working stresses the formula is 
as follows: 


Rankine-Gordon column formula. Free ends 
maximum safe stress 


1\2 
r+a(_) 
& 


The following values of the constants are frequently adopted: 


p = safe working stress = ..«(XVill) 


Table XIV 


Rankine-Gordon Column Formula. Table of Constants 


Material Maximum safe stress Constant (a) 
Mild steel 15,000 lbs. (or 64 tons) per sq. in. 1/8000 
Cast iron 10,000 Ibs. per sq. in. 1/3000 


(Note. The above values are for ‘‘free-ended” columns; for other 
columns the ‘‘equivalent length” must be used; see para. 181. A graph 
(dotted) of the above formula for mild steel is given in Fig. 271. 


Problems XXIII 


1. A convenient form of extensometer for use with large test pieces 
(tension or compression) is known as Marten’s, which makes use of the 
principle of the “‘optical lever” described in para. 144, in connection 
with the measurement of the slope of a beam. The extensometer 
in one of its forms is shown in Fig. A in use on a compression test of 
a concrete column. The extensometer consists of a bar of steel, having 
at the end A a knife-edge, while at B an accurate V-groove is formed 
in which rests a hard steel diamond-shaped fulcrum. The length AB 
is the gauge length, in this case 12 ins. The exact width bb of the 
fulerum is measured (2), and in this case is 0:5 in. A small mirror is 
attached to the fulcrum and rotates through an angle 6 as the fulcrum 
is tilted by the shortening (or lengthening) of the specimen; see Fig. A. 
The extensometer is held in position by a spring clip or by means of 
rubber bands. As explained in para. 144, a distant scale is viewed by 
reflection in the mirror by means of a telescope having a cross hair, the 
reflected ray rotating through an angle of 26. If the distance to the 
scale from B is 10 ft. and the ray moves a distance X (= 1-7 ins.) over 
the scale, calculate the total shortening in the length J and the stress 
in the specimen, if # is known to be 2,000,000 lbs. per sq. in. 


2. Calculate the ratio of slenderness of a column 20 ft. long which is 
made from a 9 in. by 7 in. by 50 lbs, rolled steel section (see Appendix 1 


for other particulars), (@) as a free-ended column, and (b) as a column 
fixed at one end but only position-fixed at the other. 


3. Calculate the buckling load on a test column, using Euler’s 
formula, the test piece being loaded through steel balls at each end. 
The column is 28 ins. long, 0:5 in. in diameter and of structural steel. 
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4. Using the values given in Table XIII, find the safe load on a strut 
9 ft. long, made from a T-section 4 ins. by 4 ins. by 4 in., (a) if the ends 


be considered as pinned ends, and (b) if the ends are assumed to be 
fixed ends. 
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Fig. A. 


5. Find the safe load on a cast iron column of hollow-circular 
section, 8 ins. outside diameter, 6 ins. inside diameter and 11 ft. long 
with flat ends, (a) using the Johnson-Euler formula and Table XIII, 
and (6) using the Rankine-Gordon formula and Table XLV. 


CHAPTER XXIV 


ECCENTRIC LOADS ON COLUMNS. REINFORCED CONCRETE 
COLUMNS. COLUMN FOUNDATIONS 


218. Effect of eccentric loads on columns. Up to the present, we * 
have restricted our treatment of the strength of columns to those 
cases of axial loading in which the stresses induced in the column 
could be taken to be uniformly distributed over the section. As 
we saw in the case of masonry construction (see Chap. xx1), this 
uniform distribution of stress ceases to hold as soon as the load 
becomes non-axial or eccentric. In such cases the maximum 
stresses induced may greatly exceed those induced by an axial load 
of the same magnitude. 

In practice, eccentric loads on columns may arise in a variety of 
ways (see Examples given below), and since, as we shall see, the 
effect of even a small amount of eccentricity is very marked, it is 
most important that we should be able to calculate the magnitude 
of the stresses so induced, and also know what are the safe limits 
within which they may lie. The problems divide themselves into 
two main groups; those dealing with short columns, and those 
dealing with slender columns. 


Short columns with eccentric loads. When dealing with eccentric 
loads on masonry we found the maximum and minimum stresses 
by means of the expressions (iv) and (v) in para. 190. These may 
be used also in the case of short columns and may be re-written as 
follows: 


Maximum compression = — + us i) 
p ap A 7. > eee (i 
Minimum compression = Z = os Shock (ii) 


where P is the load applied to the column, A is the area of the 
section of the column, while Z is the section modulus of the column 
taken about a line through the centroid at right angles to the line 
along which the eccentricity ¢ is measured. 

In cases where the second expression gives a negative result it will 
indicate that the stress induced on the edge farthest from the load is one 
of tension. Since the material may therefore have to resist tensile 
as well as compressive stresses, our first condition becomes: 


I. Both the maximum compressive and tensile stresses must be 
kept within the safe working stresses of the material. 
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Slender columns with eccentric loads. In the case of long or 
slender columns a more exact expression may be deduced, by 
considering the effect of eccentricity on the expression given for 
the Euler load on the column. Alternately a type of. column 
formula may be used, such as Moncrieft’s, in which the effect of 
the eccentricity may be readily allowed for. In our case, however, 
it will be sufficient in the case of long columns to adopt the ex- 
pressions given above for short columns, with the added condition 
that 


II. The maximum compressive stress due to eccentric loading 
must not exceed the safe working stress obtained from the buckling 
load for an axially loaded column of the same length and fixing. 


The following examples will explain the procedure to be followed. 


Example 1. In calculating the strength of the principal rafter in 
Example 3, para. 215, we assumed that the load was axially applied. 
From Fig. 272 we see that the axis X—X crosses the axis Y-Y at a 
distance of only 1-05 ins. from the upper surface of the T-section. This 
distance is obviously too small to allow of the line of rivets forming the 
connection to the rafter being placed on the axis. Let us assume that 
the rivets are placed on a line 2 ins. from the upper flange of the T, then 
the value of e, the eccentricity, will be equal to (2 — 1-05) or 0-95 in. 
In this case P the load on rafter = 12 tons, and A the area of section 
= 4-268 sq. ins. Also, from the Tables given in Appendix 1, the value of Z, 
the modulus of section, about X—X is 1:96 inch units®. Then 


Maximum compression = 2 - o 
A’ @Z 
12 x 2240 12 x 2240 x 0:95 
4-268 — 1-96 


= 19,300 lbs. per sq. in. 
From the previous Example, para. 215, we have 
25,500 
3:5 
= 7300 lbs. per sq. in. (approx.). 


Safe average stress = 


The maximum stress due to the eccentric load is thus not only greatly 
in excess of that due to the same load when applied axially, but is also 
in excess of the safe maximum stress (15,000 Ibs. per sq. in.) which can 
be put upon this material. In order to allow the rivets to be placed 
along the axis of the rafter, or as near to it as possible, two L-sections 
placed back to back are sometimes used in this case. A trial might be 
made with two 5 ins. x 34 ins. x 2 in. angles, the rivets being placed 
3 ins. from the lower edge, giving an eccentricity of less than ¢ in.; 
see Fig. 273 (i). (The calculations are left as an exercise for the 
reader; see Problems XXIV, 3.) 


Example 2. Let the stanchion dealt with in the Hxample given im para. 
208, and shown in Fig. 268, be used to carry loads from the girders A, 
B and C as shown in plan in Fig. 273 (ii). The magnitudes of these 
loads and also the positions of the points at which they may be taken to act 
(obtained by a consideration of the way in which they are supported, in 
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this case by simple brackets, see para. 223) are indicated in Fig. 273 (i). 
Ascertain whether the maximum compressive stress induced by these 
eccentric loads exceeds the safe stress which can be allowed on such a 
stanchion for axial loading, assuming that it is 25 ft. long and fixed at 
both ends. 


JoinTar Foor of DTEEL TRUSS. 
Bao Dee 


So FEM ems a 
Oul of B- 7x 58x Ve LP 
10'x 8x fa" Plate. 


FLAN oF ECCENTRICALLY 
LOADED ITANCHIOY. 


Fig. 273. 


We will first find the safe axial load. From the Example given in 
para. 208 we have the following values: 
Radius of gyration = g = 1°86 ins. 
Area = A = 10-9 sq. ins. 
Line 124 


Section modulus about X—X = Z,., = 4 Z 31 inch units. 
Similarly Mes a = 9-4 inch units. 
vay xe 
Then i 7a cece = 160. 


From Fig. 271 or from expression (xvi), Chap. xx, we have 
P/A = 52,250 — 170 x 160 = 25,050 Ibs. 

Hence, if # = 3:5, we have 

25,050 


Safe stress = ae 


= 7157 Ibs. per sq. in. 
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We find the stresses due to each eccentric load as follows: Taking 
load A of 4 tons first, the value of ¢ is (4 + 2) or 6 ins. The value of Zy» 
as we have seen is 31. Then 
4x 2240 4x 2240x 6 

10-9 31 

= 820 +1730 = 2550 lbs. per sq. in. 
and this stress acts across the flange (1)-(2). 

Similarly the minimum stress = 820 — 1730 = — 910, which indicates 
that the stress acting over the flange (3)-(4) is a tensile stress of this 
magnitude. 

The loads B and C act on the same axis X—X and may therefore be 
combined in one load of (8 + 5) or 13 tons. Let this load act at a distance 
x from B, then we may find x by taking moments about B, when we have 
alot ona Org — il b4oins, 

The eccentricity of the load of 13 tons is thus (2 — 1-54) or 0-46 in. 
from the Y—Y axis. 

The value of Z,, being 9-4, we have 

Maximum stress due to combined load (B and C) 
_ 13 x 2240 | 13 x 2240 x 0-46 
10-9 94 
= 4105 lbs. per sq. in. (approx.), 
and this stress acts at the corners (1) and (3). 
The minimum stress due to this load = 2675 — 1430 


= 1246 lbs. per sq. in. (approx.), 


Maximum compressive stress = 


= 2675 + 1430 


and this acts at corners (2) and (4). 

The maximum stress, by addition, is thus seen to act at the corner (1) 
where it = 2550 + 4105 = 6655 Ibs. per sq. in., which is less than the 
average stress for an axial load (7157). 

The minimum stress acts at corner (4) and equals (1245 — 910) or 
335 lbs. per sq. in. compression. 


219. Miscellaneous notes on columns, etc. 


Note on joints in trusses. It will be recalled that in Chaps. v 
and x1, where we dealt with framed structures, we made the 
assumption that the joints were pinned joints. Except in very 
large and important structures such joints are rarely used in this 
country. In order to ensure, however, that the actual conditions 
at the joint do not depart too markedly from the assumed con- 
ditions, the axes of the various members meeting at a joint are 
made to intersect at a point. Thus in Fig. 273 (i) if A—A be the 
axis of the principal rafter, then B-B the axis of the tie bar and 
C-C the axis of the bearing plate of the truss are all made to 
intersect at the point X. (The size and spacing of the rivets and 
the dimensions of the cover plates for such a joint are determined 
by the rules laid down in Chap. xvuit for riveted connections.) 


Accidental eccentricity. If a column be bent, or if, being straight, 
the quality of the material of which it consists varies from place 
to place, then, even if the load be applied axially at the ends, the 
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effect will be the same as for an eccentric load. This we may call 
“accidental eccentricity”. It is more frequent than may appear 
at first sight and, in order to allow for it in practice, some of the 
modern column formulae—of which Moncrieff’s is a good example*— 
deliberately assume a definite amount of eccentricity in calculating 
the loads which a column will carry. The condition may be said 
to be covered in the formulae we have used above by adopting a 
fairly high reduction factor or factor of safety (Ff). 


Combined bending and direct thrust. If, in the rafter dealt with 
in Example 3, para. 215, a load were applied transversely to the 
rafter at some point between the joints at the ends, then, in addition 
to the compressive stress set up by the direct load, there would also 
be tensile and compressive stresses set up as in a beam. To find the 
maximum stresses in such a case we add together, as in the case 
of an eccentrically loaded column, the stresses due to the direct 
load and those due to bending. The expressions (i) and (ii) given 
in. this chapter may be used but should be re-written thus: 

Maximum compressive stress 

total direct thrust _ bending moment 


area ' modulus of section’ 


The minimum stress (or tensile stress if the result be negative) 
would be similarly obtained by changing the sign in the expression. 

(The direct stress may of course be a tensile stress, in which case 
“direct tension” is substituted for “direct thrust” in the above ex- 
pression ; a negative result in this case would indicate compression.) 

Cases where expression (iii) may be applied occur when purlins 
are carried on principal rafters at points between the joints, in 
columns which have to resist a side thrust, and in reinforced 
concrete retaining walls or chimneys. The effect is similar to that 
of an eccentric load on a column or a wall, and only differs from 
the latter in that the member is able to resist tension. 


REINFORCED CONCRETE COLUMNS 


220. Rectangular reinforced concrete columns—Short columns. 
It would be possible to use very short columns in plain concrete 
to carry axial loads, but it would only be safe to do so if the 
circumstancesywere such as to ensure that there could be no 
considerable departure from the condition of axial loading, 
otherwise the concrete might be subjected to tensile stresses and 
fail in consequence. In all ordinary cases such columns are now 
reinforced. This reinforcement may be conveniently considered in 
two parts: (a) the vertical or longitudinal reinforcement, and (6) the 
lateral reinforcement, “‘binding” or ‘‘hooping”’. 


* See Husband and Harby’s Structural Engineering. 
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(a) Vertical reinforcement. Typical sections of square and 
rectangular columns in reinforced concrete are shown in Fig. 274. 
As a rule the amount of vertical reinforcement should not be less 
than 1%, as reckoned on the sectional area of the column, while the 
bars should not be less than 4 in. nor more than 2 ins. in diameter. 
The vertical reinforcement is covered on the outside by 14 ins. to 
2 ins. of concrete. Some authorities look upon this “cover” as 
a necessary protection in the case of fire and do not allow it 
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Fig. 274. A reinforced concrete column. 


to be included in calculating the strength of the column. Thus 
if, in Fig. 274, D, and D, be the outside dimensions, or 
“diameters” as they are usually termed, then d, and d,, measured 
to the outside of the vertical reinforcement, are known as the 
“effective diameters”. The “effective area” (A) is then given by 
(d, x d,). 


Safe load on a-short column. Concrete columns are designed on 
the assumption that the concrete and the vertical bars are strained 
or shortened together under load, so that, if m be the modular 
ratio, see Chap. x1x, and c be the stress in the concrete surrounding 
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the bar, then the stress in the bar will be equal to me. For normal 
“1:2:4” concrete c is usually 600 lbs. per sq. in. and m is 15, 
hence the maximum stress in the steel will be 9000 lbs. per sq. in. 

It follows from this that the “equivalent area” (see paragraphs 
169 and 179 (A)) of a column section will be 


A, = equivalent area= A+ (m—1)A,,  ...... (iv) 


where A, is the sectional area of the vertical reinforcement. 
Then, if c be the safe compressive stress on the concrete, the 


Total safe load =cA,=c{A+(m—1)A,}. ...... (v) 


Example. In the dimensioned section shown in Fig. 274 the effective 
area of the.column = A = 9 x 9 = 81 sq. ins. 


Total area of vertical reinforcement = A, = 4 x 0-442 
= 1-768 sq. ins. 
Then Equivalent area = A, = 81 + (14 x 1-768) = 106 sq. ins. 
Total safe load = c x A, = 600 x 106 = 63,600 lbs. 


é 


(b) Effect of lateral binding. Since the vertical reinforcement, 
which is in compression, is comparatively close to the outer surface 
of the column it is clear that the vertical reinforcement must be 
tied into the body of the column, otherwise it may buckle under 
the compressive load and burst the face of the column. The bars 
are held in by means of lateral binding or hooping of light wire (not 
less than ;%, 1m. in diameter), which is regularly spaced throughout 
the height of the column. In circular columns the binding is often 
wound spirally round the vertical bars. 

The distance between any two layers of binding is known as the 
“pitch”; it should not exceed 0-6d, where d is the smallest effective 
diameter of the column. For a distance equal to 14d from the ends 
of the column the pitch should be equal to about half that in the 
body of the column. 

The total volume of the binding should not be less than 0-5 % 
of the volume of the concrete contained within the hooping— 
generally known as the “hooped core”’, 

It can be shown experimentally that the effect of the binding 
is to increase the total ultimate load which a column will carry, 
and the greater the amount of the binding the more marked will 
be this effect. The binding appears to aid the concrete in resisting 
failure by expansion and shearing due to compressive stress. On 
this basis it is usual to allow an increase in the maximum stress (c) 
which can be put upon the concrete. The theoretical treatment is 
beyond this volume, but the reader may consult the L.C.C. 
Reinforced Concrete Regulations to obtain some idea of the 
allowances which can be made. 
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221. Long columns in reinforced concrete. The above statement 
concerning short columns may be taken to refer to those with 
fixed ends in which the length (/) is not more than 15 times the 
smallest effective diameter (d). 

For columns in which //d exceeds 15, reductions in the maximum 
compressive stress (c) must be made in accordance with some theory 
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Fig. 275. Allowable stresses in reinforced concrete columns, 


of the strength of long concrete columns. Not much experimental 
work in this direction has been done and the subject is not one 
that lends itself to simple treatment. For our present purpose, 
therefore, we may make use of the graph in Fig. 275, based upon 
the L.C.C. Regulations, which indicates the reductions to be made 
in ¢ for various values of //d. 

As the graph indicates, the full value of 600 lbs. per sq. in. may 
be used on columns having a ratio of (I/d) up to 15, while beyond 
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I/d = 25 the allowable stresses become so low as to make it un- 
profitable to employ very slender columns of this type. 

It should be noted that / in the examples so far dealt with refers 
to columns fixed at both ends. For any other type of end-fixing 
the virtual—or equivalent—length must be used as explained in 
para. 210 (see the following Example). 


Example. A reinforced concrete column which is 14 ft. in length has the 
section shown in Fig. 274 and may be assumed to be fixed at one end but 
only position-fixed at the other. Calculate the total safe load which may be 
put wpon it. 

If the column had been fixed at both ends we could have reckoned 
its length as 14 ft.; this length must, however, be increased in the 
proportion corresponding to that existing between the “equivalent 
length” of a fixed column and a column having the fixing mentioned 
in this example, that is as between //2 and 21/3; see para. 210 and Fig. 270. 
From this it will be seen that the “‘equivalent length” in this case 


2 
Spee eae = 18 ft. 8ins. or 224 ins. 
Then Ud = 224/9 = 25. 
Using a safe stress from Fig. 275 of 200 Ibs. per sq. in. we have, since 
A, = 106 sq. ins., 
Total safe load = 200 x A, = 200 x 106 = 21,200 lbs. 

Experiment. If a series of test-columns can be made up, they should 
include (a) a plain concrete column, (6b) a column with only vertical 
reinforcement, (c) a column with a small amount of binding, and (d) a 
column with a large amount of binding. Except for column (a), the ends 
should be enlarged to give an area equal to three or four times that of 
the section of the column, so as to prevent failure by crushing near the 
ends. Ample length should also be allowed between the enlarged ends 
and the column proper to allow the vertical reinforcement to take up 


its full load. A comparison between the load at failure and that for which 
each column is designed may be made as in para. 185, tests on beams. 


222. Eccentric loads on reinforced concrete columns. The 
treatment of eccentric loads on reinforced concrete columns is not 
easy but, unless great refinement in design is required or very 
abnormal cases have to be dealt with, the approximate methods 
embodied in the following Example will be found to be satisfactory. 
Cases of eccentric loads arise frequently in columns—most practical 
columns carry eccentric loads—and in wall and arch members 
carrying lateral loads as well as direct thrusts. 

The methods explained below are practically the same as those 
explained in para. 218 for long and short columns in homogeneous 
materials, the only difference arising in the calculation of the 
bending stresses in the column. We will limit the treatment to cases 
of symmetrical columns in which tension is not induced in the 
column and, for the sake of simplicity, we will include the “cover” 
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concrete in calculating the strength of the column.* Useful com- 
parisons may be made with the treatment of doubly-reinforced 
beams given in para. 179. 


Example. LHccentrically loaded short column in reinforced concrete. The 
section of the column is shown in ig. 276. It is assumed to be subjected to 
an eccentric load (P) of 30,000 lbs. acting 
1} ms. away from the Y-Y axis. Find 
the maximum and minimum stresses in 
the concrete and steel. | 


Equivalent section. In cases where le 1 111(2- Off 
no tension is developed in the concrete eed ee = 
we may include in the “equivalent sec- e i ; 
tion” the whole area of concrete, as well i | = WI 752db.c74 
as both portions of the reinforcement 6274 :7 meee ie 
(compare with the case of a doubly Z Z 


reinforced beam and see Fig. 236). Since TRESS LYAGRA/. 


the reinforcement is symmetrically 
arranged the neutral axis Y—Y will 
bisect the section. The equivalent sec- 
tional area may be taken to be the 
original area increased by two portions, 
arranged parallel to Y—Y, each equal 
to (m— 1) times the area of two bars; 
see Fig. 276. Then, since A,= area of 
vertical reinforcement = 4 x 0-442 =1-768 
sq. ins., the equivalent area 


= Ab, = PS Oe Ga = IN) 2h, 
= 120 + (14 x 1-768) 
= 144-7 sq. ins. 


Similarly the equivalent moment of in- 
ertia about Y—Y (see para. 177 (A)) 


TOR 23 
12 
+ 2(m — 1) (0-884 x 4-125?) 
= 1861 inch units‘. 

Then the section modulus about Y—Y 

I 1861 
Zip 5 6 
And, using expression (1) from para. 218, 
we have 


=i, = 


310 inch units?. 


Maximum compression 


P ,_ Pe _ 30,000 | 30,000 x 1-5 Ti aE 


= 
Ae ae Meee el : Fig. 276. Eccentrically loaded 
= 207 + 145 = 352 Ibs. per sq. in. reinforced concrete column. 


Similarly Minimum compression = 207 — 145 = 62 Ibs. per sq. in. 


* Many specialists insist on the inclusion of the “cover” concrete in the calcula- 
tions, as being useful and active material. 
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The stress in the steel may be obtained from the stress diagram given 
in Fig. 276, by noting that it will be m times the stress in the concrete 
in the same layer. 


Tensile stress in the concrete. It should be noted that when 
Pe/Z equals P/A in the above expression, then the stress at the 
edge farthest from the load will be zero. When Pe/Z exceeds P/A, 
then there will be tensile stress at this edge. A small tensile stress— 
say up to 60 lbs. per sq. in.—may in some cases be allowed. In 
cases of greater tensile stress, the reinforcement at this edge should 
be assumed to take the whole of the tension, and the effect of the 
concrete ignored between the neutral axis and this edge. The 
stress diagram is then similar to that for a doubly-reinforced beam. 
Owing to the fact that in such cases the position of the neutral axis 
varies with the magnitude of the eccentricity of the load P, the 
investigation is a troublesome one and is too lengthy to admit of 
inclusion in this volume. 


Long columns with eccentric loads. These may be dealt with in 
the same manner, except that the maximum compressive stress 
allowed must be that shown in Fig. 275 for the corresponding 
value of 1/d. 


223. The effect of stiff connections between beams and columns. 
Before leaving this outline treatment of eccentric loads on columns 
it should be pointed out that, in practice, it is usually much more 
difficult to decide upon the magnitude of the eccentricity of a load 
on a column, than it is to design a column to carry such a load. 
This is in the main due to the varied nature of the connections 
transferring loads to the columns, which make it very difficult to 
decide the magnitude and nature of the stresses—usually bending 
stresses—imposed upon the columns through these joints. The 
nature of these difficulties may be best realised by considering a 
few typical connections. | 

At (A) in Fig. 277 a beam is shown supported upon a simple 
form of bracket. This is the form of connection which we assumed 
was used in Hxample 2 given in para. 218; the reaction of the 
beam may be taken to act at a distance of about half the projection 
of the bracket from the face of the stanchion, so that we can thus 
ascertain the magnitude of e, the total eccentricity. This connection 
would only be used for comparatively small beams. 

At (B) a connection is shown which has, in addition to the 
bottom bracket, a cleat on the upper side of the beam. According 
to strength of this cleat, so will there be more or less of the end 
bending moment of the beam transmitted to the column. This 
will in effect increase the eccentricity. 
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At (C) a web cleat has been added, as for a deep beam, this 
makes a very stiff connection and, while it may not be able to 
transmit the whole of the end-bending moment (M) of the beam to 


KEINFORCEO 
CONCRET£.— 
LIBEAM Ano 


BEAM FREELY BEAM RIGIDLY 
© AND AXIALLY SAAD, YO © 


SUPPORTED ON COLUMTYS , 
COLUMNS. 


Fig. 277. Beam and column connections. 
the stanchion, it will transmit a greater portion of it than would be 
the case in (B). 

At (D) we have the connection between a reinforced beam 
and column. Such a connection, if adequately reinforced, would 
generally be considered to be quite rigid and to be capable of 
transmitting the whole of the end-bending moment of the beam 
to the column. 


26-2 
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We therefore see that all columns will in practice lie between 
the two extremes indicated in the sketches (#) and (F), Fig. 277. 
In the first a beam is freely supported exactly over the axis of the 
column and transmits only a direct thrust to it. In (#) the con- 
nection is rigid so that the beam and column bend together, the 
inclination of the column to the vertical corresponding to the 
slope of the beam as shown. The theoretical investigation of these 
effects is beyond the scope of this volume.* 

If some form of cross-bracing cannot be used, stiff connections 
between beams and columns are of value in increasing the rigidity 
of a building as a whole, thus helping it to resist side thrusts, such 
as those due to wind pressure. 


BaSES OF CoLUMNS. GRILLAGES. FOUNDATIONS 


224. (a) Steel column base and grillage. The load from a steel 
column or stanchion is usually transmitted to a base plate, this 
plate being of such dimensions as to reduce the stress on the 
supporting material (stone or concrete) to a safe value. 

Vertical side plates—known as “gusset plates’””—are riveted to 
the flanges of the stanchion and are used so as to spread the 
pressure over a sufficient width of base plate. The base plate and 
the gussets are connected by means of angles, countersunk rivets 
being used on the undersurface of the base plate. 

In connecting the gussets to the flanges and the angles to the 
gussets, sufficient rivets of a suitable diameter (d) are used to 
transmit the whole of the flange-load (or a specified portion of it) 
to the base plate. Web angles are similarly used to transmit the 
load carried by the web. The rivets are calculated for shear or 
bearing, noting that the gusset rivets are in single shear, while the 
web rivets are in double shear. The gusset plates should therefore 
be at least 0-4d in thickness; see para. 162. 

If a large load has to be transmitted to the ground through the 
foundations of a column, the foundation block may project a con- 
siderable distance beyond the edge of the base plate; see Fig. 278. 
In such a case either a very deep foundation block of concrete 
is used—so that lines drawn at an angle of not less than 45° from 
the edges of the base plate are wholly contained within the block 
(see para. 206)—or a “‘grillage” is formed of two or more layers 
of steel joists encased in concrete. 

Such a grillage, designed for a column carrying a load of 100 
tons, is shown in Fig. 278. The foundation block is 8 ft. 6 ins. 
by 8 ft. 6 ins., thus reducing the pressure on the ground to 14 tons 

* For a treatment of monolithic beams and columns in reinforced concrete the 


reader is referred to Hudson’s Reinforced Concrete, or to Faber and Bowie’s Rein- 
forced Concrete Design. 
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per sq. ft. The joists in such a grillage may be designed as double 
cantilevers, on the assumption that they bear a uniform upthrust 
on their undersurfaces, and a uniform downward pressure of a 
greater intensity from the steelwork transmitting the column load. 

Fig. 278 (A) shows how the bottom tier of joists receives its load 
from the upper tier, while Fig. 278 (B) gives the load and space 
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Fig. 278. Base and grillage to steel stanchion. 


diagram from which it is possible to estimate the magnitude of 
the bending moments, which can be shown to reach a maximum 
at the centre line C-L. 

Thus, taking moments about C—Z to the left, due to half the 
load acting downwards, together with half the supporting forces 
acting upwards, we have 
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This expression will give the value of Bmax. for any slab, or tier 
of joists (of length /), receiving load from another slab, or tier of 
joists, or base plate (of breadth 6), but it applies only to sym- 
metrically arranged cantilever foundations. The bending moment 
so determined is resisted by the full breadth of the slab, or by the 
whole tier of joists. (The foundation shown in Fig. 278 has been 
designed on the above principles and should be checked by the 
reader as an exercise; see Problems XXIV.) 

In order to ensure that a tier of joists acts effectively as one 
unit, the upper joists are bolted together into a series with steel 
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Fig. 279. Base of reinforced concrete column. 


or cast iron packings fitted between the joists to form rigid con- 
nections. The lower series may be treated similarly, or connected 
by channels bolted to the upper flanges. The whole is then encased 
in concrete. 


(b) Foundation block for a reinforced concrete column. Details 
of a column and foundation block in reinforced concrete, carrying 
the same load and having the same foundation pressure, is shown 
in Fig. 279. The column is 24 ins. square. 

It is assumed in this case that the conerete of the foundation 
block can carry the compressive load within the sloping lines drawn 
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at 60° from the outer edges of the column, see lines AZ and BF 
in Fig. 279. (See notes in para. 206 on the compressive strength of 
concrete.) The upper part of the block may thus consist of a plain 
concrete portion 12 ins. deep, the points C and D lying on the 60° 
lines. We might then consider the portion of the lower block which 
is beyond the points # and F as being subject to bending as in a 
cantilever; it is safer and more usual, however, to calculate the 
bending moment at the vertical section passing through C (and D) 
and due to upthrust acting on the projection. This portion of 
the block is then designed as a simple rectangular cantilever, the 
depth of the lower portion of the block and the amount of rein- 
forcement being determined in the usual way, as for a beam. The 
reinforcing bars are placed at right angles to each other in two 
exactly similar layers uniformly spaced. The total depth of the 
foundation block should be checked to ensure that there is a suffi- 
cient length of the column bars embedded within the block to 
enable them to take up their full load—which, it should be remem- 
bered, may only reach 9000 (when m= 15) and not 16,000 lbs. 
per sq. in. as in a beam; see para. 180 on Adhesion. 

The reader should work through the usual calculations and seek 
to justify the sizes given in Fig. 279. Other methods of arranging 
the reinforcing bars are of course in practical use, and further re- 
finements in design are also possible. 


Problems XXIV 


1. A short cast iron column of hollow-circular section, 6 ins. outside 
diameter and 4% ins. inside section, is subjected to an eccentric load of 
18 tons, which acts at 2 ins. from the centre of the section. Find the 
stresses induced in the extreme fibres of the column. 


2. Using the rule set out in statement II in para. 218, find the safe 
load which may be put upon a cast iron column of the same section as 
that described in Prob. 1, but being 10 ft. long, the load having an 
eccentricity of 1-25 ins. The column may be assumed to be flat-ended. 


3. If as is suggested in Example 1, para. 218, the principal rafter is 
made up from two angles 5 ins. by 33 ins. by # in., calculate the safe 
load which may be put upon the rafter, the rivets lying on a line 3 ins. 
from the lower edge of the rafter, and the ends being assumed to be 

-free ends, see Fig. 273 (i). 


4. Calculate the maximum and minimum stresses in the column 
section shown in Fig. 273 (ii), if the loads are: A, 6 tons; B, 8 tons, 
and C, 6 tons. 


5. Find the equivalent area of the rectangular column section shown 
in Fig. 274 if D, = 14 ins., D, = 20 ins., the cover of concrete is 2 ins. 
all round, and each of the six vertical bars are 1 in. in diameter. What 
total load would this section carry if the safe stress on the concrete is 
to be 500 lbs. per sq. in.? (The ‘“‘cover” concrete may be included in 
calculating the strength of the column.) What would be the stress in 
the steel? 
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6. A reinforced concrete column of the section shown in Fig. 276 
has a length of 13 ft.; calculate the safe total load which may be placed 
upon it if the ends may be assumed to be fixed ends. 


7. If a concrete member of the rectangular section shown in Fig. 274, 
and dimensioned as in Prob. 5, is used to form a portion of a three- 
pinned reinforced concrete arch, find (a) the maximum eccentricity 
of the load at any section which will just reduce the pressure at one 
edge of the section to zero, (b) the maximum load which may be carried 
by the section with this eccentricity (the neutral axis of the section 
coinciding with the middle reinforcing bars, and the stress in the concrete. 
not exceeding 500 lbs. per sq. in.), and (c) the maximum stress in the 
steel at this load. 


8. If a grillage foundation is to be designed having the same bottom 
area, projection, and number of beams in the bottom tier as is shown in 
Fig. 278, but carrying a load of only 80 tons, calculate suitable sections 
for the beams. 


9. Calculate suitable reinforcement for the foundation block in 
Fig. 279, if the total load remains at 100 tons, but the lower block is 
made 10 ft. square and 2 ft. thick. The upper block of concrete may be 
kept of the dimensions shown in Fig. 279. The bottom reinforcement 
should be calculated for the conditions existing at sections corresponding 
to those at C and D in Fig. 279. 


CHAPTER XXV 
THE STRENGTH OF TIMBER. TIMBER CONSTRUCTION. 


225. The strength of timber. It would not be possible in the space 
at our disposal to discuss the variations in strength and elasticity 
which characterise the many varieties of timber now in general 
use. For this reason, and also in the interests of simplicity, we 
shall limit our discussion to a few typical timbers from among 
those which are definitely used in this country for structural 
purposes. The timbers which we shall select for this purpose are: 
(I) Pitch Pine (Pinus palustris, ete.), (II) the more regular grained 
Oaks (Quercus, various), (III) Northern Pine or Scots Pine (Pinus 
sylvestris), and (IV) White Deal or Spruce (Picea excelsa). Such a 
limitation will be found to reduce considerably the difficulties 
which are commonly associated with the testing of timber, and 
which arise largely from the great variety of woods available for 
use. If other timbers are to be used which cannot be grouped 
readily with those mentioned above, it ought not to be difficult, 
after reading the following notes on testing, to obtain the necessary 
ultimate and the working stresses, and to apply them in the design 
of timber structures.* 


The testing and grading of structural timbers. Apart from some 
excellent work which was done during the war in connection with 
the construction of aircraft, there has not been, up to the present, 
any general attempt in this country either to apply methodical 
tests to timber, or to grade it according to its structural uses. This 
has no doubt arisen in part from the fact that the design of timber 
structures on the basis of correct mechanical principles, has so far 
received little attention in this country, in spite of the fact that 
the adoption of more scientific methods of design would certainly 
result in the production of more efficient and possibly less costly 
structures. Such work would be greatly assisted by the issue of 
timber specifications and constructional regulations more in touch 
with our present-day knowledge of timber construction than are 
those at present in use. 

In this connection, it is anticipated that the work now being 
done at the Forest Products Research Laboratory at Princes 


* For a fuller treatment of this subject readers may consult J. B. Johnson’s 
Materials of Construction, Unwin’s Testing of Materials of Construction, or The 
Properties of Engineering Materials, by Popplewell and Carrington. 
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Risborough will eventually lead to the preparation of specifications 
for the grading of structural timbers.* 


Experiment. The testing of timber. 


(A) Compression. It will be convenient to limit our consideration 
of the compressive strength of timber to those cases where it is 
subjected to a load (a) in a direction parallel to the grain or, as 
we shall call it, end grain compression, and (0) in a direction at 
right angles to the grain or, as we shall call it, side grain 
compression. 


(a) End grain compression. A convenient form of test piece is 
shown in Fig. 280. This is square in section and of a length equal 
to four times the lateral dimension. As a rule compression failure 
is accompanied by a crushing or crumpling of the fibres as shown. 
Average values for the ultimate crushing strength of ordinary 
pene of the timbers named above are: Pitch Pine 6000 Ibs. 
per sq. in., Oak 6000 Ibs. per sq. in., Northern Pine 5000 lbs. per 
sq. 1n., White Deal 4500 lbs. per sq. in. 

To obtain safe or working stresses these values are divided by 
a factor of safety; suitable values are given in Table XV in this 
chapter. (Note. We shall use the small letter c to refer to the safe 
end grain compressive stress.) 


(b) Side grain compression. This is sometimes referred to as the 
“bearing” strength of timber, in reference to the fact that it is the 
stress called into play when a beam rests or “bears” upon its 
supporting surfaces at each end. To carry out this test accurately 
the load may be applied to the specimen through a steel plate, as 
shown in Fig. 280, when measurements of the strain may be made 
as the test proceeds. A simpler method of carrying out this test, 
and one in which the conditions approach those to be met with 
in practice, is also indicated in Fig. 280. A rectangular block 
of the wood to be tested is placed upon the table of the testing 
machine with its fibres running horizontally, on this is placed 
another block, either of the same or a harder wood, with its fibres 
vertical and the whole subjected to a gradually increasing load. 
When the load has reached a certain figure (the elastic Limit) a slight 
indentation will be noticed on the upper surface of the lower 
block when the load is removed. With only shght increases in 
the load, this depression will go on increasing to a considerable 
depth. It is generally assumed “that the ultimate strength has been 
reached when the depression amounts to about 10 or 12 % of the 
original thickness of the lower block. Average values for the 


* On this point and for further details of the testing of timber, readers may 


consult the publications of the Forest Products Research and of similar or ganisa- 
tions in other countries. 


CRUSHED ji FLUNGER. 
FIBRES f 
ka ie, 
Soe 
GUIDE 
SHEAR 
PLANE. 
AA. 
COMPRESS/O/. OSHEARE: 
FARALLEL To GRAIN. JEST PIECE. Ga 
re E 
(Fr1D Grairi). ae | a 
i i 
P Lh + zest 


G 
x 
x 
9 
NY 
g 
R 
5 
g 
S 


2 re) 


COMPRESSION . 
PERPENDICULAR 710 GRAIN / ZEST. 
(IDE Crairi)- FE PECE. 
P 


I " Je Roun 
TRAINING OR SQUARE. 
FLATES" oF 
TESTING 


ELEVATION. 


[ <Z 6° 
OR CRUSHED. 
DF -GRAI- COMPRES5IO/, 
AS 11 TIMBER SOINTS. TENSION. 


Fig. 280. Test pieces in timber. 
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selected timbers are: Pitch Pine 650 Ibs. per sq. in., Oak 1000, 
Northern Pine 550 and White Deal 450. 

To obtain the working stresses—which we will indicate by ¢,, 
compression on side grain—these figures are divided by a factor 
of safety of 2 to 3. Such a low factor can only be justified on the 
grounds that the elastic limit and ultimate strength figures are 
close together, so that the factor is practically used to divide the 
elastic limit stress. If, however, live loads have to be borne in 
this way, then the stresses adopted must have a still lower value. 

It will be noted that the safe side-grain compressive stresses 
are only about one-quarter of those for end-grain compression. 
When it is remembered that the wood structure is made up, in 
the main, of tube-like cells which lie in the direction taken by the 
grain of the wood, then this marked difference in strength will not 
be difficult to account for, since any form of thin tube will be much 
more readily crushed by lateral pressure than by longitudinal 
pressure. This fact is one which must be borne in mind since it is 
of vital importance in the design of timber joints. 


(B) Shear—Longitudinal shear or shear along the grain. The test 
to ascertain the longitudinal shear strength of timber is not an 
easy one to carry out. Special grips have to be used and it is 
difficult to avoid some amount of bending strain on the specimen. 
For the comparative tests which we are here considering, a grip 
of the type shown in Fig. 280 may be used, in which the load is 
transmitted to the specimen through a plunger working in guides, 
A-A being the surface to be sheared. 

Average values for the selected timbers are: Pitch Pine 700 lbs. 
per sq. in., Oak 900, Northern Pine 400 and White Deal 300. 
Working stresses—which we will indicate by the letter s—are 
given in Table XV. 


Longitudinal shear in bending. The relatively low values for 
longitudinal shear is another characteristic of the strength of 
timber which greatly influences the design of timber joints. It is 
also a vital factor in the design of timber beams, particularly when 
they are deep in comparison with their length. 

If a series of tests to fracture be carried out on wood beams 
having a depth equal to at least one-eighth of the span and centrally 
loaded, then the majority will probably fail by horizontal shear near 
the ends. In these cases if the maximum shear stress at failure be 
calculated (see Chap. xv), it will generally be found to be lower 
than that obtained from the direct shear tests described above. 
This is due usually to the presence of unsuspected defects in the 
ends of the beam, which would have been more easily detected in 
the smaller shear test pieces. For similar reasons it is usual to 


xxv] TIMBER CONSTRUCTION 413 


adopt a lower working shear stress in the case of beams, which we 
will indicate by s,, safe shear stress in bending. Suitable values 
are given in Table XV. 

Table XV 


Maximum working stresses in Timber (lbs. per sq. in.) 


Compression Shear 
4 opal oem Modulus of 
Typical timber rape Side he Along | Bend-|/ elasticity 
quince Jenin | feminine |G 
I. Pitch Pine (Pinus 1200 300 || 180 | 120 1,500,000 
palustris) (1000*) Z am 
Il. Oak (Quercus, var- 1200 450 || & 200 | 130 |} 1,200,000 
10us) (1000*) He 
III. Northern Pine || 1100 | 250 |/# &// 120 | 100 || 1,200,000 
or Scots Pine (Pinus || (950*) © 5 
sylvestris) go 
eae 5 4 
IV. White Deal, Spruce 900 | 225 |l#‘s|| 100 | 80 || 1,200,000 
(Picea excelsa) (750*) 5p 


* Limiting stress for columns, see para. 227, 


(C) Tension. In comparison with the other values which we 
have considered, the strength of timber in tension, in a direction 
parallel to the grain, is remarkably high, being usually two or 
three times that for compression in the same direction. It is in 
fact so high relatively, that in practice it is found almost impossible 
to take full advantage of it, the connections at the ends of timber 
tension members always breaking down before the full strength is 
developed. The same difficulty is found in carrying out tension 
tests, since in the ordinary testing machine grips the ends of the 
test piece are crushed and fail to transmit the necessary load. 
A form of test piece which has been developed by the authors and 
which overcomes some of the difficulties mentioned is shown in 
Fig. 280. The load is transmitted to the specimen through carefully 
cut shoulders which bear upon the straining plates of the testing 
machine. The centre of the test piece is reduced to a small section, 
either square or cylindrical. The lengths DF and HF must be of 
such dimensions as to prevent failure of the test piece by longi- 
tudinal shear. The small sketch shows in plan how the test piece 
is passed through a rectangular hole in the plates and then turned 
so that the shoulders take a bearing on the plates. Though tension 
tests are usually omitted, it will be found to be very instructive to 
carry out a few comparative tests in the manner here described. 
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It will be both convenient and in accordance with normal 
practice to adopt the same working stresses in tension as are used 
in compression; see Table XV. 


(D) The modulus of elasticity (EZ). The value of # for timber 
may be obtained directly by strain-measurements on a specimen 
in compression. A simpler method is to obtain it from deflection 
measurements on loaded beams. Rather more reliable values for 
E can be obtained by using two-point loading on the beam instead 
of central loading; such an experiment is described in para. 143. 
Average values for # are given in Table XV. 


226. Factors affecting the strength of timber. 


Moisture. In this country, timber generally reaches the user in 
a seasoned condition, and is used in positions where the changes 
in the moisture-contents of the timber are mainly those due to the 
daily variations in humidity (see Vol. 1 for a method of determining 
the moisture-content of timber). Under ordinary conditions in this 
country, the amount of moisture contained in air-dried timber 
ranges from 10 to 18 94. In the majority of timber tests the figure 
of 12 4 is adopted. While a smaller amount of moisture than 12 % 
will bring an increase in strength, it may be accompanied by an 
increase in brittleness. On the other hand an increase in moisture 
means a definite reduction in strength, which, with the class of 
timber we are discussing here, continues until a moisture-content 
of about 25 °%% is reached, from which point the strength remains 
fairly constant with further increase in moisture. If a timber 
structure is to be erected in a position in which it may be con- 
tinuously wet, or be alternately wet and dry, then some reduction— 
up to 25 %—must be made in the working stresses, since the 
strength of timber varies considerably with the amount of moisture 
which the timber contains. 


Defects in timber. Apart from the defects due to faulty seasoning 
or incipient decay—which need not be discussed here—the defects 
to be avoided in the members of timber structures are knots, 
shakes and cross-grain. It is not intended to suggest that such 
defects cannot be allowed in such timbers, since it would be 
impossible to satisfy such a requirement, but these defects if present 
must not be,of such a nature, or so placed, as to affect seriously the 
efficiency of the member. Thus, while large and loose knots ought 
not to be countenanced under any circumstances, small and well- 
distributed knots, which do not seriously disturb the regular lie of 
the grain, need not be looked upon as a source of weakness, unless 
they occur in an area subject to tensile stress. Again, while large 
longitudinal shakes near the end of a short beam could not be 
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allowed to pass, the presence of small shakes in other members not 
subjected to high shear stress need not occasion alarm. Cross-grain 
or, as it is sometimes called, “short grain” should not be allowed 
in any important structural member. 


TIMBER COLUMNS 


227. It will be convenient, before proceeding to the more 
general consideration of timber construction, to complete our 
consideration of the subject of columns by an investigation of the 
strength of timber columns. 

The age-long use of the familiar scaffold pole may be looked up 
as a practical recognition of the fact, that timber possesses to a 
remarkable degree those qualities of strength and flexibility which 
go to the making of a good “column”. As we have seen, however, 
timber is not a material which, like some of the metals, is.capable 
of resisting intense lateral stresses; hence any attempt to “fix” 
the ends of timber columns can only be moderately successful, and 
it is thus difficult to take full advantage of the strength of the 
timber in the direction of the length of the column. Much may, 
however, be accomplished by careful construction, as we shall 
attempt to show in this chapter. 


Column formulae for timber. (a) Johnson-Euler formulae. As 
several experimenters have been able to show, the buckling loads 
obtained from Johnson-Euler formulae (constructed in the manner 
set out in Chap. xxi) agree remarkably well with the experimental 
results obtained from large scale tests on timber columns. If it is 
desired to use this type of formula, the reader should be able, from 
the explanation given in Chap. xxtit and from the strength-figures 
given for timber in para. 225 and in Table XV, to ascertain the 
magnitude of the various constants. As indicating the magni- 
tude of the values to be expected, the following formulae for 
Northern Pine columns may be set out. 


Johnson-Euler formulae; Northern Pine: 
Free ends. P/A = buckling stress = 4000 — 28 (I/g), ...... (i) 
Flat ends. P/A=4o000—18(l/g), eases (ii) 
Using the working stress of 1100 given in Table XV we obtain a 


working factor of (4000/1100) or 3-65. If desired a higher factor 
may be used in the case of the more slender columns. 


(b) Simplified straight-line formulae. In view of the fact that 
timber columns are usually of simple section—square, rectangular 
or circular—a type of column formula may be devised in which d, 
the least diameter or least lateral dimension, is used instead of g. 
Such formulae, which are widely used in America in designing 
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timber structures, are usually arranged to give the safe working 
stress. A common form is 


Free ends, 
P. 
FA 
Flat ends. 
dm 
FA 
The value of ¢ which is used in these expressions is that given in 
Table XV. It is usual, however, to indicate a lower limit above 
which the value of p must not rise. (See values given in brackets 
in Table XV, and line def in the graph of the formula in Fig. 281.) 
In the case of circular sections the constants 35 and 50 should replace 
the constants 40 and 60 given in expressions (iil) and (iv) respectively. 
It will be obvious from the form of the above expressions that 
when the ratio J/d equals 40 and 60 respectively then the value of 
p will be zero. This has the effect of limiting the length of column 
which it will be profitable to use and is in the interests of safety; 
e.g. in the case of flat-ended rectangular columns the allowable 
stress at a ratio of 1/d=45 would be only 300 lbs. per sq. inch. 
The full range of expressions for flat-ended rectangular columns 
for the typical timbers given in Table XV is as follows: 


Flat Ends. 

I. Pitch Pine. p = 1200 (1—1/60d), but the value of p must 
not exceed 1000 lbs. per sq. in. 

II. Oak. p = 1200 (1 — 1/60d), but p must not exceed 1000 lbs. 
per sq. in. 

III. Northern Pine. p = 1100 (1 — //60d), but » must not exceed 
950 lbs. per sq. in. 


IV. White Deal. p = 900 (1 — 1/60d), but » must not exceed 


= p = safe working stress = c ( I — =a) yaaa: (iii) 


; l : 
= p = safe working stress = c (x — xa): Syne (iv) 


150 Tbs:pereqsin, © 06 «29 ee (v) 
Example. Draw graphs of the working stresses on flat and free-eaded 
pitch pine columns, using the appropriate expressions given above. om 


these graphs find the safe load which can be put wpon a pitch pine shore, 
15 ft. long and 9 ins. by 9 ins. in section, (a) if the ends are assumed to be free, 
and (b) if they are assumed to be fixed or flat. 


The construction of the graphs based on these expressions is not 
difficult. Two lines are drawn from a, in Fig. 281 (stress of 1200 Ibs. 
per sq. in.), to 6, (//d = 60), and c¢, (l/d = 40), respectively. A horizontal 
line is then drawn from d (the limiting stress of 1000) to meet the first 
two lines and the graphs are complete. 
if May xe 
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(a) Free ends. The:safe stress from the graph is 600 lbs. per sq. in., 
hence 


Safe load on the column = 600 (9 x 9) 

= 48,600 lbs. 
(b) Flat ends. Safe stress = 800 lbs. per sq. in., hence 

Safe load = 800 (9 x 9) 

= 64,800 lbs. 
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Fig. 281. Values of » for pitch pine columns. 


228. The “End-fixing” of timber columns. It is not as a rule 
easy to classify timber columns, according to the manner in which 
the ends are secured, into “‘free”’, “flat” or “‘fixed” ends. To take 
the shore in the preceding example as a case in point, if each end 
rested on some material, metal or stone, which was at least 
capable of exerting the full stress of 800 lbs. per sq. in., then we 
might look upon the shore as a “‘flat-end” column. If, however, 
it is to rest or bear upon timber pieces laid on their sides, then we 
may not be able to develop even the stress of 600 lbs. per sq. in. 
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unless very hard timber is used for these pieces. In the latter case 
it would be safer to treat the column as having “free ends”; but 
see para, 230. 

In the case of jointed structures the position is not much better, 
unless special joints can be devised which develop the full strength 
of the timber member as a column; see para. 234. Except in the 
latter case, timber compression members should be dealt with as 
free-ended columns. 

In the majority of temporary structures, in which the members 
are relatively light and slender and connected to each other by 
simple means—bolts, screws or even nails—then the compression 
members should always be treated as having “‘free ends”.* 


Tur DESIGN OF JOINTS AND CONNECTIONS IN TIMBER STRUCTURES 


229. In considering the design of the various connections and 
joints which are used in timber structures, it must be understood 
that we shall deal here only with those connections which are 
designed to support and transmit relatively large forces, and where 
it is necessary that the amount of material used and the labour 
needed to construct the joint be kept as low as possible. We are 
thus not concerned with the many joints used in the construction 
of light framework which has not to carry much load beyond that 
due to its own weight. 

In order to make our investigation more methodical a rough 
classification of the connections has been adopted which will, 
it is hoped, be sufficiently explained by the headings to each 
paragraph. 


230. Joints in bearing—End to side grain. The most common 
type of connection in timber structures is that in which one 
timber carrying a load rests or presses against another lying at 
right angles to it; see Fig. 282 (A). Ina simple case where a post 
merely rests upon a sill, it will be obvious from our foregoing 
discussion that the load which can be carried by the post will be 
limited to the safe load which can be put on the side grain of the sill. 
The efficvency of such a joint must therefore be low; for example if the 
pitch pine shore dealt with in the Example in para. 227 is to rest on 
a pitch pine sill, then the total safe load which can be put upon it is 


Safe load = bearing area x side grain stress (¢,) 
= (9 x 9) 300 = 24,300 lbs., 
which is only half that calculated for even a free-ended column. 


* A very full discussion of this and similar problems relating to timber con- 
struction will be found in a paper read to the Institution of Structural Engineers 
by Mr G. A. Gardner, M.I.Struct.E., on “Some Aspects of Timber Construction”. 
See the Structural Engineer, April 1925, 
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It follows, therefore, that we must if possible avoid any cutting 
which will reduce the bearing area. Thus if a tenon is to be used 
merely to keep the post in position, as is shown at (A), Fig. 282, then 
the tenon should not be larger than is necessary for this purpose. 
Any arrangement by which the post can be kept in position 
without reducing the bearing area will make for a more efficient 
and stronger connection. 

If, as is usual, a shore is to take its load from a horizontal 
needle through a pair of wedges, as shown at (B), Fig. 282, then 
every care must be taken in cutting and driving those wedges, to 


badly 


badh 
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Fig. 282. Timber connections. Bearing—end to side grain. 


see that the load is transmitted uniformly through the wedges to the 
bearing surface of the shore. When laid together the upper and 
lower surfaces of each pair of wedges should be exactly parallel 
(see sketch showing the effect of badly cut wedges), and each wedge 
should at least reach to the opposite side of the joint before driving 
tightly into position (see sketch showing the effect of bad driving, 
in which the load on the shore is only transmitted through part of 
its end area, producing the effect of an eccentric load). 

The efficiency of such joints can be increased by using a stronger 
timber for the needles and sills, and also for the wedges (thus the 
use of an oak sill and needle with oak wedges would have increased 
the safe load on the pitch pine post by 50 %, the value of ¢, for 
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oak being 450). Metal bearing plates can also be used, the area of 
the plate being proportioned to the strength of the weaker timber 
surface. For example, the timbering to the sides of trenches is 
usually supported by struts which bear upon horizontal members 
called “‘walings”’; see Fig. 282 (C). The struts usually bear directly 
upon the walings, the force exerted being thus limited by the side- 
grain compressive strength of the timber—usually quite low. By 
inserting thick wrought iron or steel plates or wedges between the 
struts and the walings the full strength of the struts can be 
developed. The bearing area of the plates or wedges on the timber 
must of course be proportioned to the side-grain strength (¢,). 
Similarly if, as is now often done, a screw jack is used in con- 
junction with the struts, then for the same reason a metal plate 
should be interposed between the jack and the timber surfaces on 
which it bears; see Fig. 282 (C). 

In the case of posts used to support concrete shuttering, their 
strength will be similarly limited to that of the weakest bearing 
surface, so that, if this surface be the underside of the boarding or 
of a cross bearer, it will only be possible to stress the posts up to 
the side-grain strength of the bearers, which will usually be much 
less than the post could carry, unless it is very slender. This is 
another case in which the use of metal bearing plates would 
permit of larger loads being carried. 


231. Joints in bearing—End to end grain. When one post bears 
upon another, end to end, as shown in Fig. 283 (A), there need be 
no reduction in strength at the joint, except that due to the holes 
for bolts which are used to hold one post correctly upon the other. 
If such a joint occurs in a long column it should be situated where 
it can be secured laterally by stays or other horizontal members 
of the structure, otherwise a much more elaborate form of joint 
will be necessary (see para. 236). As is shown at (A) and (B), 
Fig. 283, the use of steel plates can be avoided by connecting 
the two parts of the post by means of a simple bolted half-lap 
joint. 

In temporary structures posts are frequently built up from three 
equal sized pieces as shown in Fig. 283 (C), the pieces being held 
together by bolts. To secure the full value of the compressive 
strength of such a post, the butt joints should be accurately cut 
and fitted and arranged to ‘break joint” as shown in the figure. 
In the case of derrick towers these posts are supported at frequent 
intervals, hence the strength of the individual lengths of post may 
be calculated as for short columns. If possible joints in the posts 


should not occur between the points at which the posts are secured 
laterally. 
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In constructing timber buildings, the framework usually consists 
of vertical posts with horizontal sills at each floor level. Two 
alternative arrangements are shown at (D), Fig. 283. In the 
first the strength of both posts would be reduced by resting on hori- 
zontal members, in addition the posts would rise and fall with the 
moisture-movements of the two horizontal pieces and thus produce 

seasonal cracks” within the building. It will therefore be seen to 
be structurally advantageous to adopt the second arrangement, 
keeping the posts continuous and jointing the horizontal members 
into them as required. 


Burr Jar Fesr_ or l¥o3 
with Fis FLATES [rt I 3° FYECES. 


AMERICAN, STEEL F25T-CAP" 
(made from sheet steel). 


ORIGK or CONCRETE CONCRETE PIER 
Fest anp DILL CONSTRUCTION 
Fig. 283. Timber connections. Bearing—end to end grain. 


Some difficulty is usually experienced in making a satisfactory 
connection between a beam, carrying a floor, and a post in this 
form of construction. If the beam is housed into the post, as in 
the second sketch at (D), Fig. 283, the strength of the post may 
be considerably reduced. In America this difficulty is overcome in 
an efficient and economical way by the use of post-caps, of which 
an example in sheet steel is shown in Fig. 283 (EH). The cap, beams 
and post are held in position by the “fin”, which is let into the top 
of the lower post,-and by a few screws through the side of the cap. 
AJl the cuts are “square cuts”, so that the connection is both 
economical and efficient. 
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232. Compressive strength of timber on inclined surfaces. We 
have already ascertained by experiment the stresses which can be 
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put upon timber on surfaces which are (a) at right angles to the 
grain (end grain stress), and (b) parallel to the grain (side grain 
stress). Before we can deal with joints having surfaces at other 
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inclinations we must be in a position to state what safe stresses 
these inclined surfaces will carry. 

If ¢ be the safe compressive stress which can be put upon a 
surface inclined at an angle @ to the lie of the grain, and.c and ¢, 
are the safe end grain and side grain stresses respectively, then it 
has been shown by Jacoby* that c, varies in accordance with the 
following expression 


Cy C(GiIe TT) ee 4(COS*0)y baa wets (v1) 


The graph of this expression in the case of oak is given in Fig. 284 
by the curved line from B to A. 

A simpler straight-line graph, giving approximate values which 
the authors suggest will be found to be sufficiently accurate for 
practical purposes, may be obtained by joining the c, value at 0° 
to the c value at 90°; see Fig. 284. The straight line AB gives this 
graph for oak. The graphs for the four typical timbers have been 
epee in this way and will be used in the calculations set out 

elow. 


233. Joints to resist inclined thrust. Nearly all the more elaborate 
timber joints come under this head. The variety of form which 
they have shown in the past has beenimmense. Their consideration 
from the point of view of strength may, as we shall see, tend to 
simplify the forms which they should take. 

Consider first the case of a strut inclined to a vertical post, the 
end of the strut being cut at 90°, see Fig. 2857. We desire to 
know the safe load which may be put upon the strut and the 
additional dimensions necessary to make a satisfactory joint, 
the timber being Northern pine. 

The surface on which the strut bears is inclined at 30° to the 
grain of the post. This will be the surface which will limit the 
strength of the strut. As Fig. 284 indicates, the safe stress on 
such a surface (9 = 30°) is 530 lbs. per sq. in. 

The area of the end of the strut will be 16 sq. ins. less the size 
of the tenon (? in.), that is 16 — (4 x #) or 13 sq. ins. 

Total safe load on strut = 530 x 13 = 6900 lbs. (approx.). 

If this be the full load (P) on the strut, then from the small force 
triangle def in Fig. 285 we see that the component of P along the 
post is just half this, or 3450 Ibs. Now this force will tend to shear 
the end of the post along the line DC, hence we must make DC of 
sufficient length to prevent this, that is the area (DC x thickness 


* See Structural Details, by Jacoby. 
+ For details of the construction of these joints readers may consult Architectural 
Building Construction, by Jaggard and Drury. 
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of post) times the safe longitudinal shearing stress (120) must be 
equal to 3450 lbs., 


or 4 (DC) x 120 = 3450, 


whence DC = 7:2 ins., or say 8 ins., to allow for the fact that this 
area is cut into by the tenon. a 

The horizontal component fd of P is taken by the “straining 
head” against which the post is fitted. Since the centre line 
of the post and strut do not intersect on the centre line of the 
straining head, the post in this case will be subjected to bending 
as well as to tension and should be designed accordingly; see 
para. 219. 


l&rRece LNAGRAM 


Fig. 285. Joints resisting inclined thrust. 


In the case of the king post, in a king post roof truss, where two 
such joints are used, see Fig. 285 (B), the forces P, and P, balance 
each other if the loading is symmetrical. When, however, the 
loading is unsymmetrical—as in the case when wind pressure acts 
on one side of the roof—then there will be an unbalanced hori- 
zontal thrust, equal to the difference between h, and h,, and some 
means must be adopted to take up this thrust at the joint between 
the post and the tie beam. The sides of the tenon may be large 
enough to take this thrust, or the usual metal fastenings may be 
constructed to function in this way. See also Fig. 288 (B). 

The next type of joint to be considered in this group is that 
in which the depth of the main member must not be seriously 
reduced. A well-known example occurs between the principal rafter 
and the tie beam in a roof truss; see Fig. 286. A similar joint, 
though one not usually subjected to such large loads, occurs be- 
tween the inclined struts and the principal rafter; see Fig. 288 (C). 
In the example illustrated in Fig. 286 we will assume that the 
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timber to be used is Northern pine, that the thrust acting in 
the rafter is 6000 lbs., and design a suitable joint for members of the 
given dimensions. The solution is set out in steps which may be 
followed in dealing with similar examples. 


(a) To find the approx. depth of the joint. If we assume first that a 
notch will be cut at A with the face at right angles to the length of the 
tie beam, then the inclination of this face to the grain of the rafter 
will be 45°, and the safe stress on it (see Fig, 284) will be 675 lbs. per 
sq. in, This face will resist the horizontal. component of P, which from 
the small force triangle def is 4240 lbs. Hence, since the face is 4 ins. wide, 


4240 


A . depth of = = 
pprox. depth of notch 675 x 4 


y Ae 


= 1-56, say 132 ins. 
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Fig. 286. Joint resisting inclined thrust. 


(b) To draw the joint and check the sizes. The inclined surfaces AC 
and BC are now drawn in at right angles to each other, the face AC 
being 13 ins. deep; see Fig. 286. A new triangle of forces ghk is now 
drawn, with the components at right angles to the two faces AC and BC 
respectively. The thrust on the face AC is now seen to be 5250 lbs. This 
face is inclined at 60° to the grain of the rafter, for which the safe stress 
is 810 lbs. per sq. in. Then the required depth of face AC is 


5250 ; 
0a 1:6 ins., 


so that the selected depth of 12 ins. may stand. 

(c) To check strength of face BC. The face BC is inclined at 15° to the 
grain of the rafter, the safe stress on this surface being 390 lbs. per 
sq. in. The force kh at right angles to this surface is 3200 Ibs.; hence 
the area required is (3200/390) or 8} sq. ins. Much more than this is 
provided even after the area occupied by the tenon has been deducted. 
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(d) To check for shear along EC. The safe longitudinal stress 1s 
120 lbs. per sq. in. and the horizontal component of P is 4240 Ibs.; see 
force triangle def. Hence area required is (4240/120) or 35 sq. ins. From 
which we have length HC is (35/4) or 9 ins. nearly. 

Notes. (a) It is important that the axes of the rafter, tie beam and 
of the bearing surface should intersect, see X, Fig. 286, otherwise one of 
the members will be subjected to bending stresses. 


(b) The faces AC and BO of the joint are made at right angles to 
each other in order that the resultant forces may intersect on the axis 
of the rafter; see Y, Fig. 286. 


(c) The provision of the necessary length at HC is very important, it 
is in this respect that these joints as constructed in this country are 
usually weak. 

The use of metal fastenings. No reference has yet been made 
to the bolts or straps which are usually used with timber joints. 
Bolts or straps would of course be used in the joints discussed 
above to hold the parts firmly together. It has been demonstrated 
by experiment, however, that it is rarely possible to construct a 
joint which depends for its strength in part upon the timber 
portion of the joint, and in part upon the metal work. Under test 
the first and deciding stage in the failure of the joint occurs either 
in the timber or in the metal work. It is therefore a sound principle 
of construction to make timber joints sufficiently strong either as 
timber joints alone, or as joints depending mainly upon the metal 
connections; see paragraphs 234-6. 


234. Larger joints to resist inclined thrust. The joints discussed 
in the preceding paragraph are such as would occur in roof trusses 
up to 30 ft. span. In larger trusses, or in trusses with exceptional 
loads, additional means have to be adopted to produce joints of 
sufficient strength. Some of the methods which may be adopted 
are shown in Fig. 287, and others may be devised upon the principles 
herein laid down. 

At (A) in Fig. 287 a “‘double step” joint is shown, in which the 
inclined member bears upon two surfaces or “steps” at A and B. 
The lowest points A and B are on different levels so that the full 
shear strength right to the end of the tie beam may be developed 
in each case. This joint must be designed so that each step takes 
its correct share of the thrust. The total horizontal thrust is 
taken over the full length AB, so that the length CA, from the 
end of the tie beam to the joint, need not be considerable. 

At (B) and at (C) in Fig. 287 are shown joints which depend for 
their strength mainly upon the metal work which is used. At (B) 
the principal rafter abuts against a cast iron shoe, while at (C) it 
fits into a forged steel plate in a similar manner. In both cases 
the horizontal thrust along the beam is taken by a lug at B, which 
is housed into the beam, The depth of this lug must be proportioned 
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to the thrust which it has to transmit to the beam, and the length 
from B to C is proportioned to suit the shear strength of the beam 
over this length. The cast iron shoe at (B) Fig. 287 is entirely 
housed into the tie beam, so that, if the face at E be accurately 
fitted, it will assist in resisting the horizontal thrust. 

The length of the under surface AB, in both the joints at (B) 
and (C) in Fig. 287, may be increased if necessary to reduce the 
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Fig. 287. Larger joints resisting inclined thrust. 


bearing stress on the upper surface of the beam. The dimensions 
of the timber within the shoe in each case are determined in the 
manner already described, the principal rafter obtaining a good 
seating in each case. See Problems XXV, 6 to 8. 


Tests of inclined joints. If facilities exist, tests on the joints 
described above may be carried out by making up a simple form 
of truss as shown at (D), Fig. 287, the joints to be tested being at 
A and B while the pressure from the testing machine is applied at C. 


235. The use of bolts and washers in timber construction. Bolts 
may be used: (a) to hold together tightly the pieces of timber 
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forming a joint, see Fig. 290 (B), (6) to act in an elongated form as 
tension members in a truss, see Fig. 288 (B), or (c) to act as “pins” 
to resist the thrust or pull acting between two pieces of timber in 
a joint; see Figs. 289 (B) and 290 (A). 

With regard to the first group, while we do not usually make any 
allowance, in calculating the strength of timber joints, for the added 
resistance set up by the friction between the surfaces, it is clearly 
an advantage to have those surfaces held together as firmly as 
possible, and bolts or nails can be used for this purpose. 
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Fig. 288. Use of bolts and washers. 


Washers. In this country, it is the all-too-common practice to 
use bolts in timber work having washers which are only slightly 
larger in diameter than the bolt head. The pressure which can be 
exerted by the bolt must thus be limited to the strength of the 
small area of timber on which the washer bears, and the fibres 
are frequently crushed in the attempt to increase the pressure. 
In America, it is the general practice to use much larger washers 
so that, if the joint requires it, the bolt may be stressed up to its full 
working stress. General dimensions for cast iron washers of this 
type are given in Fig. 288 (A). Round or square steel plate washers 
are also used. 
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Long bolts or tension bars. Fig. 288 (B) shows a case in which 
a tension rod or bolt is used to replace the king post of a roof truss 
(compare with Fig. 285). The resulting simplicity of the con- 
struction will be obvious. The design of the various joints can be 
carried out on the lines already laid down. The rod must take the 
total vertical thrust of the struts, hence the area of the top and 
bottom washers must be such as to enable them to resist the same 
load (about 5000 lbs. in this case). The thrust block must be sunk 
sufficiently to enable it to resist the unbalanced horizontal com- 
ponent of the thrusts in the struts; see also para. 233. 

At (C), Fig. 288, a cast iron washer is shown which is designed 
to take a tension rod passing through the timber member at an 
angle not 90°. The thrusts # and S, from the end and bottom of 
the sinking respectively, must intersect on the line of action of T, 
the pull of the rod. The resultant of the forces H and S must 
equal 7. 


The lateral strength of bolts. Where bolts are used as “pins,” 
and have to resist lateral pressure, their power to do so varies with 
the direction of the pressure in relation to the grain of the wood. 

Jacoby has shown that, while the total safe pressure which can 
be exerted by or upon a bolt across the grain, see P, in Fig. 289, 
equals the projected area times the safe side-grain stress, or 


P.— projected area of bolt x ¢,, ——— 0... (vil) 


the corresponding total pressure (P) along the grain is only 0-6 
times the projected area multiplied by the safe end-grain stress, or 


P= 0-6 x projected area of bolt x c. 


The considerable reduction in the total pressure (P) which can 
be transmitted through a bolt pressing along the grain is due to 
the fact that, round the half-circle of contact between the bolt 
and the timber, the pressure from the bolt and the lie of the grain 
are changing their relative directions. We cannot therefore count 
on subjecting the whole of the “projected area” to the full end- 
grain stress (c), as is possible in the case of a homogeneous material 
like steel. 

(Strictly the constant 0-6 only applies when the stresses ¢ and c¢, 
are in the ratio of 4 : 1, which is, however, approximately correct 
for most of the common structural timbers.) 

At intermediate positions between the positions of the forces P 
and P,, the magnitude of the force P is affected by the varying 
strength of the timber; see Fig. 284. Both Jacoby (see Structural 
Details) and Gardner, in the paper already referred to, have 
analysed this problem very thoroughly and readers should consult 
these authorities for further details. 
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As is shown by the writers just mentioned, the problem is still 
further complicated by the fact that, unless the bolts are of very 
stout section, they will bend considerably under load and thus alter 
the distribution of stress along their length; see Fig. 289 (B), which 
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Fig. 289. The lateral strength of bolts. 


also shows an inclined stay secured by a bolt to a post or main 
member of stouter section. For accurate design the strength of 
the bolts in bending, and the effect of this bending upon the 
distribution of the bearing stress on the timber, should be con- 
sidered. It will thus be seen that the design of these apparently 
simple joints involves unexpected difficulties. As furnishing a 
method which is probably sufficiently accurate for most practical 
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cases of inclined stays, the authors suggest the use of the following 
approximate rule :— 


Approximate rule for bolted stays. To find P, the maximum pull 
per bolt which a stay will carry, let @ be the angle between the 
stay and a line drawn at right angles to the main member, see 
Fig. 289 (B). Then: 


(a) When @is less than 45°, take the minimum allowable bearing 
stress on the bolt to be equal to cg, and use the expression 
(vii) above, modified as follows: 


P = projected area of bolt in stay x c. ~—....... (ix) 


(b) When 6 exceeds 45°, take the minimum pull to be equal 
to P along the grain, as in the expression (vili) or 


P= 0-6 x projected area of bolt in stay xc. ...... (x) 


The stresses ¢) and ¢ can be obtained from Fig. 284; see Example 1 
below. 

It should be observed that, in securing tension members by 
bolts, it is generally most economical to use few bolts of large 
section, the width of the tension member being usually wide enough 
to accommodate them without difficulty; see Example 2 below. 

Where the bolts may be subjected to severe bending, large 
washers should not as a rule be used, a large amount of initial 
tensile stress cannot then be accidentally put upon the bolts, which 
would reduce their power to resist the bending stresses. 


Experiment. Experiments upon the lateral strength of bolts (and also 
of screws and nails) may be carried out by means of a test piece built 
up as shown in Fig. 289 (C). 


Example 1. ind the safe load which may be put wpon the double stay 
in Fig. 289 (B), if the material is white deal, the angle 0 is 40°, and a single 
3.in. bolt is used. 

The inclination of the pull being just 40°, the safe stress, from Fig. 284, 
is 525 lbs. Then 


Total pull = 2 (525 x 2 x 3) = 1575 lbs. 


The length AB beyond the bolt should be such as to prevent failure 
by shear. Two surfaces would have to be sheared and the safe shearing 
stress is 100 lbs. Then (for one stay) 


787-5 
100 x 2x 2 


A greater length than this would be allowed, since there is always a 
tendency for these ends to split, owing to the alternate wetting and drying 
to which they are subjected. A safe rule is to make this distance—and 
also the distance between bolts in a row—equal to six times the diameter of 
the bolt. If several bolts are used in a joint they may each be assumed to 
take their full load. 


= 2 ins. nearly. 


Minimum length 
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Example 2. The tie beam (9 ins. x 4 ims.) in a large truss Carries & 
tensile load of 15,000 lbs. Design a bolted connection for a joint in this 
member using timber fish plates. The timber is Northern pine. 

Fig. 290 (A) will sufficiently explain the form which the connection 
is to take. The fish plates have each been made more than half the 
thickness of the main member, and we may thus assume that there is no 
need to check their strength separately. (The joint should properly be 
checked for every possible failure; see Riveted Joints, Chap. XVII.) 
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Fig. 290. Tension joints in timber. 


_An even number of bolts should preferably be used, say 6 on each 
side. Then 


Load per bolt = 


15:000 _ 9500 Ib, 


2500 
0-6 x 1100 x 4 
If the bolts are spaced at (6d) or 6 ins. apart and at the same distance 
from the ends of the timbers, then the joint will be safe against shear 
and the arrangement will be as shown in Fig. 290 (A). As already 


explained, small washers are preferable in such a case under normal 
conditions. 


Diameter of each bolt 


0-95, say 1 in. 


236. Tabled joints. Fig. 290 (B) shows a somewhat more com- 
pact form of tension joint than that shown in Fig. 290 (A). This 
form of joint depends for its strength upon the “tables” formed 
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in the timber. The same result might have been achieved by the 
use of hardwood keys in the place of the tables. Tabling can be 
used in a variety of ways and makes a relatively cheap joint since 
no special metal parts are necessary. The design of such a joint is 
set out below. Large washers should be used in this case, since 
the main purpose of the bolts is to hold the timbers firmly 
together. 


Example. The joint is to be designed for the same material and load as in 
Hzample 2, para. 235. 

To carry a load of 15,000 Ibs. in tension a net area of timber of 
(15,000/1100) or 13-6 sq. ins. is required, so that neither the minimum 
sectional area of the main member nor the combined minimum area of 
the two fish plates should be less than this. ¥ 

Since the end-grain strength of the timber is also 1100 lbs. per sq. in., 
a minimum total “bearing” area is required on the effective ends of the 
tables (and notches) of 13-6 sq. ins. 

As there is a table on each side of the joint, the combined width being 
18 ins., the necessary depth = 13-6/18 = ?in. nearly. The main member 
is thus reduced to a thickness of 24 ins. at the sinkings, the net area in 
tension is thus (9 x 23) or 22-5 sq. ins., which is ample. 

The safe longitudinal shear stress being 120 lbs. per sq. in., then the 
total shearing area required = 15,000/120 = 125 sq. ins. 

This is divided between two tables each 9 ins. wide, the length of 
each table is therefore 125/18 = 7 ins. This has been increased to 9 ins, 
to provide allowance for the bolt holes. 

The plates may be given a minimum thickness of 14 ins. each, the 
total thickness being then 21 ins. Two #-in. bolts with large washers 
should be used at each table, with single bolts in the other two spacings; 
see Fig. 290 (B). 


237. The lateral strength of screws and nails. Both the “holding” 
and the lateral strength of screws and nails have received con- 
siderable attention from experimenters in America. The results 
are usually based upon experiment rather than upon any theoretical 
analysis, so that it is not possible to give a simple rule which can 
be used under all circumstances. 


Lateral strength of single wire nails. The following values may 
be used: 

6 in. nails—zoo lbs., 
5 in. nails—1r50 lbs., 
4 in. nails—troo lbs. 

The nails should be driven at least two-thirds of their length 
into the main member. The same values may be used for 
cut nails. 

Where screws are used they may be treated on the same basis 
as bolts provided that at least two-thirds of their length penetrates 
the main timber. 
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TimBER BEAMS 


238. The design of timber beams. Since practically all timber 
beams are of rectangular section, their design should not give rise 
to any serious difficulties if the work done in Chaps. XIII, XIV 
and Xv, on the strength of beams, has been properly understood. 
In calculating the strength of a timber beam the stresses given in 
Table XV for tension, compression and shear (in bending) should 
be used. Having obtained a suitable mid-section this should be 
checked for maximum shear stress (Smax, = 2 S/bd, see para. 137). 

The deflection of timber beams should be limited to ;3, of the 
span. In calculating this deflection, however, it is necessary to 
remember that time is an important factor in the straining of a 
timber beam, the deflection for a long-continued load being greater 
than it would be if the load be applied only for a short time—as in 
a test. If a large proportion of the load to be carried by a tumber beam 
is “dead load”’, that 1s a loading which does not vary over long periods 
of tume, then it 1s usual to multiply this part of the load by a factor, 
which may vary from 1-5 to 2, in calculating the maximum deflection. 

Large beams should generally be designed to give not more than 
a specified deflection, while smaller beams may be designed on a 
strength basis. While deflection may be kept low by using deep 
beams, it must be remembered that shear stresses may thereby be 
increased. Where the dimensions of the beams are already fixed— 
for example by the market sizes available—the calculations should 
aim at finding the most economical spacing for the beams; see 
Example 2, para. 133. 


239. Connections to timber beams. In the construction of floors 
it is the common practice in this country to “frame” the beams 
and joists together by means of notches or mortises and tenons (see 
any book on Building Construction), and it is frequently stated 
that some of the joints there set out do not seriously weaken the 
beams. Unfortunately this is far from true, as the reader may 
himself demonstrate by carrying out a series of simple tests on 
specimen beams such as are set out in Fig. 291. Other test pieces 
may be devised, but as the results would show, practically all 
joints which require cuts to be made in a beam will reduce its 
strength to a surprising extent. 

This weakening effect appears to be due not so much to the 
reduction of the section of the beam, as to the sudden changes in 
section which are thereby occasioned. Thus a beam with a gradual 
change in section as at (c) in Fig. 291 will be stronger than the 
notched beam at (6), though the reduction in depth at the ends is 
the same in each case. In the case of beam (6) failure will generally 


xxv] TIMBER CONSTRUCTION 435 


take place by the beam splitting at the corners A and B, indicating 
a concentration of stress at these points. It follows that any form 
of floor construction which avoids unnecessary cutting—such as 
that in which metal joist hangers are used—is to be commended. 


240. Elastic limit. Modulus of rupture. If the timber beam 
shown in Fig. 292 be loaded with gradually increasing loads, then 
the deflection produced will be proportional to the loading at each 
stage as in other elastic materials. This will continue until the 
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Fig. 291. Effect of cutting on strength of beams (experiment). 


Elastic Limit (or more correctly, the Limit of Proportionality) is 
reached, see the straight portion MN of the graph in Fig. 292. 
Similar results will be obtained with central loading. 

It may be shown that the stress due to bending when the elastic 
limit is reached is usually close to the elastic limit stress of the 
timber in direct compression. Bending tests may therefore be 
used to find the compressive elastic limit stress of the timber, in 
preference to more direct but more elaborate methods involving 
the measurement of strain on a compression test piece. 

The tensile elastic limit is usually very near to the ultimate 
tensile stress. It cannot be ascertained by a bending test as in the 
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case of compression, but must be found from direct tension tests. 
Since beams are usually designed on the basis of the working 
compressive stress, see Table XV, the elastic limit stress in tension 
is not of great practical importance and further laboratory details 
need not be given here. 
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Fig. 292. Test to destruction of a timber beam in white deal. 


Modulus of rupture. If the loading of the beam shown in Fig. 292 
be carried beyond the elastic limit at NV, the deflection beyond N 
will increase more rapidly than the loading, and the graph will 
become curved as shown; this will continue up to the point of 
rupture at @. Such a beam will usually show the steady failure of 
the upper fibres of the beam by compression, from the point N right 
up to the point Q, the crumpling of the fibres extending deeper and 
deeper into the beam. Finally the beam will fracture suddenly by 
the tensile failure of the fibres on the underside of the beam 
(That the final failure is by tension will be shown by the fact that, 
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should any defects be present on the underside of the beam, such 
as knots or cross-grain, then the beam will fail at a figure which 
is lower than the average.) 

Taking the average of a number of tests of beams from the same 
tumber, it will be found that the breaking load (B.w.) bears a direct 
relation to the dimensions of the beam. This fact is used as the 
basis of a method for comparing the strengths of various timbers. 
The following statement will explain how the comparison is made. 

Although the theory of elastic bending does not apply beyond 
the elastic limit of the material (see para. 116), it has been found 
that, at the time of rupture of a rectangular beam, the relation 
between the breaking load and the dimensions of the beam are 
approximately similar to those in simple bending and may be 
expressed in the form “B= fZ”’. In this case, however, a constant 
f,, the Modulus of Rupture, is substituted for “f”, and B is the 
bending moment at rupture and Z the modulus of the section; or 


Bending moment at rupture = f,Z = (modulus of rupture) x Z 


The method is most commonly used in simple breaking tests 
on centrally loaded rectangular beams; in this case we have 
B= (s.w.) x L/4, and Z = bd?/6, whence 


(iw) Ll . , bd* 
= te 
or Ff, = Modulus of rupture = 3 Ge =f erect (xi) 


The values of f, obtained in this way are approximately constant 
for the same kind of timber and may therefore be used as a 
means for comparing the strengths of various timbers. Average 
values of f, for the timbers dealt with in this chapter are: (I) Pitch 
Pine 10,000 lbs. per sq. in.; (II) Oak 9000 Ibs. per sq. in.; (IIT) 
Northern Pine 7500 Ibs. per sq. in.; (IV) White Deal 6500 Ibs. 
per sq. in. 

If the expression (x1) is divided by a factor of safety (/), the 
value of which in timber may range between 5 and 8, we obtain 
an expression for the safe bending moment which may be put 
upon the timber in terms of f,, thus 


bending moment at rupture f,Z 
factor of safety Fae 


Safe bending moment = 


(Note. This expression is sometimes used to form the basis of a method 
of designing timber beams, and in many text-books the value of the 
bending moment for various forms of beam fixing and loading is inserted, 
and a long series of expressions built up, in a manner similar to that 
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explained in connection with expression (xii) above. In this form the 
method has little to commend it; it is not so simple as it appears to be 
and it does not give any indication of the stiffness of the beam (see 
para. 142), nor of the magnitude of the longitudinal shear stresses, which 
we have shown to be so important (see para. 225). There can be little 
doubt that the method of design outlined at the commencement of para. 
238, and which is properly based upon the theory of bending, is the most 
suitable one to use for beams in timber as well as in other materials. 
This method should always be used in preference to that contained in 
expression (xiii), which is merely mentioned here in order to make this 
statement concerning timber beams as complete as possible, The modulus 
of rupture figure (/,) is, however, of considerable value in comparing the 
results obtained from tests on timber beams.) 


Problems XXV 


1. A tension test piece is to be cut from pitch pine, the outside 
dimensions being 3 ins. by 14 ins.; see Fig. 280. It is expected that the 
ultimate stress in tension may reach 18,000 lbs. per sq. in. Using a 
longitudinal shear stress of 200 ibs. per sq. in. and an end-grain com- 
pressive stress of 2000 lbs. per sq. in., design a test piece similar to that 
shown in Fig. 280. Give the minimum dimensions of (a) the shoulders 
at H, (b) the distance HI’, and (c) the distance DF. 


2. In a carefully constructed timber truss a strut 4 ins. by 4 ins. in 
section and 8 ft. long is used. If the timber be Northern pine and the 
ends can be assumed to be “‘flat ends”, calculate the total safe com- 


pressive load which may be put upon it, using the Johnson-Huler column 
formula. 


3. Using a straight-line formula, determine the safe load which may 
be put upon “‘flat-ended” struts in 4 in. by 3 in. spruce as used for sup- 


porting concrete shuttering. The maximum unsupported length of the 
struts is 8 ft. 


4. If the pitch pine shore mentioned in the Example, para. 227, be 
made up of two 9 in. by 43 in. pieces bolted together, calculate the safe 
load which may be put upon it, if the shore, by reason of the method of 
construction, can only be looked upon as two separate columns, each 


bearing half the total load. The ends may be assumed to be ‘“‘flat ends” 
in this case. 


5. See Fig. 285. As sometimes occurs the centre lines of the inclined 
strut, the vertical post and the straining head do not intersect in the same 
point. If the two points X and Y, in which the intersections take place, 
are 1} ins. apart, calculate (a) the maximum bending moment produced, 
and (b) the maximum stress induced in the post at section C. (The 
maximum stress at C will be made up of the direct stress and the bending 


stress. The same value of the bending moment should be taken as at X. 
The direct load on the post is 3450 lbs.) 


_ 6. Calculate the theoretical depth of the inclined face AC in the 
joint shown in Fig. 286, and also the minimum length of HO, if the 


inclined force in the principal rafter be of the same magnitude (6000 Ibs.) 
but acts at an angle of 30°. 


7. Calculate the net total depth of the inclined faces at A and B for 
the forces indicated in Fig. 287(A), if the truss be in Northern pine. 
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If the horizontal distance between A and B be approximately 6 ins., 
what should the distance AC be made? 


8. For the forces indicated in Fig. 287 (B), calculate (a) the depth of 
the vertical face at DA, (b) the minimum length of BC, (c) the depth 
of the lug at B to take the balance of the horizontal thrust, if the cast 
iron shoe be let ? in. into the tie beam at H, and (d) the thickness of the 
lug at B, if the maximum bending stress on the cast iron is not to exceed 
3500 lbs. per sq. in. The truss is in Northern pine. 


9. Ignoring the strengthening effect of the bolt in Fig. 287 (C), 
calculate (a) the depth of the lug at B, (b) the minimum distance from B 
to the end C of the tie beam, and (c) the thickness of the lug, if the 
bending stress induced must not exceed 16,000 Ibs. per sq. in. 


10. If the bolt passing through the inclined member at (C) in Fig. 288 
is # in. in diameter, the inclination of the rafter being 30°, find the 
minimum ‘dimensions of the side and base of the o.1. washer to resist 
the forces # and S, when the bolt is fully stressed to 16,000 lbs. per sq. in. 
The truss is 5 ins. thick and in Northern pine. 


11. If the inclined stays mentioned in Prob. 7, Chap. x1, for a derrick 
tower, be inclined to the horizontal! at 35° and be made from 6 in. by 24 in. 
white deal, calculate the size and number of bolts to be used, (a) to splice 
each member, and (6) to connect the members to the uprights, if the 
maximum forces to be carried are respectively 1200, 2400 and 3600 lbs. 


12. A beam of white deal is required to carry a uniformly distributed 
load of 2 tons over a span of 12 ft. Using the working stresses given in 
Table XV, calculate suitable dimensions for the beam, making the 
depth 7; the span. What is the ratio between the deflection and the 
span at full load? What is the maximum shear stress? 


13. From the values given in Fig. 292, calculate (a) the elastic limit 
stress, (b) the value of H#, the modulus of elasticity, and (c) the value 
of f,, the modulus of rupture. 


14. Using the value for the modulus of rupture found in Prob. 13, 
calculate the breaking weight (B.w.) for a uniformly distributed load on 
the beam in Prob. 12. From these figures, find the value of the factor of 
safety (J) in this case. 
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BRITISH STANDARD SECTIONS 


GLE: 
[0€- 
OLE: 
19&- 


966° 
886: 


VCP: 
LOV: 
PLY: 
LSP: 


1é¢- 
GIG: 
GOS: 
¢99- 
OG9- 
9&9- 
069: 


S&L: 
LIL: 
668° 
GL8- 
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L90- 
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LOT: 
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890- 
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L8& 
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FI8- 
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APPENDIX II 
LIST OF SYMBOLS 


General 


Total area. 

Area less than A. 

Bending moment in beams due to external loads. 

Fixing bending moment (see Fixed beams), 

Bending moment at any section G, etc. 

Maximum bending moment. 

Breadth. 

Total compressive force. 

Compressive stress. 

Compressive or bearing stress (bolts and rivets). 

Crushing strength (see Columns). 

Centre of gravity. 

Depth or diameter. 

Modulus of Elasticity or Young’s Modulus for any material (#, for 
steel, and H#,, for concrete, ete.). Equilibrant force. 

Eccentricity of a force. 

A foree. Factor of safety. Working or Reduction factor. 

Flexural or bending stress. 

Maximum compressive bending stress. 

Maximum tensile bending stress. 

Difference between two given stresses, “stress-difference”’. 

Shear modulus. Centroid of an area. 

Gyration radius (= VI/A). 

Horizontal component of a force. Horizontal thrust in an arch. 

Moment of inertia. 

Equivalent moment of inertia. 

Moment of inertia about an axis X—X, etc. 

A length. Effective length or span of a:beam. 

Any length shorter than L. Length of a column with free ends. 

Moment of a force (not in beams). 

A Constant (see Columns). 

Total push or pull. Buckling load on a column, 

Pressure or stress due to a direct push or pull. Pitch (of rivets or 
stirrups). 

Internal moment of resistance of a beam. Radius of curvature. 
Resistance of a single rivet or stirrup. 


' 


a> Ry, etc. Reactions at the supports of a beam. 


Total vertical shear force at a section of a beam (also SaaS areas 
etc.). i 

Shear stress. 

Mean shear stress (= S/bd), 

Total tensile force. 

Tensile stress. 

Thickness. 

Vertical component of a force. 
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LIST OF SYMBOLS 455 


Weight or load (total or concentrated). 

Weight per unit of length, or per unit of volume (density). 

Distance from neutral axis to a given layer in a beam (usually 
to the outer layers in symmetrical sections). 

Distance from neutral axis to compression edge. 

Distance from neutral axis to tension edge. 

Section modulus. 


Additional Special Symbols 


Reinforced concrete 

Equivalent area. 

Area of compression reinforcement. 

Area of tension reinforcement. 

Lever arm, distance between centre of tension reinforcement and 
centre of compression forces. 

Breadth of rectangular beam. Effective breadth of slab (see 
T-beams). 

Breadth of rib. 

Compressive stress in beams (usually at compression edge). 
Compressive stress in reinforced concrete columns. 

Outside diameter of column. 

Effective depth of beam. 

Effective diameters or lateral dimensions of columns. 

Total depth of slab. 

Modular ratio (= H,/H,). 

Depth to neutral axis from compression edge. 

Ratio of area of tensile reinforcement to area of concrete. 


Timber construction 


Central breaking weight (in beams). 

Safe end grain compressive stress. 

Safe side grain compressive stress. 

Safe compressive stress on surface inclined at angle @ to grain. 
Modulus of rupture. 

Longitudinal shear stress. 

Longitudinal shear stress in beams. 


Miscellaneous 


8 (delta) Deflection, usually maximum deflection. 
6 (theta) Inclination to the horizontal plane. 


pe (mu) 
am (pt) 


Coefficient of friction. 
Ratio of circumference to diameter of a circle (= 3-1416). 


> (sigma) Sign of algebraic summation. 
& (phi) The angle of friction between two materials. The angle of 


Ton 


repose for a material. 

In this volume the term ‘‘ton” refers to the measure of weight 
used in Great Britain of 2240 lbs. The American “‘ton” 
(sometimes ‘“‘short” or ‘‘net ton”) contains 2000 Ibs. 
Confusion between the two units may be avoided 
by expressing working stresses in lbs. to the nearest 
1000 Ibs. 


Cp 69 DO 


See oS 
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ANSWERS TO PROBLEMS 


PROBLEMS I, p. 10. 
SO = 10,000 lbs.; OT = 8660 lbs., away from O. 


« Jib, 17-32 tons; tie, 10 tons. 


1:93 tons. 


. NO, 4826 Ibs. (Sense, read ‘‘from N to O”’); PO, 985 lbs. 
- NO, 4570 lbs. ; PO, 981 lbs. 


PROBLEMS II, p. 15. 


ite) == Tell qoiasle Rp = 9-9 tons. 

Jig — ATO Morte Rp = 2200 lbs. 

Vz = 93% lbs.; HH = 62% lbs. 

Ro = 150 lbs.; vertical component = 300 Ibs. and _ horizontal 
component = 150 Ibs. 

Rpg = 84 tons; Rg = 134 tons. 

Ry = 1334 lbs.; Ry (vert.) = 2000 lbs., Rg (hori.) = 1334 lbs. 


PROBLEMS III, p. 24. 


50,400 lbs.; 2-083 ft. from left. 

6-93 ft. from lower right-hand corner. 

7-596 ft. from lower right-hand corner. 

3-96 ins. from right-hand side. 6. 3-4 ins. from base. 
3-96 ins. from right and 1-03 ins. from base. 

36-6 ins. from right-hand side. 


PROBLEMS IV, p. 4o. 


lin = Wil qweorakssy Rp = 9-9 tons. 

Jin = WOO Mass Rp = 2200 lbs. 

16 lbs., acting 3-47 ins. (nearly) from force AB. 

Ry = 1630 lbs.; Ry = 1950 lbs.; both act at 76° to horizontal. 
Ry (vertical) = 1630 lbs.; Ry = 2130 lbs., at 66° to the horizontal, 


PROBLEMS V, p. 62. No answers. 


PROBLEMS VI, p. 83. 


E = 30 lbs., acting within triangle at 19 ins. from 8 lbs. wt., 17-2 ins, 
from 10 Ibs. wt. and 15-5 ins. from 12 lbs. wt. 

EH = 14\|bs., acting in same direction as 8 lbs., and outside the 
triangle at 19*5 ins. from 12 lbs. wt. and 22:8 ins. from 10 Ibs. wt. 

At A and B, 4 ton downwards, } ton upwards; at C and D, 
$ ton upwards. 

Wax. = 2000 Ibs. 

Position 1: Ry = Rz = 3:08 tons (downwards), Rg = 10:16 tons 
(upwards); Position 6: R, = 5-33 tons (upwards), Rg = 0, 
Rg = 1:33 tons (downwards). 
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PROBLEMS VII, p. 119. 


1. (a) Forces in A and C, each 8:66 lbs.;_ (b) Force in mast, 5 lbs. 
2. 25-98 lbs. 53, JAG = (IGM Moshe EAL ce eZ P7f Illoyse 
4. PD = 500lbs.; PA = 866 lbs. 
5. PD = 707 lbs: “PA = 1225 Ibs. 
6. (a) 2:3 tons; (6b) 7-3 tons and 2-5 tons; (c) 3-43 tons; 
(d) 3-82 tons. 
7. Force in each stay, 4830 lbs; Rp = Rp = 4330 lbs.; 
Ry = 8660 lbs. 
8. Force in AH = 2-4 tons; force in FH = 3-18 tons. 


PROBLEMS VIII, p. 133. 


tke Sys UO Moss 2 =O! = 1155 Moses 2. 48lb.ins.; 4 ins. 
3. 1000 lbs. acting upwards; anti-clockwise couple of 60,000 Ib. ins. 
4. + 16]bs.; — 120 Ib. ins. 5. 16 lbs. at 7:5 ins. from a. 


PROBLEMS IX, p. 155. 


1. 8960 lbs.; 376,320 lb. ins. 

2. 8000 lbs.; 320,000 lb. ins. 

8. 2500 lbs.; 300,000 Ib. ins. 

4. 56,250 lb. ft.; 5000 Ibs. and 50,000 lb. ft. 

Ly, AE seoya, 380 6. 30,240 lb. ft. 

Ws day = 16 = BOOKNOO Moy, haves Bg = 158,400 Ib. ins. 

8. Distance between A and B should be 12:9 ft. 

9. Ry = 6,4 tons; Rg = 57, tons; Bo = 27; ton ft.; 
10. 20,000 lb. ft. to an inch. 


PROBLEMS X, p. 165. 


1. 176 ton ft.; 72 ft. from A. 
2. 30 lb. per ft.; 3375 lbs. and 16,875 Ib. ft. 
3. 8-66 ft. from B; 6480 lb. ft. 


PROBLEMS XI, p. 175. 


1. Force in AB, 14 lbs.; AE, 39-6 lbs.; FE, 42 lbs. 

2. Force in BH, 14 lbs.; AF, 28 lbs.; AEH, 39-6 lbs. 

8. Force in AF, 12,000 lbs. ; EB, 4000 lbs. ; TELS ooo Loses 
DEH, 0; FB, 17,900 lbs. 

4. Force in GF, 54 tons, compression; GD, 2-12 tons, comp.; 
GC, 4 tons, tension; GB, 3-535 tons, comp. ; GH, 44 tons, 
comp. 


5. Force in CD, 99,000 lbs., comp.; DH, 45,000 lbs., comp.; 
HK, 81,000 Ibs., tension; CK, 33,000 Ibs., comp. ; 
CH, 25,450 lbs., tension; ED, no stress. 

6. Force in AB, 14,580 lbs., comp.; BO, 3500 lbs., tension; 
AC, 12,500 Ibs., tension; CD, 4860 lbs. comp. 

7. Compressive force in DH, 1000 lbs.; in CF, 2000 Ibs., and in 
BE, 3000 lbs. Tensile force in CH, 1230 lbs., in BF’, 2460 lbs., 
and in AG, 3690 lbs: 


I A WH 
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PROBLEMS XII, p. 191. 


(a) 5-625 sq. ins.; , (b) 2-18 ins. 2. 0-128 in. 
(a) 29,166,000 lbs. per sq. in. ; (6) 30 tons per sq. 1n.; 
(c) 54 %; (d@) 18:75 %. 
65 tons (approx.). 
(a) 19,800 lbs. per sq. in., tension; 
(6) 12,000 Ibs. per sq. in., compression. 
(a) Steel, 9000 Ibs. per sq. in.; concrete, 600 lbs. per sq. In.; 
(b) 13,500 lbs. by the steel, and 60,000 Ibs. by the concrete; 
(c) total load 73,500 lbs., or 32-8 tons. 


PROBLEMS XIII, p. 207. 


7500 ins. 2. 12,000 lbs. per sq. in., and 4000 lbs. per sq. in. 
224,000 Ibs. per sq. in. 
0:00533 in.; 0-004 in. ; and 0:00133 in. 5. 5:83 tons. 
(a) 30-77 inch units®, and 57 inch units® (approx. ); 

(b) 85-7 ton in.; (c) 2-785 tons per sq. in. 


PROBLEMS XIV, p. 221. 
332-75 inch units?, and 60-5 inch units?. 
2688 lbs. 8. 37:4 inch units’. 4. 
266 inch units? (approx.). 6. 135 lbs. per sq. ft. 


PROBLEMS XV, p. 239. 


166-6 lbs. per sq. in. 2. 105 Ibs. per sq. in.; 70 Ibs. per sq. in. 
2666 Ibs. 4. 55 ins. for a central load. 

18-75 ins. and 1920 lbs. 6. 4-375 tons. 

62-5 lbs. per sq.in. 8. 1:43 ton per sq. in. 9. 1:43 ton per sq. in. 


PROBLEMS XVI, p. 254. 


0-81 in. 2. 0-027 radian. Sy CULT Ti oyst 
0:00394 radian, and 0:00251 radian. 
Deflection at C = 0:333 in.; 


bd? 
12 . 


deflection at H = 0-438 in. = ae = 0-00122 L. 
0:00237 radian; 0-2194 in. 7. 0-1408 in. 

ay PROBLEMS XVII, p. 265. 
W, a5 2. 12:5 ton it.. and — 12-5 tom tt. 
0:1792 in. 4. 1-o\ton ft., and —) 3 tonrtt: 


Required value of J is 4:834 inch units*. The section having the 
nearest value is a 4} in. by 2 in. new B.S.B. (I = 6-65 inch units‘). 

Negative bending moments at A and B are 67,500 Ib. in.; positive 
bending moments between C and D are 40,500 Ib. in. 

lig = 13 = QOD loss 2 Re = 8000 lbs. ; Bg = — 48,200 lb. in; 
Boss, = 24,300 lb. in., and occurs at points 4:5 ft. from both A 
and B. 

The value of the required Z is 2-57 inch units®; the B.S.B. 43 in. 
by 1# in. gives Z = 2-833 inch units?; 

tp = 4500 lbs.; Bo = — 216,000 lb.in.;  B,,,,, = 121,500 th. in., 
and occurs at point 4:5 ft. from B. 


Do 
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PROBLEMS XVIII, p. 285. 
1. Thickness, 2 in.; width, 2 ins. ; 3°3 tons. 


2. Use 2 rivets; thickness of bar 2 in.; width (3-165 ins.) say 
34 ins.; efficiency 70-7 %. 
3. Use 3 in. bar, 8 ins. wide; 6 rivets; $ in. cover plates. 


4. 1000 “inch units! (approx.); pitch 8 ins. 

5. 5249 inch inits!; 389 inch units?®. 

6. W (dist.) = 80 tons (nearly); web ;% in. or $ in. (latter prefer- 
able) ; pitch of rivets (checking for both web and flange 
rivets) 3 ins. (using four rows of rivets in flanges, two rivets on 
each section). 

7. Based on simple check suggested at end of para. 164: 4 rivets in 

web of girder and 4 rivets in web of secondary girder. 


PROBLEMS XIX, p. 307. 


1. 2240 Ibs. per sq. in.; 3422 Ibs. per sq. in.; 
3733 lbs. per sq. in.; 4978 lbs. per sq. in 

2. 21,180 lbs. (when max. stress in steel = 16,000 Ibs. per sq. in., max. 
stress in timber will be 960 lbs. per sq. in.). 

3. 0-012 in. 4. A, = 0-945 sq. in.; R = 186,200 Ib. in. 

5. & = 204,000 lb. in. (approx.); t = 13,500 lbs. per sq. in. 

6. R = 155,000 Ib. in. (approx.); c = 537 Ibs. per sq. in. 

7 13-3 ins., say 14 ins.; A, = 0-9 sq. in. (Use either three 

8 


ee 


in. or five } in. round bars.) 


Gh = 
. A,=1-25sq.in.; t= 16,000 lbs. persq.in.; c= 500 lbs. per sq. in. 


PROBLEMS XX, p. 328. 


1. & = 810,000 lb. in.; ¢ = 16,000 lbs. per sq.in.; ¢ = 490 Ibs. per 
sq. in. 

2. I, = 9280 inch units?; R = 824,700 Ib. in. 

3. ee sq. In. 

4 


» 1, = 2857 inch units*; R = 297,000 Ib. in.; c = 600 lbs. per 
sq. in. (approx.); stress in comp. reinforcement, 6000 lbs. per 
eq: ins 

Gy Zils == BAUG) S6), thas A, = 2-15 sq. in. 
6. For ¢ assumed Comet ons grip stress = 93 lbs. oe Sq. in. 
7. 183 lbs. per sq. in. 13,800 Ibs. 8. 5-82 ins. 


PROBLEMS XXjI, p. 350. 


1. (a) 84; (b) 124; (c) 50, all in sq. ft. 

2. Maximum, 2-494 tons per sq. ft.; minimum, 1-066 ton per sq. ft. 

3. e = 1-19 ft.; a De tOns: 

4. Total pressure = 3942 Ibs., or 29-2 lbs. per sq. ft. 

5. From vertical face: at A—A, 1-25 ft. (nearly); at B—B, 2:5 ft. 
(nearly); at O-C, 3 ft. (nearly). 

6. From vertical face and at each level: Empty, 2-1 ft., 2-79 ft., 
3:49 ft., and 4:2 ft. ; Full, 2-45 ft., 3-86 ft., 5-47 ft., and 7-2 ft. 

7. From vertical face, 5-14 ft.; maximum pressure, 3116 Ibs. per 
SC miler minimum pressure, 243 lbs. per sq. ft.; horizontal 


thrust, 5120 Ibs. 
8. 4:15 ft. 


460 


ANSWERS TO PROBLEMS 


PROBLEMS XXII, p. 369. 


HT = 30 lbs.; distance = 9 ins. 

A suitable line can be drawn which is 10 ins. below the crown and 
12 ins. from the lower corner of the abutment. (Other lines are 
also possible.) 


3. A line can be drawn which passes near the centres of the crown and 
abutment joints and nowhere approaches the middle-third lines 
very closely. 

4, H = 8% Ibs.; V, = Udz Ibs:; Volos: 

6. W = 132,670 lbs.; 24,330 lbs. per sq. in. 

PROBLEMS XXIII, p. 390. 

1. Total strain, 0:00354 in.; 590 lbs. per sq. in. 

2. (a) 145-4; (b) 97. 3. 1158 Ibs. 

4. (a) 12 tons (nearly); (b) 14-4 tons (approx.). 

5. (a) 69-7 tons; (6b) 50:8 tons. 

PROBLEMS XXIV, p. 407. 

1. 3-93 tons per sq. in., compression; 1-03 ton per sq. in., tension. 

2. 26-8 tons (with stress not exceeding 10,000 Ibs. per sq. in.). 

8. 52,268 lbs., or 234 tons, nearly. 

4. (See Fig. 273 (ii).) Max. stress at corner (1), 3-42 tons per sq. in.; 
minimum stress at corner (4), 0-24 ton per sq. in. 

5. 50-4 tons. ; 7500 lbs. per sq. in. 6. 12 tons nearly. 

7. (a) 3:25ins.; (b) 56,200 lbs. or 25-2 tons; (c) 7500 Ibs. per sq. in. 

8. Assuming base plate 21] ins. square, the total magnitude of the “Z” 


aaa 
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< See lbs. per sq. in. (Note. This is rather a high value) 


required = 108 inch units’; use 9 B.S.B.s 8 in. by 4 in. by 
18 lbs. (total Z = 13-9 x 9 = 125-1 inch units’). 
(For top tier use 3 B.S.B.s 12 in. x 5 in. x 30 Ibs., or 13 in. x 
5 in. x 35 lbs.) 
Area of reinforcement required in width of 10 ft. is 5-17 sq. in. 
Nineteen 3 in. round bars (A = 0-306 sq. in.) may be used, spaced 
at 6 in. centres. 


PROBLEMS XX\V, p. 438. 


(a) 14 in. by 0-427 in. (say 4 in.); (b) 4:22 in. (say 44 in.); 
(c) 8-44 in. (say 83 in.). 

4-88 tons. 8. 5040 Ibs. or 2:25 tons. 

32,400 lbs. or 10-45 tons. 

(a) 9000 lb. in.; (6) 1060 Ibs. per sq. in., tension. 

Lf in.; 11 in. 

24 in.; 103 in. (allowing for reduction of area due to tenon 


between A and B). 
(a) 24 in.; (b) 144 in.; (c) 1-03 in. (say 14 in.); 
(d) 0-925 in. (say 1 in.). 


(a) 13 in.; (6) 143 in.; (c) 0:42 in. (say 7% in. or 3 in.). 
0-642 in. (Say $ im): 4-92 in. (say 5 in.). 
(a) § m. diameter bolts, 1, 2 and 3 respectively; (G) Mili 


diameter bolts, 1, 2 and 38 respectively. (1 in. bolts could be 
used throughout.) 
10 in. deep, 6 in. wide; approx. =45; 56 Ibs. per sq. in. 
b) 1,523,800 lbs. per sq. in.; (c) 6533 Ibs. per sq. in, 
Saya) Mlleehs F = 8 nearly. 


INDEX 


A-frame 91 
Abutments, forces on 367 
Accidental eccentricity 395 
Adhesion, concrete and steel 321 
Anchor leg 112 
tower 112 
Angle of friction 340 
of repose 346 
Approximate lever-arm method 314 
Arch, experimental 368 
linear 353 
masonry 351 
theory of 355 
three-pinned 361-2 
with symmetrical loading 358 
with unsymmetrical loading 361-6 
Arch design—general conditions 356 
Fuller’s method 365 
Arches, depth of 368 
failure of 368 
loading of 356, 366 
Area, centre of 21 
first moment of 22 
Ashlar, working stresses 330 
Assumptions, in bending 193 
in reinforced concrete beams 294 
in framed structures 46, 47 
Average buckling stress 381 
Axial loads, masonry 331-2 


Barr’s method 175 
Bases of columns 404 
Beam 35, 121, 122 
and column connections 403 
bending strain 205-6 
continuous 122 
deflection of 240 
depth of 281 
doubly reinforced 318 
fixed 122 
flitch 289 
reinforced concrete 293 
slope of 243-4 
tee section 309 
tests 203, 243, 327, 328, 434, 435 
trussed 122 
types 122 
width of 282 
Beams, continuous . 122, 262, 318 
deflection 240, 249, 260 
fixed 255 
framed 122 
stiffness and strength 253 
Bearing joints, timber 418-21 


Bearing stress, end to end grain 420-1 
end to side grain 418-19 
onrivets 271 
Bending, external effects 123 
internal effects 124 
longitudinal shear 412 
tests 203, 248, 327, 328, 434, 435 
Bending moment, curves, parabolic 141 
definition 132 
diagrams, graphical method 152 


maximum 159, 163, 164 
scale 136, 154 
sign 132 


Binding, pitch of 398 
reinforced concrete column 396, 398, 
400, 406 
Bolted stays, rule for 431 
Bolts 420, 426, 427, 429 
Bolts and washers (in timber work) 
427, 428 
lateral strength 429 
Bow’s notation 26 
Breaking joint 420 
Breaking load 437 
Brickwork, working stresses 330 
strength 371 
British Engineering Standards Associ- 
ation 440 
British standard, angles 446, 448 
beams (new sections) 442 
beams (old sections) 440 
channels 444 
specification for Portland cement 
288, 307 
tees 452 
Brittle materials 187, 370 
Buckling load 374, 378 
stress 374, 381 
stress in rafter 387 
Buildings, stability 64 
Bulk modulus 182 
Butt joints 273 
Buttress, forces ina 341 


Cantilever 122 
deflection of 245 
equilibrium of 125 
experimental 127, 137 
propped 265 

Cast iron 287, 371 
column 388, 389 
section (I) 216 
washers 428 

Ceiling loads 54, 172 


. 
462 INDEX ; 
Centre of area 21 Connections, riveted 270 

of gravity 21 beams to columns 403 
Centroid 2], 23, 222 to steel girders 285 
Chain-riveting 276 to timber beams 434 
Circular sections, value of g 376 Continuous beams 122, 262, 318 
Closed link polygon 32, 33, 34 rafter 387 : 
Closing line or link 33 slabs 318 : 
Coefficient of elasticity 181 Counter-braced frames 45, 176 
of friction 340 Couples 34, 125, 128 
Cold working 187 experiment 129, 130 
Columns 374 Cross grain in timber 415 


cast iron 388 
eccentric loading 392 
Euler’s theory 377 
fixed ends 386 
fixing of ends 379 
flat ends 386, 415, 416 
Johnson’s formula 381 
Johnson-Euler formula 382 
of medium length 381 
mild steel 386 
pinned ends 386 
Rankine-Gordon formula 
ratio of slenderness 374 
reinforced concrete 396 
slender 374 
timber 415 
Combined thrust and bending 396 
Commercial elastic limit 185 
Comparison of solid beam sections 219 
Complementary shear stress 224 
Components 2 
rectangular 3, 4 
Compound girders, riveting 
Compression modulus 201 
reinforcement 318 , 
reinforcement, tying in 321 
testing machine 373 
tests 371, 372 
tests, timber 410 
Compressive elastic limit 435 
strength on inclined surfaces 422 
strength, steel 370 
stress 180 
Compressometer 190 


389-90 


278, 284 


Concentrated loads 134, 148 
Concrete 288, 307 
and steel, adhesion 321 
dam 343 


normal 289 

placing plant 14, 32 

Portland cement 307 

reinforced 288 

strength 307, 372 

stress—strain graph 293 

tensile strength 288 

working stresses 307, 330 
Concurrent forces 2 

non-coplanar forces 86, 87 
Conditions of equilibrium 7, 9, 13, 34 


Curtailment of flange plates 282 
Curves, sum or integral 164-5 


Dam, in concrete 343 
pressures on base 345 
Dead loads 51, 357, 434 
Defects in timber 414 
Deficient frames 45 
Deflection due to shear 239 
of beams 240 
of cantilevers 245 
of fixed beams 260 
of freely supported beams 249 
of timber beams 434 
Deformation of structural materials 178 
Depth of arches 368 
of beams 281 
of foundations 350 
Derrick crane 74, 82, 105, 107 
stayed mast 104 
towers 111, 420 
towers, forcesin 114 
towers, wind pressure 
Derricking 74 
Design of riveted joints 277 
of solid beam sections 219 
Diagram of shear stress 233, 234 
of stress 196 
of stress-difference 2380, 232, 234 
Distributed loading 140 
Distribution of load, effect 148 
of shear stress 229 
Double cover joint 274 
reinforcement 318 
Ductile materials, ductility 186 
Dynamics 1 


115, 177 


Earth pressures, graphical method 348 
Rankine’s method 346 
Eccentric loads, columns 
effect (experiment) 335 
in masonry 331, 333, 334, 337 
in slender columns 393 
reinforced concrete column 400 
Kccentrically loaded stanchion 393 
Eccentricity, accidental 395 
Economic ratio of reinforcement 299 
Eftective area 397 
Efficiency of riveted joints 275 


392, 400 


INDEX 


Elastic limit 181, 184, 185 
stress 187 
timber 410, 435 
Elasticity 1, 123, 178 
coefficient of 181 
limits of 181 
modulus of 181 
Elongation 186 
End fixing, effect of 377, 379 
Jobnson-Huler curves 385 
Equal forces 2 
Equilibrant 2 
Equilibrium, conditions of 7, 9, 13, 34 
of loaded cantilever 125 
unstable 353 
Equivalent length, columns 377, 379, 
400 
section 291, 295 
section method 312, 319 
systems of forces 87 
Euler’s theory 377 
formula 378 
Experimental arch 368 
derrick crane 106 
derrick tower 113 
framed girder 127, 138, 171 
mast 97 
mast derrick 105 
Extensometer 189, 204 
Marten’s 390, 391 
External shearing force, definition 132 


Factor of safety 183, 184, 412, 437 
columns 380 
sliding 380 
timber 437 
reinforced concrete 328 
Factor, working 380, 385, 389 
Failure of arches 368 
of timber beams 436 
Filler-joist floor slabs 315 
First moment of an area 22 
Fish plates 421, 432 
tabled, timber 432 
Fixed beams 122, 255, 257, 260 
deflection 260 
Fixed ends 255, 257, 379, 385 
Fixing moment diagram 257, 258 
of columns 377, 379 
Flange, curtailment of 282 
plate joints 283 
rivets 280 
Flat ends, columns 386, 415, 416 
Flitch beam 289, 292 
Floor loads 61, 62 
slabs 315 ; 
Flow of metals 370 
Footbridge truss 169 
Footings to pier 332 
Force 2 


463 
Force (cont. ) 
diagram 43 
polygon 48 
scale 136 
Forces in abutment 367 
in buttress 341 
in derrick tower 114 
in masonry dam 3438 
Forest Products Research 409 
Foundations 333, 350, 404 
depth 350 
grillage 404 
pressures 330 
reinforced concrete 406 
Frame, triangular 42 
Framed beam 122 
beam, experimental 138, 171 
girder 61, 122, 166-75 
girder, experimental 171 
girder, forces in 166-75 
structures 42, 44, 46, 47, 166 
structures, assumptions 46, 47 


Free ends, columns 
416 

Free moment diagram 257, 258 
French truss 173, 387, 393 
Friction, angle of 340 

coefficient of 340 

experiment 339 
Fuller’s method, arch design 365 


377, 379, 385, 415, 


Gardner, G. A., on timber construction 
418, 429 
Girder, experimental 1388, 172 
Girders, framed 61, 122, 166-75 
plate 280 
Grading timber 409 
Graph, Johnson-Euler, columns 383 
load-extension 182, 189 
position of neutral axis 303 
stress on inclined timber surfaces 
422 
stress-strain 185, 293 
timber beam test 436 
values of R/bd? 305 
Gravitational unit of force 2 
Grillages 404 
Grip length 321 
Gusset plates 404 
Guys 96 
Gyration, radius of 375, 376, 447 


Hooke’s law 181 
Hooped core 398 
Hooping, reinforced concrete columns 
396, 398 
Horizontal components 9 
forces on masonry 331, 339 
thrust, arches 355 
Howe truss 177 


464 


Hydrostatic pressure 344 


Ideal fixing, columns 377, 385 
Imperfect fixing, effect of 260 


Inclined forces, masonry joints 331, 
340 

shear reinforcement 324-7 

stays 98-119 


surfaces, safe pressures, timber 422 
thrust, joints for 423, 425, 426, 427 
Inertia, moment of 199, 200 
Initial tension 96, 102 
Integral curves 164-5 
Intensity of pressure 332 
of stress 179 
Introduction to Section I 1 
to Section II 121 
to Section III 269 
Tron, cast 287, 371, 388 
wrought 287 


Jacoby on timber structures 423, 429 
Johnson-Euler formulae, steel columns 
381-7, 389 

timber columns 415 
Johnson’s straight-line formula 381 
Joints, flange plate 283 

for inclined thrusts 423-7 

in trusses 275, 393, 395 

masonry 330, 331 

tabled 432 

timber structures 418 


Kinetics 1 
King leg tower 112 
King post 424 

roof truss 56, 424 


Lateral binding 398 
strain 183 
strength of bolts 429, 430 
strength of screws and nails 433 
L.C.C. reinforced concrete regulations 
315, 398 
Lead 370 
Lever-arm, 
303, 314 
Limit of elasticity 181, 184 
of proportionality 435 
Limiting friction 340 
Line of loads 29, 152, 352 
of resultant pressure 343 
of rupture 346 
Linear arch 353 
scale 136 
Link 26, 29, 43 
polygon 26, 28 
polygon, closed 32 
Links, loaded chain of 351 
Load, dead 357 


reinforced concrete 298, 


INDEX 


Load (cont.) 

extension graph 182, 189 

line 29, 152, 352 

movable 357 

on arches 356, 366 

permanent 357 
Loaded beam, forces in 130 
Loaded chain of links 351 
Loads, concentrated or point 148 

distributed 140 

distribution, effect of 145 

on masonry joints 331 

uniform rate of increase 161 
Long columns 377 

in reinforced concrete 399 
Longitudinal shear in bending 412 
Luffng 74 


Marten’s extensometer 
Masonry arch 351 
dam, forces in 343 


390, 391 


Masonry joints, axial loads 331, 332 
eccentric loads 3381, 333 
inclined loads 340 
maximum stresses 336, 338 


minimum stresses 338 
sliding 341 
tensile stresses 330, 336 
working stresses 330 
Mass concrete 288 
Masts 96, 97, 98, 99, 102, 103 
Materials, strength of 1, 184, 289, 370, 
409 
Maximum, bending moment 159, 160, 
267 
compressive stress 
deflection 267 
shear force 267 
Mean shear stress 227 
in webs 280 
Mechanics 1 
Metal, bearing piates 419 
fastenings 426 
Metals, strength of 287 
Method of equivalent sections 
of sections 166, 174 
of substitution 175 
Middle third rule 336, 338, 356, 368 
Mild steel 370 
columns 386 
Modular ratio 291, 295 
Modulus, bulk 182 
figure 209 
of elasticity 
414 
of rectangular section 208 
of rigidity 182 
of rupture 435, 436, 437 
of section 201, 208 
Moisture effects on timber 


336, 338, 396 


296, 312 


181, 182, 189, 294, 


414 


INDEX 


Moment of a force 11 
of inertia 199, 200 
of inertia, approximations 218 
of inertia, various sections 213-21 
of resistance 131, 200, 298 
Moments, Principle of 11 
Moncrieff’s formula 396 
Mortar joints 330 
Movable load 357 
Movement of rotation 11 
of translation 11 


N-truss 176 
Nails, lateral strength 433 
Needle 419 
Neutral axis 195, 197, 199 
reinforced concrete beams 296, 302 
shear stress at 227, 229, 233, 236, 238 
Neutral layer 195 ; 
Newton’s First Law 2 
No-tension theory 297 
Non-concurrent forces 2, 11, 18, 64 
Non-coplanar forces 63 
concurrent 85, 88, 92 
non-concurrent 64, 83 
systems of concurrent forces 
North-light roof 52, 172 
Northern pine 409, 413, 415, 416, 422, 
437 


87, 88 


Oak * 409, 413, 416, 422, 437 
strength of 413 

Ordinary bending 203 

Over-strain 187 

Overturning moment 76 


Parabolic curves, construction 141 
Parallel forces 18, 20, 63, 64 
non-coplanar 63, 64, 68, 71 
Parallelogram of forces 3 
Permanent load 357 
set 181 
Pier and footings 332 
Pinned arch 361 
joints 46, 180 
Pitch 276 
of binding 398, 406 
of stirrups 326 
pine 409, 413, 416, 422 
variation in 279 
Plastic state 370 
Plate girders 280 
Point loads 148 
Poisson’s ratio 183 
Polar diagram 29, 153 
Pole 29 
Poles 96 
Polygon of forces 8 
Portland cement 288 
specification 288, 307 


465 


Post and sill construction 419, 421 
Pressure due to earth 346 
hydrostatic 344 
line of 348 
wind 61, 115 
Pressures on base of dam 345 
on foundations 330 
Principle of moments 11 
of parallel axes 214 
Projected forces 68 
systems of 69 
Propped cantilever 265 


Queen post roof truss 57 


Radius of curvature 199, 241 
of gyration 375, 376, 447 
Rafter, continuous 387 
Rankine-Gordon formula 389, 390 
Rankine’s formula (earth pressures) 
346 
(depth of foundation) 350 
Ratio, economic 299 
modular 291, 295 
of reinforcement 299 
Poisson’s 183 
slenderness 374, 375 
Reactions 35-40, 50, 52, 56, 58, 61, 64, 
73, 76-83 
of roof trusses 38, 39, 56, 57, 61 
Rectangular components 3, 4, 5 
section, value of g 376 
Reduction in area 186 
Redundant frames 45 


Reinforced concrete 288, 293 
beams 293, 295, 297, 300, 310, 311, 
318, 323 


beams, neutral axis 296, 302 
beams, shear 323 
beams, theory of bending 294 
columns 191, 396, 406 
columns, eccentric loads 
foundations 406 
long columns 399, 402 
symbols 455 
working stresses 294, 307 
Reinforced timber beam 289 
Reinforcement, compression 318 
double, in beams 318 
economic ratio 299 
regulations 318, 398 
vertical 397 
Reinforcing bars, sizes and weights 308 
steel 307 
Repose, angle of 346 
Resistance of rivets 270, 277, 278, 280, 


400, 402 


284 
moment 131, 199, 200 
Resultant 2, 4, 20, 64, 88 


pressures, line of 343 
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Resolution of forces 2 
Rigidity, modulus of 182, 223 
Ritter’s method 166 
Rivet steel 285 ~ 
Riveted connections 270, 273, 275, 277, 
287, 393 
Riveted joints, design of 277 
efficiency 275 
resistance of 270, 274, 275, 277 
stresses in 270 
bearing stresses 271 
shear stresses -270 
working stresses 272, 287 
Riveting, chain 276 
zig-zag 276 
Rivets and rivet holes 270 
Rivets, pitch of 276, 278, 283, 284 
resistance of 280 
Roof loads 51 
Roofing materials, weights 51 
Rubber beam 124, 192 
Rule for bolted stays 431 
middle third 336 
Rupture, line of 346 
modulus of 437 


Safe compressive stress 
368 
or working stress 380 
shear stress in bending 413 
Safety, factor of 183, 184, 412, 437 
factor of, reinforced concrete 328 
Saw-tooth roof 172 
Scaffold pole 415 
tubular 387 
Scotch derrick 74 
Scots pine 409, 410, 413, 416, 422, 
437 
strength of 413 
Screws and nails, lateral strength 433 
Seasonal cracks 421] 
Second moment 200 
Section I, Introduction to 1 
II, Introduction to 121 
III, Introduction to 269 
Section, equivalent 291, 295, 312 
modulus of 201, 222 
Sections, method of 166 
moment of inertia 222 
Shear 124 
along grain 412, 413, 434 
and bending relations 156 
deflection due to 239 
force diagram 134 
force in reinforced concrete beam 323 
force scale 136 
force sign 131, 132 
modulus 182, 223 
reinforcement 324-8 
reinforcement, inclined 324 


336, 338, 356, 


INDEX 


Shear (cont.) 
reinforcement, vertical 325 
simple 225 
strain 223 
stress 131, 180, 224 
stress at neutral axis 227, 229 
stress, complementary 224 
stress in | beam 233, 236 
stress on rivet 270 
Shear legs 91, 94, 95 
Shore 416, 419 
Short grain, timber 415 
Side grain compression 410, 413 
Sign, bending moment 132 
external shearing force 132 
Simple shear 225 
Single cover joint 274 
Slab reinforcement 315 
Slabs, continuous 318 
floor 315 
Slender columns 374, 377, 393 
Slenderness ratio 374 
Sliding at masonry joints 341 
Sliding factor of safety columns 380 
Slope of a beam 243, 246, 251, 255 
Soils, weight of 346 
Space diagram 26, 43 
Spruce 409 
strength of 413 
Square section, value of g 376 
Stability 63, 64 
moment 76 
Stanchions, eccentric load 393, 394, 
395 
Statical unit of force 2 


Statics 1 

Stayed mast derrick 104 
masts 96, 100 

Stays 96, 100, 102, 115 


Steel and concrete, adhesion 321 
column, base and grillage 404 
columns 381, 382, 386, 389, 404 
columns, Johnson-EHuler graph 382 
for rivets 287 
mild 287, 370 
plate washer 428 
post cap 421 
reinforcing 307, 308 
sections, structural 440 
structural 287 
truss, joint 393 
working stresses 287, 389 

Stiff connections 402 

Stiffness of beams 240, 253 

Stone, strength of 371 

Strain 180 
in loaded beam 
lateral 183 
-stress graph 185, 293 
unit 181 


194, 205, 206 


INDEX 467 


Strength 184 
and stiffmess, beams 253 
of compression members 
of long columns 377 
of materials 1 
of timber 409, 414 
of timber beams 435 
ultimate 183, 186, 188, 287 
Stress 179 
compressive 180 
diagram of 196 
diagram of distribution of 196, 197 
-difference, diagram of 230 
intensity of 179 
per unit area 179 
-strain graph 185, 293 
tensile 179 
Stresses in iron and steel 287 
in masonry 330 
ta reinforced concrete 307 
in riveted connections 270, 272, 287 
Structural steel columns 382, 386, 402, 


373 


404 
(constants) 389, 390 
Struts 47 
Sum curves 164, 165 


Surcharged wall 348 
Symbols, general 454 
reinforced concrete 455 
timber construction 455 
Symmetrical loading on arch 357 


Tabled fish plates 432 
joints 432 
Tee beams 309, 314 


Tensile elastic limit 184, 4385 
strength, mortar joints 330 
stress 179 
stress, concrete 
test 184 
test piece 188, 371, 411, 413 

Tension bars 429 
joint, riveted 275 
modulus 201 
reinforcement 293 
tests, steel 184, 188 
tests, timber 413 

Test of timber beam 436 
in bending 203, 243, 327, 434 

Testing machine 188, 203, 373 
timber 409, 410, 434, 437 

Tests on beams 203, 328, 436 
on inclined joints 427 
on reinforced concrete beams 328 
to destruction, safety factor 328 

Theory of arch construction 355 
of bending 193 
of bending, reinforced concrete 294 
straight line, no-tension 297 

Thick slabs, T-beams 310 


293, 402 


Thin slabs, T-beams 311 
Three-pinned arch 361 
Thrust, horizontal, in arch 355 
Ties 47 
Timber beams 434 
beams, deflection 434 
columns 415 
columns, end fixing 417 
columns, formulae 415 


columns, formulae, Johnson-Euler 
415 

columns, formulae, simplified 415, 
416 


columns, formulae, straight line 415 
connections 419, 434 
construction. 418 
construction, symbols 
cross grain 415 
defects 414 
factors affecting strength 414 
fish plates 432 
joints 418 
grading of 409 
short grain 415 
test pieces 411 
testing 410 
ultimate strength 410 

Ton 455 

Towers 96, 111 

Triangle of forces 7 

Triangular frame 42 

Truss formation 325 

Trussed beam 122, 166-77 


455 


Ultimate strength 183, 186, 188, 287 
of timber 410 

Uniformly distributed load 140 
increasing load 161 

Unstable equilibrium 353 

Unsymmetrical loading on arch 
364 


361, 


Variation in pitch of rivets 279 
of stirrups 326 

Vertical component 9 
reinforcement 397 
shear reinforcement 325 

Virtual length 377, 379, 400 


Walings 420 
Warren girder 172 
Washer, cast iron 
steel plate 428 
Washers 427 
Webs 282, 285 
mean. shear stress 
Wedges 419 
Weights of concrete and cement 307 
of reinforcing bars 308 
of roofing materials 51 


428 


280 


468 INDEX 


Weights (cont.) Working stresses (cont.) 
of roof trusses 52 : timber 413 
of soils 346 Wrought iron 287 
of steel and iron 287 
White deal 409, 413, 416, 422, 437 Yield point 184 
Width of beam 282 stress 184, 189 
Wind pressure 51, 115 Young’s Modulus 181, 182 
Working factor, columns 380 experiment 182 
Working stresses 184 
masonry 330 Zero readings 19, 30, 54, 70, 83, 99, 
reinforced concrete 294, 307 139, 171 
riveted joints- 272, 287 slope 255 
steel and iron 287 Zig-zag riveting 276 
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